




















THE 


PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





SECOND Series, Vor. 96, No. 1 


OCTOBER 1, 1954 





Secondary Electron Emission by Photoelectric Action and Ion Bombardment 
at the Cathode in Corona Breakdown of Argon 


Laura Cotu* anp Uco Faccutni* 
Department of Physics, University of California, Berkeley, California 
(Received June 22, 1954) 


Differences between the secondary cathode mechanisms active in coaxial cylindrical argon-filled counter 
tubes with positive central wire at various gas pressures observed by E. J. Lauer at Berkeley and the authors 
at Milan, have been resolved as a result of recent work by the authors at Berkeley. It appears that at 
pressures ranging from 1000 to about 150 mm Hg, with spectroscopically pure argon, the dominant mecha- 
nism is a photoelectric liberation from the cathode caused by photons with some microseconds of time 
delay and of energy about 10 ev. These lead to a corona threshold with yp ranging from 1 to 5X 10°, uncor- 
rected for electron back diffusion. At pressures between 25 and 100 mm Hg an electron liberation by impact 
of At and A2* ions on the Ni cathode was confirmed to be important in the corona current, in agreement 
with Lauer’s findings. This effect seems to be very dependent on the conditions of the surface and was 
found to be active only after a degassing at 900°C for hours. 


NUMBER of papers have been published in 

recent years on the mechanisms of production of 
secondary electrons which take place in the electrical 
breakdown in argon, either in a plane parallel geometry 
or in cylindrical geometry.'~? These studies were carried 
out under varying conditions and revealed different 
aspects of the mechanisms involved. 

Because of notable differences between the results 
obtained at Milan® and at Berkeley,‘ and through the 
courtesy of the Fulbright Award Committee and the 
U. S. Office of Naval Research, it became possible for 
the authors to extend their investigations in the labora- 
tory of Professor L. B. Loeb in the Physics Department 
of the University of California at Berkeley. The purpose 
of this note is to report and analyze critically the results 
obtained with positive wire coaxial cylindrical geometry 
at both places and to show how the results can be 
brought into agreement and the differences explained. 


* On the staff of Laboratori C.I.S.E., Via Procaccini 1, Milan, 
Italy. 

' Colli, Facchini, and Gatti, Phys. Rev. 80, 92 (1950). 

2 J. A. Hornbeck, Phys. Rev. 83, 374 (1951). 

3 J. P. Molnar, Phys. Rev. 83, 933, 940 (1951). 

+E, J. Lauer, J. Appl. Phys. 23, 300 (1952), referred to as B 
in the text. 

5L. Colli and U. Facchini, Phys. Rev. 88, 987 (1952), referred 
to as M in the text. 

6 L. H. Fisher and G. A. Kachickas, Phys. Rev. 91, 775 (1953). 

7R, N. Varney, Phys. Rev. 93, 1156 (1954). 


effect at the cathode was observed, by analyzing the 
shape of a-particle pulses in the pre-corona amplification 
region. However, in that work, the argon purity was 
not satisfactory and the impurities contained in argon 
(about 10-* parts of CO,) seriously influenced the 
results.* Subsequently, and independently, two studies 
were carried on, by the authors in Milan® and by Lauer 
in Berkeley,‘ utilizing the same method and with argon 
of high purity. In the next sections we will discuss these 
studies, which will be denoted in what follows as M 
and B, respectively. 


THE PHOTOELECTRIC EFFECT; 
RESULTS AT MILAN 


The cathode tube used was of brass, 6 cm in diameter, 
and was outgassed at 200°C. Argon of initial purity 
98 to 99.9 percent was introduced into the discharge 
tube and circulated over a Ca-Mg alloy, heated to 
450° for purification purposes. The pressures which 
were found convenient for study ranged between 150 
and 1000 mm Hg. In a further unpublished study at 
Milan, the same measurements were repeated using a 
nickel cathode 5 cm in diameter, outgassed to 350°C, 
with no change in results. 

The results which are of significance for this dis- 
cussion can be summarized as follows: 


5 Colli, Facchini, and Gatti, Phys. Rev. 84, 606 (1951). 
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Fic. 1, on pulses. Experimental conditions as in B. 
Cathode: nickel well outgassed, 2.9 cm in diameter; argon pres- 
sure: 400 mm Hg; corona threshold: 1660 volts; sweep time: 100 
usec. The upper pulse, taken 100 volts below the corona threshold, 
shows the dodanie shape of the primary avalanche with no 
secondary effect. The lower pulse, taken at the corona threshold, 
shows the peak and the continuous slope due to the diffused photo- 
electric effect. 


1. The corona current is due, mostly, to a secondary 
photoelectric effect produced at the cathode by photons 
generated in the Townsend avalanches near the wire. 
This statement is supported by the shape of a-particle 
pulses observed just below the corona threshold (see 
Figs. 4-7 in M). 

2. The Townsend multiplication coefficient at the 
corona threshold, V,, has a value of 200-300 with the 
various pressures and surfaces used. Denote by y, the 
number of photoelectrons extracted from the cathode 
and reaching the wire for each electron present in the 
Townsend avalanche. The values of y, are determined 
from the well-known equation, N,y,=1, at corona 
threshold. 

From the data y, was evaluated as y,;~3-5X10-, 
not very dependent on the pressure used, and it ap- 
peared to be of the same order of magnitude for nickel 
and brass.’ 

3. The @ pulses near the corona threshold at pres- 
sures over ~300 mm Hg, were followed by a convergent 
succession of pulses corresponding to the successive 
avalanches produced by photoelectrons. The successive 
pulses were diffused in time and the diffusion became 
greater as the pressure decreased, until at pressures 
below 300 mm Hg the successive avalanches over- 


* A decrease in 7, of roughly a factor 2 was noted after the out- 
gassing at 350°. 
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lapped to a continuous slope following the a primary 
pulse. 

To explain this effect, it was assumed that the active 
photons were produced during a period of the order 
of few microseconds which increased as the pressure 
decreased. 


THE DELAYED PHOTON PRODUCTION 


In a recent paper, one of us" directly studied the 
time of production of the photons and established their 
energy as about 10 ev. It was found that in a Townsend 
avalanche lasting less than 5X10~’ sec, photons are 
emitted obeying the law [exp(— 9p”) —exp(—3X 10°) ], 
which gives the emission rate versus time, with p the 
pressure in mm Hg and / the time in seconds. This law 
corresponds to a photon burst with a rise time of about 
i usec and a delay time of 3.4 usec at pressures above 
300 mm Hg, and to a burst with both the rise time and 
the delay time longer at lower pressure. In that paper, 
it was suggested these photons might be produced by 
the decay of excited argon molecules A,*, formed by 
metastable atoms in three-body collisions. These results 
furnish a satisfactory explanation of the y, pulse shapes 
mentioned in the previous section. 


THE PHOTOELECTRIC EFFECT; 
RESULTS AT BERKELEY 


Turning to the appropriate sections of the paper B, 
it should be noted that the cathode used was nickel 
well outgassed by electron bombardment and with a 
diameter of 2.9 cm. Spectroscopically pure argon was 
directly introduced in the discharge tube, at a pressure 
ranging from 25 to 400 mm Hg. In this work, the action 
of an ion cathode +; effect was observed. The a-particle 
pulses near the corona threshold were followed by 
secondary pulses at time intervals of 100-600 useconds 
depending on pressure corresponding to the ion transit- 
time across the gap. The values of y; (number of elec- 
trons extracted from the cathode per incident ion), 
were found to be about 10~ at the lower pressures 
(~100 mm Hg), and much smaller at higher pressures, 
i.e., 6X 10-* at 200 mm Hg and 2X 10~ at 600 mm Hg. 
At these pressures, the values of NV, (threshold multi- 
plication), were found about 400 to 600." 


DISCUSSION OF BERKELEY RESULTS 


It appears, at pressures above 200 mm Hg, that 
N.y<1, and that this secondary ion process could not 
have been responsible for the corona current at thresh- 
old. The most probable explanation was that the 
diffused photoeffect observed in M, was responsible for 
the corona mechanism in the B study as well. The tube 
used in B had a diameter of 2.9 cm, smaller than the 
one used in M, and consequently the transit time of 
electrons in B was 2-3 microseconds instead of 6-8 


”L. Colli, Phys. Rev. 95, 892 (1954). 
4 E. J. Lauer (private communication). 
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microseconds as in M. It is therefore to be expected 
that in a counter such as used in B the successive 
avalanches, even at a pressure of 400 mm Hg, com- 


pletely overlapped 
RECENT EXPERIMENTAL VERIFICATION 


When the authors undertook a study at Berkeley of 
the a-particle pulses at an appropriate sweep rate with 
the apparatus used in B, at pressures of 400 and 200 mm 
Hg, Figs. 1 and 2 were obtained, which are in good 
agreement with the assumptions made. Under the 
assumption that the photoeffect is the most important 
effect acting above 200 mm Hg from the values of N,, 
found in B, the values of y,;-~1.5-2.5<10-* were ob- 
tained, in good agreement with the ones found in Milan. 


ION CATHODE EFFECT 


At pressures between 25 and 100 mm Hg, the values 
of N,y; found in B are of the order of 4 and the ion- 
cathode effect plays an important role in the corona 
current. However, in M, the ion-cathode effect was not 
observed. It must be noted that the lowest pressure 
used in M was 150 mm Hg. Recently much work has 
been done by Hagstrum” and by the Berkeley group" 
on the extraction of electrons from metals bombarded 
with ion beams under conditions of high purity and 
outgassing techniques. Hagstrum used a beam of helium 
ions having energies between 10 and 1000 ev against 
“flashed” surfaces of Mo, Ta, and W. Parker" studied, 
among others, argon ions with energy between 2 and 
150 ev against ‘‘flashed”’ surfaces of Ta and Pt. It was 
found by Hagstrum and confirmed by Parker" and 
Huber" that ; is generally strongly dependent on the 
surface conditions; particularly Parker, with argon ions 
of low energy, found a reduction in y; by a factor of 10 
or so when the surface was covered by a molecular gas 
layer. Hagstrum also observed that the complete clean- 
ing of the surface is not achieved by heating it in 
vacuum up to 500°C, but only by heating the target 
above 900°C. After cooling, the gas layer reforms in a 
time dependent on the residual gases pressure and on 
the metal considered. It varies, for instance, from 
seconds at a pressure of 10-* mm Hg with tungsten to 
hours under better conditions. The gas layer is also 
quickly reformed when the clean surface is exposed to 
a noble gas containing small amounts of molecular im- 
purities. These results readily explain the failure to 
observe a y; effect in M. In fact, (1) the brass and 
nickel used there were outgassed only to 350°C; 
(2) argon which was not completely purified was intro- 
duced into the tube, the purification requiring a few 
hours of circulation over Ca-Mg. It must be concluded 
that the cathode surface was thus not very clean but 
covered by a thick gas layer and consequently the +; 
values expected should have been less than those ob- 


2H. D. Hagstrum, Phys. Rev. 89, 244, 338 (1953) ; 91, 543 (1953). 

18 J. H. Parker, Phys. Rev. 93, 1148 (1954). 

4 E. Huber, Ph.D. thesis, University of California, June, 1954 
(unpublished). 


Fic. 2. a pulses at the corona threshold. Experimental condi- 
tions as in B. Argon pressure: 200 mm Hg; corona threshold: 1265 
volts. The upper pulse, taken with a sweep time of 100 usec, shows 
the diffused photoelectric effect following the primary avalanche. 
In the lower pulse, taken with a sweep time of 1300 ysec, it is 
possible to see the primary avalanche, the following slow photo- 
effect, and also the secondary peak at about 600 usec due to the 
ion-cathode effect. At this pressure, the ion-cathode effect is 
estimated to be of the order of few percent of the photoelectric 
effect. 


served in B, taken with a more thoroughly outgassed 
surface. In this connection, it is of importance to note 
the observations made on a nickel surface contaminated 
in the course of the recent studies with the apparatus 
used in B. The nickel surface was initially outgassed 
ten hours at orange-red heat (900 to 1000°C), and after 
cooling in good vacuum was exposed for a few hours 
to spectroscopically pure argon. It then showed a nice 
succession of y; pulses at 50 to 100 mm Hg. On the 
other hand, if the same cathode was exposed for a few 
minutes to air or to 99.5 percent pure argon, the gas 
being subsequently removed and the tube filled with 
the spectroscopically pure argon the ,; pulses then 
completely disappeared. With such contamination, the 
threshold voltage is increased about 20 volts and the 
threshold multiplication by a factor 2 or so. Under 
these conditions the photoelectric effect appeared to be 
the most important action. In fact, y, appeared to be 
little altered by the surface treatment. It is interesting 
to note that the photoelectric emission from surfaces 
does not parallel the ion bombardment emission and 
may vary in quite different fashion with the surface 
conditions,'*-" 

* Wainfan, Walker, and Weissler, J. Appl. Phys. 24, 1318 


(1953). 
16 Barch, Irick, and Geballe, Sixth Gaseous Electronics Con- 
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Fic. 3. a-particle pulses near the corona threshold. Experi 
mental conditions as in B. Argon pressure: 50 mm Hg; corona 
threshold: 765 volts. The upper pulses, taken with a 2000-usec 
sweep time, shows the y; pulse succession. The first secondary 
pulse is composed of two distinct peaks due to two different kinds 
of ions. The lower pulse shows the first part of the upper pulse en 
larged. At higher pressure, the separation between the two peaks 
was not clear. 


CONCLUSION 


In argon of high purity and with cylindrical elec- 
trodes, at pressures above 150 mm Hg, the most im- 


ference, Washington, D. C., October 22-24, 1953, Paper B-9 
(unpublished). See also similar effect in J. K. Theobald, J. Appl. 
Phys. 24, 123 (1953). 
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portant secondary process in the determination of the 
corona threshold is the photoelectric effect. The y, 
values are of the order of magnitude 1-510~ for 
brass and nickel cathodes and are not strongly de- 
pendent on the conditions of the cathodes surfaces or 
on the pressures used up to 1000 mm Hg. At pressures 
between 25 and 150 mm Hg, with the ‘‘clean”’ nickel 
cathode, the ion-cathode effect plays an important role. 
vy; seems to be very dependent on the conditions of the 
surface. When the surface is not clean enough but is 
covered by molecular gases, the y; is strongly reduced 
and , remains the only important effect seen at these 
pressures. It seems interesting to note that in the y,; 
process there may be two kinds of argon ions involved, 
atomic A* and molecular A,* ions.” The existence of 
these ions has been discussed extensively elsewhere.'*~*° 
It is interesting to note that the y,; pulses shown in 
Fig. 3 give evidence of the presence of two ions in 
comparable proportions, at a pressure of 50 mm Hg. 

The authors wish to express their gratitude to the 
Fulbright Committee and the U. S. Office of Naval 
Research for making possible this clarification of the 
fundamental mechanisms outlined. They desire to ex- 
press their thanks to Professor L. B. Loeb for his 
assistance in this study, for his useful suggestions, and 
for the hospitality shown in his laboratory. They are 
furthermore deeply appreciative of the assistance given 
by all the members of Professor Loeb’s Gaseous Elec- 
tronics group and, in particular, to Mr. Peter Wagner 
and Miss Elsa Huber for their cooperation. The coopera- 
tion of Dr. E. J. Lauer in the interpretation of his work 
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'TM. A. Biondi in discussion holds that at these pressures only 
Ao* ions exist. 

‘8 J. A. Hornbeck, Phys. Rev. 84, 615 (1951). 

9 J. A. Hornbeck and J. P. Molnar, Phys. Rev. 84, 621 (1951). 

* A. V. Phelps and S. C. Brown, Phys. Rev. 86, 102 (1952). 
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The skew symmetric tensors satisfying the general criterion of spherical symmetry, derived in Part I, 
contain certain arbitrary functions which indicate axial symmetry. These functions are removed. It is found 
that in addition to the “radial” components found by Papapetrou, the tensor has “‘transverse”’ components. 
In Maxwell’s electrodynamics and in general relativity there are solutions which represent spherically 
symmetric fields of skew tensors with these transverse components. But in the unified field theories of 
Einstein or Schrédinger it is found that such solutions describing fields of skew tensors with nonvanishing 
transverse components do not exist. Thus the solutions found by Papapetrou, Wyman, and Bonnor are the 
only spherically symmetric solutions allowed by the unified field theories. The spherically symmetric 
solution found in general relativity for a radiating star has no counterpart in the unified field theories. 

For comparison, it is noted that the same is the case with the field equations of Dirac’s new electro 
dynamics. Spherically symmetric nonstatic solutions of Maxwell’s electrodynamics have no counterpart 


in Dirac’s electrodynamics. 


1, INTRODUCTION 


N I,! we have shown that a spherically symmetric 
tensor field g;, must satisfy the criterion 


(1.1) 


where the & are the contravariant components of an 
infinitesimal rotation of a sphere about a diameter. 


f=0, #&=A cos(¢+B), 
f= —A sin(g+ B) coté+C, 


& ak t+ & Kiat Lik, Pm = 0, 


t=0, (1.2) 


where A, B, and C are constants. 
We have given one tensor field which is skew sym- 
metric and satisfies the criterion (1.1). It is 


( 0 Po — Pu sin Hh | 
= | — Po 0 Ek sin Qv | 
— Ek sin 0 —Qu sind! * 
—Ov Ou sin6 0 
(1.3) 


Here capital letters stand for arbitrary functions of 
(r,t) while small letters are functions of 0, y, whose 
forms are specified in I. In addition to the well-known 
radial components gi4 and gs, this tensor also contains 


Buk= | Py sind 


—Hh 


the transverse components gio, go4, gis, and gsz4. Now 
the transverse components of a skew spherically sym- 
metric field will lie on the tangent plane to the sphere 
through the field point. From the familiar case of an 
electromagnetic field, we know that in this tangent 
plane the transverse components may take up any two 
orthogonal directions depending on the polarization of 
the corresponding wave. Thus a polarized electromag- 
netic wave can choose a preferential direction through 
polarization even when it is spherically symmetric. 
This polarization (or preferential choice of a direction) 
will be exhibited in the tangent plane to the sphere at 
any field point. Hence effects of polarization will be 


1P. C, Vaidya, Phys. Rev. 90, 695 (1953). This paper is referred 
to hereafter as I. 


found on these new transverse components and are 
not to be traced in the earlier radial components found 
by Papapetrou. The functions u and v of @ and ¢, which 
occur only in the transverse components of gy, can 
therefore be taken to indicate the corresponding 
polarization of the field. 

But there is another way in which functions of @ and 
¢ may occur in our tensor field. If the infinitesimal 
rotation (1.2) is given about a diameter QOQ’ of the 
sphere, it is clear that those tensor fields which have 
only axial symmetry round QOQ’, but which are not 
centrally symmetric round O, will also satisfy the 
criterion (1.1) and so may be present in a solution of 
Eq. (1.1). It is easy to see that functions indicating 
axial symmetry round QOQ’ will also be functions of 8, 
¢g. The function w(@,g), arbitrary functions of which 
occur in our solution (1.3), can easily be seen to be 
such a function. We have noted in I that w is propor- 
tional to the cosine of the angle POQ, where P is the 
field point on the sphere at which the value of the 
tensor is taken. It is therefore clear that arbitrary 
functions of w (which occur in the radial as well as the 
transverse components) are indicative of the axial 
symmetry round the axis of rotation. In I we had 
taken w, along with u and 2, as indicating polarization 
of the field. This was a mistake. We now remove these 
functions of w by putting them equal to unity in our 
tensor. We then get a spherically symmetric skew 
tensor field of the following form: 


0 0 p sind mika 
te yn 0 Esind 0 | 
bu | _bsind —Esind 0 —qsin6|’ 
-—H 0 q sind 0) 


(1.4) 


where p, g, E, and H/ are functions of r and /. The form 
(1.4) is obtained by so choosing the orientations of the 
axes of our polar coordinates that we get simplified 
values of the functions u(@,¢) and 0(6,¢): 


v=0, u=1. (1.5) 





Pre, 


In order to gain increased confidence in these new 
transverse components of the tensor, we shall give in 
the next section the spherically symmetric solution in 
general relativity which describes skew tensor fields 
with nonzero transverse components. That solution will 
also provide the background for the corresponding 
solution of the unified field theory which we are inves- 
tigating in this paper. 


2. SKEW TENSOR FIELDS IN GENERAL 
RELATIVITY 


A spherically symmetric field, in the scheme of 
general relativity, will be expressible in terms of a line 
element 


ds? = — dr — r (d#'+sin*Od¢’)+ edt, 
A=A(r,t), v=v(r,l). 


(2.1) 


From this line element we can calculate 


(2.2) 


1 
T,’= ——(R,’— 4g,’R). 
8x 


It is, however, known from Maxwell’s electrodynamics 
that 

T= —Fual*+ 46s" Feal™, (2.3) 
where F,, is the skew symmetric electromagnetic field 
tensor obtained from a potential four-vector A,: 


Fo Ay Arp: (2.4) 


Equating the two values of 7,’, we shall find that* 
F\,=0, F.3,=0, 
F y= — (m'/m)F a= m' (4rf) nu, 

F y= — (m'/m)F =m’ (4 f)~v sind, 
where 2m=r(1—e¢~*), m’=0m/dr, m=0m/dt, and f is 
a function of m. This spherically symmetric skew field 
has nonvanishing transverse components of the form 
(1.4). This field satisfies all the equations of Maxwell 


and the charge current vector J, is not zero, but it is 
null. 


(2.5) 


J,Je= (2.6) 


The gravitational field represented by it is the field 
outside a radiating star.* However, our interest in this 
solution, at present, is that it gives the same form of 
the spherically symmetric skew tensor as the one 
obtained by us geometrically in I. 

It is further found that it is not necessary to introduce 
the curved space-time of general relativity to obtain 
such a spherically symmetric skew field in the scheme 
of Maxwell’s electrodynamics. It can be verified that 


Fy=0, Fa=0, Fy=0, Fu=0, 
Fy.=Fy= f(t—r), 
*V.V. a and P. C. Vaidya, Proc. Natl. Inst. Sci. (India) 


14, 153 (1948 
ip. c. Vaidya, Proc. Indian Acad. Sci. A33, 264 (1951). 
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satisfy all the field equations of Maxwell. Here again 
the charge-current vector J, is not zero, but 


J,J*=0. (2.6) 


This last relation suggests that solutions of this type 
cannot exist in the scheme of classical electrodynamics 
recently proposed by Dirac.‘ For in that scheme the 
vector J, is proportional to a unit vector v, and there- 
fore it cannot be a null vector as in (2.6). We have 
actually verified that spherically symmetric solutions 
with nonvanishing transverse components of the skew 
tensor F,, do not exist in Dirac’s electrodynamics. This 
may be a consequence of the nonlinearity introduced by 
Dirac in the originally linear Maxwell scheme. We now 
proceed to show that even though the nonlinearity 
introduced by general relativity allows such solutions, 
the unified field theories do not allow spherically sym- 
metric skew fields with nonvanishing transverse com- 
ponents. 


3. SOLUTIONS IN THE UNIFIED FIELD THEORY 
OF EINSTEIN 


In this section we shall search for solutions in the 
unified field theories which will correspond to the solu- 
tion giving the gravitational field of a radiating star 
mentioned in the foregoing section. For that purpose 
we take the complete tensor gi, of the form 


—a 0 a+H 
0 —£p E sind 0 

7 —psind —Esiné —fsin® —g sind | 

\a-H 0 q sind Y 


p sind 


(3.1) 


The different functions introduced here are functions 
of r and ¢. It will be seen that we have taken gy, from 
general relativity and gx from (1.4). In general, we 
can impose four coordinate conditions on this gj. Two 
of them have already been imposed when we took the 
orientations of our axes of coordinates for which v=0, 
u=1. Two more coordinate conditions can be imposed 
by properly choosing r and ¢. Consider an arbitrary 
transformation, 


rv=r(r’,t’), t=t(r’,t’), (3.2) 


of the coordinates (r,/) to the coordinates (r’,t’). It is 
easy to verify that if we choose r and / of (3.2) to satisfy 
the equations 

p(ar/at’)+q(at/at’)=0, 


(pa+ ga) (dr/dr’) — (ga— py) (dt/dr’) =0, 


then after the transformation we shall find that gs;’=0 
and gi4’=0. But this is possible only if the Jacobian of 


(3.3) 
(3.4) 


the transformation does not vanish, that is, if 
py+2pqa— grax. (3.5) 


Similarly it is possible to find transformations of (r,/) 


*P. A. M. Dirac, Proc. Roy. Soc. (London) A212, 330 (1952). 
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which will lead to g;;’=0 and gi.’=0, again only if 
(3.5) holds. : 

However, there is another simplification possible 
whether the condition (3.5) is satisfied or not. We choose 
our r and ¢ of (3.2) to satisfy the equations 


p(dr/dt’)+q(dt/ dt’) =0, 
¥(0t/dr’)*+-2a(dt/ dr’) (dr/dr’) —a(dr/dr’)?=0. 


(3.6) 
(3.7) 


Then after the transformations we shall find that 
gx =0, gir’=0. We can factorize the quadratic left- 
hand member of (3.7) into distinct factors each of which 
will be linear in the partial derivatives. Now it is 
always possible to choose one or the other of these two 
factors in such a way that the selected factor equated 
to zero, together with Eq. (3.6), will define a trans- 
formation of (r,t) into (r’,t’) whose Jacobian will not 
vanish. Hence this type of transformation is always 
possible. It may be noted that these coordinates (r’,t’) 
are similar to what we have called ““Newtonian”’ coor- 
dinates in general relativity.® 

We use these “Newtonian” coordinates and take our 
gix of the form 


0 0 psind a+H 
oe 0 —B E sin@ 0 
Si=! _» sind —Esind —Bsine 0 
a—H 0 0 ¥ 


One of the field equations is 


For i=4, this leads to 


0 
—(H(8°+ E*)A |—[pEHA ] cotd=0, 
or 


A*det| gu | J= —1. 


It is therefore clear that, as A +0, 


0 
—H(@?+E)A ]=0, 
or 


(3.11) 


pEH=0. (3.12) 


The case p=0 gives the known solutions of Bonnor. 
Therefore, from (3.12) we conclude that EH=0. We 
have worked out the detailed solutions in all the three 
cases (i) E=0, H=0; (ii) E=0, H¥0; (iii) E¥0, H=0. 
We found the quantities [';;* by writing its defining 
equation, 

Rik, 1— Kiel ue’ — Seal nx’? =0, (3.12) 


in the form 
Sil es’ = — Fn, +hgr + dB ix, rH ged is’ + eles’, (3.13) 


5 P. C. Vaidya, Nature 171, 260 (1953). 
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and 


Biol ei’ = 48 c1, i 380s, e— 28 ik, 1 Beal st — Kailas’. (3.14) 
Having found I,;' from (3.13) and (3.14) for all the 
three cases mentioned above, we calculated Ry, from 


Rix= Dr a! eo rT’ — ‘(0 s.’ et Tee’, d+ D aT sa’. (3.15) 


It was found that Ry, contained terms in cot*@. This 
means that though gi is spherically symmetric, while 
Rx is not. The situation is similar to the one discussed 
by Takeno and others,’ who were using Papapetrou’s 
form of spherically symmetric gi. Now in all the 
unified field theories, there is one field equation of the 
form 


Rin=dgir- (3.16) 


{In Schrédinger’s theory \#0, while in Einstein’s 
theories \=0.] In all the cases mentioned above, we 
have found’ that (3.16) eventually leads to equations 
of the type (3.10): 


f(r,D+e(r,)) cotv’=0, 


which, in their turn, have eventually led to p=0 in all 
cases. Hence solutions with nonvanishing transverse 
components do not exist under any scheme of field 
equations which contain equations of the type (3.16). 


4. CONCLUSION 


We have shown here that spherically symmetric 
solutions with nonvanishing transverse components of 
the skew tenor gj, are not allowed by the unified field 
theories of Einstein. Corresponding to a solution of the 
point charge in general relativity there are the solutions 
of Papapetrou, Wyman, and Bonnor in the unified 
field theory; but corresponding to the solution of a 
radiating star in general relativity there are no solu- 
tions in the unified field theory. 

Here we have an analog in the classical electro- 
dynamics. Corresponding to the well-known solution 
for a point charge in Maxwell’s electrodynamics, we 
have a solution in the new electrodynamics proposed 
by Dirac. (It is only a gauge transform of the Max- 
wellian solution.*) However, corresponding to the non- 
static spherically symmetric solution of Maxwell’s 
electrodynamics given here in Sec. 2, there is no solution 
in Dirac’s scheme. 

If, however, we want axially symmetric solutions, 
we can introduce arbitrary functions of w in our gu 
as in Eq. (1.3). Solutions of this type are now being 
investigated. 


( * Takeno, Ikeda, and Abe, Progr. Theoret. Phys. Japan 6, 842 
1951). 

7 The detailed calculations for the three cases are appended 
here as appendixes I, IT, and III. 

*K. J. Le Couteur, Nature 169, 146 (1952). 
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APPENDIX I 


Case (i): E=0, H=0 


The tensor is 


( 0 0 psind a! 
pug i ea | 
mi —psind 0 —Bfsin® 0! 
a 0 0 y! 
so that 
g= det! g «|! = —B(Ba’+~yp"*) sin’#. 
The 3-index symbols which will ultimately give terms 
containing cot’? in Ry; are T,,, Ty2*, P'21*, where k may 
be 1, 3, or 4. Their values can be easily obtained from 
(3.13), (3.14). We have found that 


I');*= (p’a*/BA) cotd, 

l= —T's:"= (p/28) cot sind, 
I'12'=I'g)'= — (p*y/2A) cotd, 
I'yo*= —I'g;°= (pa?/2A) cotd cscb, 
I's;4= (p’a/2A) cotd, 


r= My?= 0, 


Pyo4= 
where A = a°B— p*y. The value of Rj, is of the following 
form: 


pra*(a’B+ p* 7) 


~ cot’ 


Ru=fulr,t)+ 


Ry, =Agu will now demand that the coefficient of cot’é 
in Ry, should vanish. Since a°B+ p*y#0 (because g¥0), 
this forces the conclusion p=0. 


APPENDIX II 
E=0, H¥0 
The fundamental tensor is 


( 0 0 psind a+H} 

i i —p 0 0 | 
B=! _»sind 0 —Bsine 0 
|a-H 0 0 y 


Of the 64 symbols I’ ' there are 27 (for which either 7, 
k, or | is 2) which contain cot@ as a factor in their 
values. These symbols ultimately lead up to cot*@ terms 
in Ry. We give here the main results of calculations of 
these 27 symbols. First, eighteen symbols are evaluated 
by solving a closed set of eighteen simultaneous equa- 
tions obtained from Eqs. (3.13) and (3.14). The method 
of writing these eighteen equations is a simple one. We 
begin with any one symbol, say I'2;°. We write down 
its value from (3.14). Then on the right-hand side T’,;' 
will appear. Next we write the value of I';' from (3.13). 
Its value will involve two new symbols I’:;‘ and [2,'. 
We write down their values again, using (3.13) and 
(3.14). We proceed in this way till we come ultimately 
to an equation which does not involve any further new 
symbol. The solution of these eighteen equations is a 
straightforward process. The following values are 


Case (ii): 


obtained for the eighteen symbols coming in this set 
of simultaneous equations: 


P38 =P'p3'= P24? =T' 24! =0, 


To4= (H /y)T 24! = (H/a)V2' = (- H/a)V 244 


= (H/p) csc6l2;4= (H?/a*)P 21! 
= (—2Hy/a*)l's'= (— p?H*y/2Aa*) cotd, 
Po4* sind = (Hy/aB)I'23* csc8 = (— H/B)T 23 csc 
== (H/p)(T'2s'—cotd) = (y/a)T'2;° sind 


= (—Hy/a*)T's;* sind 
=[pHy(a’+ H*)/2a°A | cotd, 
Pa4= [ p?(a*— H*)/2aA | cotd, 


where A = (a?+H*)8—p’y. The following five symbols 
can then be obtained by solving the single equation 
obtained for each of them from (3.13) or (3.14). 


‘1°=([p?(a?— H*)/BA ] cotd, 
Dis? =(H p{B(a?+ H)+ py} /2aAB J cotd sind, 


Ps" = (p/28) cotd, Pid 2 = (— p’H*y/2aAB) cotd, 


r4?=0. 


The values of Ri, and Re» are of the following form: 


p ‘(@ +H B+ a% pty (a? — H*) 
Ru=fulr,+ - cot’, 
2Ba*A* 


py(a’+ H’) 
Roo= foo(r,t)— cart om cot?é 
2a°A 


Rin=g i will now demand that the coefficients of cot?@ 
in the above should vanish. This again leads to p=0, 
unless we take a?+H?=0 and y=0 which will make 
A=O and so the values of the 3-index symbols will need 
revaluation. We do this. Beginning with a*+H?=0, 
y=0, we work out the values of these 27 symbols. 
Most of them become zero. But when we try to find 
Pa and I’y;‘, we are faced with the two equations: 
al'y4§— 


HV *= (Hp*/2a8) cot8, 


HV *+aP'2,'= (p?/28) cotd. 
If neither of Pn‘, I's;* is to be infinite in value, Hp*/8 


must vanish, which again leads to p=0 because with 
a’+H?=0, H cannot vanish. 
Hence in this case the only conclusion is p=0. 





SPHERICALLY SYMMETRIC 


APPENDIX III 
Case (iii): E~0, H=0 


In this case, if we use the ‘““Newtonian” form (3.8) 
for giz, it becomes very difficult to isolate the symbols 
which involve cot@ terms from symbols not involving 
them. Hence we do not use the form (3.8) but, beginning 
with the general form (3.1) we take two cases accord- 
ing as (3.5) is satisfied or not. 


Sub-Case (i): When (3.5) Is Satisfied 
The tensor gi, can be taken in the form 


[| —a@ 0) p sind 
Pee —8  Esin@ 
aii —psind —Esiné —£ sin? 
Q) 0 0 


It is now found that all the 37 symbols I’ ,' for which 
either i or k or / is 4, do not contain cot@. T';;' is a’/2a. 
These 38 symbols do not contain cot. Of the remaining 
26 symbols, I"1,°, I'22?, M29, and I's;° vanish. The fol- 
lowing are the values of the rest. 


(—8/2p)V u?= (a/p)V 13! = (—B/E) (T1*—B'/28) 
=I'2)* sind = (a/2E)(I'22'+-6"/2a) 


= (—a/p) (I'2;*—cotd) =x—y cotd, 


Py' =P)? = M%=T2;7=0, 


‘w=—T;'= (p/a)[y'/2y+8'/28 
— (E/8)(x—y cotd) } sind, 
P= —I'\;?= (E/8)((— p/2E) cot0+ E'/2E 
— 6’ /28+ (E/B)(x—y cotd) | sind, 
P3)3=T\35= B’/ B—a’/ 2a—p’/ 28+ (E/B)(x— y cotd), 
P39! = —I"o3!= (£ a) E’ 2E— B'/ B+a'/2a 
+ (p/2E) cotd— (p*/ Ea) (x—y coté) sind, 
['3.?= —D23?= (p/a)[B’/28— (E/8)(x—y cotd) ] sind, 
‘a3'=[ —B’/2a+ (2p*/a*) (y’/ 2y+8"/28) 
— (2E*/aB) (E’/2E—B'/28)+ (Ep/aB) coté 
—2E(p’B+ E’a) (x— y cot) /a’B? | sin’8, 
P33°= [— (1 + p*/ap) coté— (2Ep/af) 
 (E'/2E— B’/ B+-a'/2a+p’/28) 
+ p(p’B+ Fa) (x— y cot6)/a’B* ) sin*8, 


SOLUTIONS 


where 
x= (2Ey/p)(B’/ B+ E'/2E—a’/2a—p'/28), 
2y=a8p/[a(e’—E*)—Bp" ], 
B’=a(6?+ E*)—Bp’, 


and a prime indicates differentiation with regard to r 
(e.g., a’ =0a/dr). Now Rx» will contain terms in coté 
and cot’@. Here again we shall require these terms to 
vanish. Once again we shall be led to p=0, or else 
a(’— F*)+-6p?=0 from Ry and a(@’—3E)—pp'=0 
from Ro. Then, when we write down the value of R33 
and use the above two results, we get the coefficient of 
cot’@ therein as —} which does not vanish. Hence the 
other alternative does not hold. The only conclusion 
s p=0. 


Sub-Case (2): When (3.5) Is Not Satisfied 


. ° . 
In this case we can remove both g;; and g44 along with 
gas.” Thus we take our tensor as 


| 0 0 
0 —B E sind 
—psind —Esind —£ sin’ 
| 4 0 0 


p sind 


£u= 


The following 13 nonzero symbols lead to cot’? terms 
in Ry. 
I',,°= (p?/A) coté+ (r,1), 
Po? =T2= (pE/2A) cotd+ (1,1), 
I';2* sind= —I"2;* sind= (p8/2A) coté+- (r,t), 
[,,? cscO= —T's," csc = (p8/2A) cot+ (r,/), 
3° =I 4)3= (— pE/2A) cot6+- (r,/), 
o'=T'a)'= (p*B/2aA) cotd+ (r,1), 
—I"\s4 csc0= +13,‘ csc = (p?E/2aA) cot6é+ (r,t), 
A=8—EF, 
where the (r,t)’s indicate some additional functions of 
rand ¢. 


The coefficient of cot’? in Ry, turns out to be p?/2A, 
so that the inevitable conclusion is p=0. 


* If (3.5) is not satisfied, gs, automatically becomes zero when 
we make the transformation for which gs, is zero. We can use the 
other coordinate condition to make g,,=0. 
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The Townsend criterion for electrical breakdown in gases is based upon a singularity in the Townsend 
expression for the current as a function of voltage. The conventional derivation of this equation involves the 
assumption that space charges are absent. A more precise expression of this criterion, involving the effects of 
space charge, removes the singularity and describes a current that is finite at every finite point. Beyond a 
certain current, however, the derivative of the current with respect to voltage becomes negative, indicating 
that the system is incapable of withstanding a voltage larger than that at which the negative characteristic 
develops. In most cases, the breakdown voltage so established should not differ appreciably from that given 


by the ordinary Townsend equation. 


The second Townsend coefficient is normally determined from the curvature found, as the sparking 
separation is approached, in plots of the logarithm of the current versus electrode separation at constant 
electric field. The extent of this curvature can be influenced somewhat by distortion of the electric field by 
space charges if the initial photocurrent from the cathode is sufficiently large. 


I, INTRODUCTION 


CCORDING to the Townsend theory of electrical 
breakdown in gases, the steady-state current 
flowing in a uniform-field gap is given by 


i= ige™/[1— (w/a) (e**—1)], (1) 


where ig is the initial photocurrent, 6 is the electrode sep- 
aration, and a and (w/a) are the primary and secondary 
ionization coefficients, respectively.'* Because both w 
and a are increasing functions of the electric field, E, the 
equation describes a current which increases, as FE 
increases, toward an unbounded value reached when 


(w/a) (e*®—1)=1. (2) 


This condition is taken to define implicitly the break- 
down (threshold) electric field. 

The derivation of Eq. (1) involves the assumption 
that the densities of positive and negative charges in the 
gap are sufficiently low that the electric field is not 
distorted. Under such conditions, a will be constant 
throughout the gap. However, as the sparking threshold 
is approached, this situation clearly no longer obtains. 
In fact, the formation of field-distorting space charge 
must be an essential feature of the mechanism of gas 
breakdown, rather than “following after” the spark in 
some poorly defined way as has often been assumed. 
Actually, this fact was pointed out many years ago by 
von Engel and Steenbeck.* In order to account for the 
results of recent measurements of formative time lags in 
gas breakdown, other investigators have also recognized, 
in a qualitative manner, the importance of positive 


* Present address: Operations Research, Inc., 8416 Georgia 
Avenue, Silver Spring, Maryland. 

' See, for example, L. B. Loeb, Fundamental Processes of Elec- 
trical Discharge in Gases (John Wiley and Sons, Inc., New York, 
1939), Chap. TX. 

2 Dutton, Haydon, Llewellyn Jones, and Davidson, Brit. J. 
Appl. Phys. 4, 170 (1953). : 

3A. von Engel and M. Steenbeck, Elektrische Gasentladungen 
(Julius Springer, Berlin, 1932), Vol. IT, p. 50. 


space charge in the initiation of the spark in slightly 
overvolted gaps.‘ 

It is the purpose of this paper to show that the build- 
up of positive space charge in a gas can be described by 
the appropriate modification of the Townsend equation. 
It is demonstrated that this buildup occurs as the 
voltage approaches the threshold voltage predicted by 
Eq. (1), providing ip is not too large. Varney, White, 
Loeb, and Posin® have done a similar calculation for the 
case where (w/a) =0 (no secondary mechanism), and our 
study is essentially an extension of theirs. 


Il. THE SPACE CHARGE EQUATION 


In the steady state the currents of positive and 
negative charges in the spark gap (cathode at origin, 
anode at 5) must satisfy the following equations: 


V-i=aL, 
V-i,=—ai, (3) 
i=i,+i_=constant. 


Furthermore, they are related to the charge densities m,. 
and n_ by the relations 


i_=n_ep_E, (4) 
i, =n eu, E, 


where uw and yw, are the magnitudes of the charge 
mobilities and e is the magnitude of the electronic 
charge. Finally, m4 and n_ determine the divergence of 
the electric field: 


V-E=4re(n,—n_). (5) 


We will specialize these equations to a situation in 
which the field is directed along the x axis, the properties 
of the system being independent of y and z. 

The generalized secondary mechanism, characterized 


‘L. H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951). 
5G. A. Kachickas and L. H. Fisher, Phys. Rev. 88, 878 (1952). 
* Varney, White, Loeb, and Posin, Phys. Rev. 48, 818 (1935). 





SPACE CHARGE 


by (w/a), is introduced by the expression, 


i_(0) =igt f o(s)i_(2)de. (6) 


Combination of this with Eq. (3) and the introduction 
of a new independent variable, 


v= f adx, du=adx, (7) 
0 


yield the generalized Townsend equation, 


ils)wter / [1- f ‘ (a/a)erdu, (8) 
a= fads. 


If we assume, as is usually done, that (w/a) is approxi- 
mately independent of the electric field, then we have 


i_(x) = ige“/1— (w/a) (expi—1) ]. (9) 


Equations (4), (5), and (9) may now be combined to 
give 


[(4mi0/ My ) (expd— expu)du | 


ion (w/a) (expa—1)] 


In arriving at Eq. (10), 1/u— has been considered to be 
negligible compared with 1/4. 


(10) 


akdk= 








Fic. 1, Calculated curve of K(z) us z. 
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Fic. 2. Distribution of positive ions across the spark gap for 
various voltages near threshold, 


Now to integrate Eq. (10), it is necessary to assume a 
functional form for the dependence of a upon £. For 
many gases, it has been demonstrated that a can be 
sufficiently approximated by an expression of the form, 


a/P= Ae Blk, (11) 


in the greater part of the region of £/P significant to 
discharge phenomena. In this expression, P is the gas 
pressure, and A and B are constants characteristic of the 
gas. To be sure, Eq. (11) is not the only functional 
relation which can be applied accurately to this limited 
range of E/P. We use it here not only because it appears 
to have some theoretical significance,’ but also because 
it contributes to the ease of computation. Thus, it is 
possible to show that 


K(1/n) = K(1/no) 
C( Ariny By) (m expii—expu+ 1)] 
eG 
1 — (w/a) (expi—1) | 
where 
B=AP(BP)?, 
n=E/BP, no=Eo/BP, = E(0), 
K (z) = 4[e~*/2?—e~*/z—Ei(—z) ], 
— Ei(—z) -f (e~*/t)dt. 
The function K(z) is plotted in Fig. 1. 
We have then for the electric field 
Kye Atal Bane expi—e*+1)] 
"" [1— (w/a) (expi—1)] 


Here K~' is the inverse of the K function, and Ko 


E=BP/K" {x . (13) 


7T. Kihara, Revs. Modern Phys. 24, 45 (1952). 
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= K (1/0). The restrictions on the solutions are 


$ u 
f bax= f (E/a)\du=V, V=voltage; 
0 0 


" (14) 
f ax= f (1/a)du=6, 6=electrode spacing. 
0 0 


These restrictions serve to fix Ko and @; that is, they are 
two equations, relating Ko and a, that must be solved 
simultaneously. This may be done by introducing Eq. 
(13) inte each of the two equations; a numerical pro- 
cedure must be used to obtain the required pair, (Ko,m). 
All of the functions of interest, E(x), a(x), n,.(x), i_(x), 
etc., can then be calculated. 

Equation (13) shows clearly the role of space charges 
in a Townsend breakdown process. It gives E(x) as 
essentially equal to Ey when 


|4rig uexpi—expu-+1 | 
| = --— —|KKo. 
| Bus 1— (w/a) (expa—1)| 


Insertion of physically reasonable numbers shows that 
in most cases the inequality is violated only when the 
generalized Townsend threshold, defined by 


(w/a) (expaé—1)=1, 


is approached. Numerical illustrations of the influence 


E— (kV/cm) 
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Fic. 3. Distribution of the electric field across the spark gap for 
various voltages near threshold. 
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Fic. 4, Distribution of @ across the spark gap for various voltages 
near threshold. 


of space charges on the Townsend current are presented 
in the following sections. 


III. NUMERICAL ILLUSTRATIONS 
A. Space Charge and the Townsend Threshold 


Normally one can predict to within about 0.5 percent 
the sparking voltage of a gas by introducing Eq. (11), 
with experimentally determined constants, into Eq. (2) ; 
that is, by ignoring completely the possible influence of 
space charges. Furthermore, it has often been shown 
experimentally that, within certain limits, the magni- 
tude of ip has little or no influence on the sparking 
potential. Therefore, we should be able to demonstrate 
by a numerical calculation that the introduction of the 
effects of space charges will lead to essentially the same 
threshold voltage as that predicted by the ordinary 
Townsend equation, provided ip is not too large. 

In an effort to present a more meaningful illustration 
of the role played by space charges in a Townsend 
breakdown process, we have tried to choose the condi- 
tions of the problem so that our calculations will yield 
results close to those expected for a specific gas. Nitro- 
gen was chosen because there is such a wealth of pre- 
breakdown and breakdown data on this gas in the 
literature. The conduction data of Masch,* Posin,® and 
Dutton, Haydon, and Llewellyn Jones," show that the 

®K. Masch, Arch. Elektrotech. 22, 589 (1932). 

*D. Q. Posin, Phys. Rev. 50, 650 (1936). 


” Dutton, Haydon, and Llewellyn Jones, Proc. Roy. Soc. (Lon- 
don) A213, 203 (1952). 
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Townsend a can be expressed conveniently by the 
’ relation 


a/P=7.0e P/E, (15) 
provided E/P is less than about 120 (volts/cm) per mm 
Hg. Introduction of this result into Eq. (2) leads to an 
expression which describes the variation of the sparking 
potential with Pé. By fitting this expression to the 
sparking data of Ehrenkrantz,"' we obtain a value of 
3.19 10~ for (w/a), in good agreement with the recent 
direct measurements of Dutton, Haydon, and Llewellyn 
Jones” in the region 40< E/P<45. 

The conditions we have chosen are: P=700 mm Hg, 
6=1.0 cm, (w/a)=3.19K10~, B= 260 (volts/cm) per 
mm Hg, A=7.0 (cmXmm Hg)", u,=3.0X760/P 
cm?/volt sec, and ip=6.3610-" amperes/cm?. Our 
calculations, based on these values, show that space 
charges do not become important until the voltage is 
less than one percent below threshold; in this case the 
ordinary Townsend condition for breakdown is ade- 
quate. 

However, the behavior of current and voltage sheds 
much light on the mechanism of the spark. Figures 2 
through 5 detail the results of calculations for four 
voltages near threshold. The first three show the varia- 
tion of n,, E, and a across the gap. Note the increasing 
inhomogeneity as # increases. Figure 5 shows the plot of 
logi versus V; the approach to threshold is essentially 
that described by the ordinary Townsend equation. A 
fundamental feature of the plot is the negative i— V char- 
acteristic that develops beyond i~10~> ampere/cm?; 
this illustrates the instability of the system beyond this 
point. Points on the negative characteristic represent 
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Fic. 5. Variation of the steady-state current with voltage. 


1 Florence Ehrenkrantz, Phys. Rev. 55, 219 (1939). 
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Fic. 6. The influence of the magnitude of i» on the 
sparking threshold. 


states that are in principle steady states, but probably 
could not be realized experimentally.” The criterion for 
breakdown appropriate to this situation is that the 
slope of the logi versus V curve become infinite, and not 
that the current itself reach some specified value as 
demanded by the ordinary Townsend equation. That 
is, if the external circuit is capable of supplying at least 
the current corresponding to the onset of the negative 
characteristic, the breakdown will not be influenced by 
the external circuit. 

In order to demonstrate the influence of ip on the 
sparking threshold, we have carried out similar calcula- 
tions with ip equal to 10~" and 10~* ampere/cm?. The 
results, shown in Fig. 6, indicate that the influence of 
space charges on the threshold voltage is negligible 
unless ip is significantly larger than 10~-* ampere/cm’. 

It is important to mention that the negative i—V 
characteristic can develop only if a increases with some 
power of E greater than one; otherwise the function is 
single-valued. This has been shown qualitatively by von 
Engel and Steenbeck.’ Varney, White, Loeb, and Posin*® 
also noted that such a dependence of a upon EF could 
lead to the development of breakdown through space 
charge formation by a alone. However, the process was 
not discussed in terms of the negative characteristic. 


Tt should be pointed out that the existence of the negative 
characteristic, as calculated, much beyond the point of instability 
depends upon the applicability of the Townsend mechanism in 
this region. The space charge which gives rise to the negative 
characteristic may, under certain circumstances, result in the 
formation of a streamer, as has often been observed. 
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Fic. 7. The influence of space charges on the curvature of logi vs 6 
plots at constant V/6. 


B. The Influence of Space Charge on 
Measurements of (w/a) 


There has been considerable discussion in the past 
concerning the possible influence of space charges on 
measurements of the secondary ionization coefficient, 
(w/a). Equation (1) predicts a certain curvature in the 
plot of logi versus 6 at constant E/P as the sparking 
distance is approached. Experimental values of (w/a) 
are usually obtained from the extent of this curvature. 
However, because space charges also become important 
as threshold is approached, their effects might compli- 
cate such measurements. 

In 1936 Posin® found that it was impossible to 
evaluate accurately the secondary coefficient for N2 
from pre-breakdown current measurements unless io 
was kept below about 10~" ampere/cm’. He attributed 
this to the effects of space charge. At about the same 
time, Varney, White, Loeb, and Posin*® showed that such 
a field distortion can cause an increase in current more 
rapid than that predicted by the equation, i= ice’, 
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when io is sufficiently large. However, secondary proc- 
esses were omitted in their calculations. 

In a recent paper, Dutton, Haydon, and Llewellyn 
Jones” have reported the results of a study of pre-break- 
down currents in Ne, measured for various values of io. 
They found that the initial photocurrent could be varied 
from 6X10~'* amperes to 1.8X10~" ampere” without 
any noticeable effect on the measured value of (w/a). 
For these measurements, the gas pressure was 300 
mm Hg, and the sparking distance 2.09 cm. For the 
highest value of io, the current became as high as 10~7 
ampere as 6 approached the sparking distance. This 
current is considerably in excess of that for which space 
charge distortion was commonly believed to be im- 
portant. 

In order to show numerically the effect of space 
charge distortion on the curvature of logi as a function 
of 5, we must introduce Eq. (13) into the expression 


f (B/a)au / f* (1/a)du=V/5=constant (16) 


and again determine pairs (Ko,#) that satisfy this 
condition. The current in the gap can then be calculated 
for various values of 6 approaching threshold. 

To illustrate, we have again chosen Noe, under approxi- 
mately the same conditions used by Dutton, Haydon, 
and Llewellyn Jones" in their experimental measure- 
ments (P=300 mm Hg, 6,=2.0 cm, V/6=1.245X 104 
volts/cm, and the same values of A, B, u,, and (w/a) 
used in the previous calculation), The results are plotted 
in Fig. 7 for three values of ip (10-", 10~, and 10~* 
ampere/cm*), and compared with the predictions of 
Eq. (1). Note again the negative characteristic that 
develops when space charges become important. These 
results indicate, however, that under the above condi- 
tions one should not observe any deviation of the 
curvature of log(i/io) from the Townsend prediction, 
until ig exceeds about 10~- ampere/cm?. That is, 
errors in measurement of (w/a) should not appear until 
the initial photocurrent is large enough to cause a 
measurable decrease in the sparking distance. This 
current is far in excess of the largest value used by 
Dutton, Haydon, and Llewellyn Jones” in their experi- 
ments. 


18 Because approximately 0.5 cm? of the cathode was irradiated, 
this photocurrent is nearly the same as the current density. 
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Properties of the Quantum Statistical Impedance* 


J. L. Jackson anp M. C. Yovits 
Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 
(Received April 22, 1954) 


The transfer function of a general linear dissipative system, which had previously been derived, is ex- 
amined. It is shown that its real and imaginary parts satisfy relationships which must be true for general 
passive systems. Examination of the transfer function at low frequencies gives expressions for the equivalent 


resistance and capacitance. 


N a recent paper by one of the writers! the direct 
response of a linear dissipative system to an external 
generalized driving force was computed. The transfer 
function deduced from this computation had a real 
part which agreed with a previous result of Callen and 
Welton ;? a new expression for the imaginary part was 
obtained. Callen and Welton showed that the real part 
of the transfer function was always positive, as indeed 
it should be for a dissipative system. It is the purpose 
of this note to point out some further properties of this 
transfer function. 

It will be shown that the transfer function satisfies 
the requirement that it have no poles in the lower half 
of the w plane. Expressions will be obtained for the 
expansion coefficients of the transfer function about 
zero frequency. This expansion is consistent with the 
physically expected behavior. 

A linear system can be characterized by its transfer 
function, F(w), which has the property that a periodic 
input, exp(iwt), yields the output F(w) exp(iwt). The 
singularities of F(w) are the values of w for which the 
homogeneous system equation has solutions. These 
singularities will in general occur for complex values of 
w. The existence of such a singularity in the lower half 
of the w plane would imply a temporal exponentially 
increasing solution of the homogeneous system equa- 
tion. Thus, the transfer function of a passive system 
can have no singularities in the lower half w plane. 

As a consequence of this fact, the use of Cauchy’s 
integral theorem gives a necessary and sufficient condi- 
tion (except for an arbitrary constant in the real part) 
which must exist between the real and imaginary parts 
of such a transfer function for real frequencies.’ This 
condition is 


B(w) = (2w a) f [A (x) /(x?—w") ]dx, (1) 
0 


where 


F (w) =A (w) +iB(w) ; (1.1) 


the functions A (w) and B(w) are real for real frequencies. 


me Supported by the Bureau of Ordnance, Department of the 
Navy. 
1 J. L. Jackson, Phys. Rev. 87, 471 (1952). 

?H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 

3 See, e.g., H. W. Bode, Network Analysis and Feedback Amplifier 
Design (D. Van Nostrand Company, Inc., New York, 1945), 
Chap. XIV. 


In Eq. (1) it is to be understood that the Cauchy 
principal value of the integral is meant. 

In reference 1, it is shown that, for a linear dissipative 
system the real and imaginary parts of the transfer 
function are given by 


A(w)=mo f f(E)o(E)L (E+ ho Ql) |*9(+ ha) 


—|(E—hw|Q|E)|*p(E—hw) WE, (2) 
and 


Bw) = = 20 ff Le )o(e)o(')(B~B)| E/E) 


X((E— EB’)? (hw)? J 'dEdk’. (2.1) 
The notation used is that of reference 1. In order to 
verify that this transfer function satisfies Eq. (1) the 
transformation, 


|E—E'| =hx, (3) 


is used to replace E’ in Eq. (2.1); Eq. (1) is identically 
obtained. 

It is of interest to note the behavior of this transfer 
function at low frequencies. The real and imaginary 
parts have the zero frequency expansions 


A (w) = aw’+O(w'), (4) 
B(w) = Bwt+O(o"*), (4.1) 


where 
a= (ah/AT) f f(Ep*(E)|(EIQ\E)|*4E, (4.2 


and 


B=2 ff crapocenoce ce Q|B’)|? 


X (E’—E)"'dEdE’. (4.3) 
The expression for a can be obtained readily from 
Eq. (4.6) of reference 2. It should be observed that a 
and 8 are both positive, the latter because /(Z) is 
smaller than f(Z’) when £’ is less than Z. Equations 
(4) and (4.1) specify an impedance that has a zero 
frequency expansion of the form 


Zw) = (iwB) + (a/6*)+O(w). (S) 
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In the language of circuit theory this means that the 
dissipative system has capacitance 8 and resistance 
(a/(*). Higher order circuit elements can be found by 
taking into account the higher order terms in the 
expansion of A(w) and B(w). 

The zero frequency behavior of the transfer function 
is that which is to be expected for a dissipative system. 
The resistance is shown to be finite and different from 
zero. The current vanishes at zero frequency due to 
the presence of the capacitive term in the impedance. 

One might also consider the transfer function F,,(w) 
which gives the response of a single member of the 
ensemble with unperturbed energy, Z,. The corre- 
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sponding real and imaginary parts are then clearly 


A,(w) = ol |(En+hw| | Ex)|20(En+hw) 
—|(E,—hw|Q|E,)|*p(En—hw)}, (6) 


and 
B,(w)= ~2a f (H.—E')|(EalQ E’)|? 


X[(E,—E’)?— (hw)? }"dE’. (6.1) 


It is not here apparent that the real part of this transfer 
function, which gives the response of a single member of 
the ensemble, must be positive. However, it is clear 
that the relationship of Eq. (1) is fulfilled, even for a 
single member of the ensemble. 
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The Virial Series of the Ideal Bose-Einstein Gas* 


B. Wipomt 
Department of Chemistry, University of North Carolina, Chapel Hill, North Carolina 
(Received May 17, 1954) 


It is suggested that the ideal Bose-Einstein gas be used as the prototype of an imperfect gas in investigat- 
ing a possible connection between divergence of the virial series and the condensation phenomenon, An 
explicit expression is obtained for the virial coefficients in this case. Obtaining the radius of convergence 
of this series appears to be a formidable mathematical problem, and only a lower bound for this radius is 
established. It is conjectured, however, that the radius of convergence is infinite. 


HE ideal Bose-Einstein gas is imperfect, in the 

sense that its equation of state is not p=pkT. 
The imperfection is a quantum effect, and it gives rise 
to the well-known Einstein condensation. In many re- 
spects the p-v isotherms! resemble those of an ordinary 
condensing gas, though there are, of course, important 
differences. 

The problem of finding a possible relationship be- 
tween the extreme limit of convergence of the virial 
series, and the point of condensation, is one of con- 
siderable importance in the mathematical theory of 
ordinary imperfect gases.? In this connection it would 
be interesting to find the radius of convergence of the 
virial series of the ideal Bose gas and observe whether 
or not it is equal to the density at which condensation 
is known to occur. I have succeeded in obtaining ex- 
plicit expressions for the coefficients in this series, but 
I have only been able to establish a lower bound for 
the radius of convergence. It may be conjectured, 
however, that the radius of convergence is infinite, 
and that the function defined by the virial series bears 


* Work supported by the U. S. Office of Naval Research. 

t Present address: Department of Chemistry, Cornell Univer- 
sity, Ithaca, New York. 

10. K. Rice, Phys. Rev. 93, 1161 (1954). 

2H. N. V. Temperley, Proc. Phys. Soc. (London) A67, 233 
(1954). 


the same relation to the pressure of the system that a 
function of van der Waals type (including the unstable 
portions) bears to the pressure in an ordinary condens- 
ing gas.” 

The dimensionless density x,= (h?/2mmkT)'p and the 
dimensionless pressure x2= (1/kT)(h?/2mmkT)'p are 
two members of the set of functions’ x, given by 


xem > 9 (et ye, (1) 
1 


where y=exp(u/kT). The virial series is obtained by 
eliminating y from the expressions for x2 and x, ex- 
pressing the former as a power series in the latter.‘ 
From Biirmann’s expansion,° 


2 Af dt sy\"dx, 
sont aont +E | | (2) Se] 


nf | #,". 
1 n'ldy""L \x, dy J) yao 


3 These functions have been studied by E. W. Barnes, Proc. 
London Math. Soc. (2) 4, 284 (1906); C. Truesdell, Ann. Math. 
46, 144 (1945); and others. 

4 A general problem of this kind was considered by J. C. Glashan, 
Am. J. Math. 3, 190 (1880), but his results are of too implicit a 
nature to be useful here. 

5 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, London, 1927), fourth edition, pp. 
128-129. 
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But by Eq. (1), x.41(0)=0 and dx,4:/dy=x,/y. Hence, 


Ea 1 d* /%.\~* 
nunefi+e ——|—(~) | =| 
1 (m+1)!Ldy"\ y 7 


Segar® has shown how to express, in determinantal 
form, any derivative of any power of a function.’ 
Applying Segar’s result, one obtains 


ad” /%,\~* 
Fos I ne 
dy"\yF Sino 


where D,, is the following determinant of order n: 


n+1 
aeth 

2n+1 
gett 


n+2 

2e+t 

3n+1 
4eti 


2n+2 


| Sat+4 3e+h 


Finally, then, 


rime 4 (—1)" 


dD, 
nt (3) 
1 (n+1)! 


When s=1, Eq. (3) is the virial series. Having found 
an explicit formula for the coefficients amounts to 


6H. W. Segar, Messenger of Math. (2) 21, 177 (1891-2). 

7A different, though equivalent, result was obtained by 
S. Mangeot, Ann. Sci. l’Ecole Norm. Sup. (3) 14, 247 (1897), but 
his determinant is slightly less convenient for our purposes. 
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having solved the recurrence relations by means of 
which these coefficients are usually obtained.’ Note 
that condensation is known’ to occur at x,=¢(3/2) 
= 2.612---. (¢ is the Riemann zeta function.) 

By writing y=r exp(i/), it is seen from Eq. (1) that, 
for r<1, {ai(y)| <ai(r), the equality holding when 
t=(0. But for r<1, x:(r) is an increasing function of r, 
and as r—1, x;(r)—»¢(3/2). Thus, in the circle | y| =1, 
|ar(y)| <¢(3/2). Also, x:(y) is regular in this circle. 
Therefore, by Landau’s theorem,’ the inverse function 
y(a1) is regular, and | y(x:)|<1, when |x| <¢(3/2) 
x (€(3/2) —[¢(3/2)?—1}} "=O. But xo(y) is regular for 
'y| <1. Then, since a regular function of a regular 
function is regular, the radius of convergence R of the 
virial series must satisfy R>Q=0.103---. 

Better estimates of R can be obtained by considering 
the magnitude of D,. There are only 2"~' nonvanishing 
terms in the full expansion of D,. When s=1, the 
largest element of D, is the element in the (n—1)th 
row and the uth column, viz., (n—1). Consequently, 
|D,| <2""(n—1)", or R>1/2e=0.184- ++. 

Widom” has pointed out that for s=1 the largest 
nonzero element of the &th row of D, is <k when 
k>2(n—1)/3 and is <2(n—1)/3 when k<2(n—1)/3, 
and that, as a consequence, 


Qn 2(n ati 1)/3 P™ 1)/8y! 


D,\< 
({2(n—1)/3}—1)! 


where {A} means “smallest integer>A.’’ Thus, 
R>1/2e'=0.257---. 
I am indebted to Professor O. K. Rice, under whose 


direction this work was done. 


5 J. E. Mayer and M, G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), pp. 288-290, 416-426. 

9 L. Bieberbach, Lehrbuch der Funktionentheorie (B. G. Teubner, 
Leipzig, 1934), fourth edition, Vol. I, pp. 189-190 

 H, Widom (private communication). 
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Approximate Variational Principle in Quantum Statistics* 


Wititam M. MacDonacp, III,f anp Joun M. Ricwarpsont 
Explosives and Physical Sciences Division, Bureau of Mines, Pittsburgh, Pennsylvania 
(Received May 19, 1954) 


The density matrix of von Neumann can be used to formulate an exact variational principle for quantum 
statistics which embodies the principle of maximization of entropy. Using the formalism of second quantiza- 
tion, we can write this variational principle for fermions or bosons and can then derive from it an approximate 
variational procedure which yields the particle states of a system of interacting bosons or fermions as well 
as the distribution of particles in these states. These equations yield the generalization of the Hartree-Fock 
equations for nonzero temperature and the corresponding extension to bosons. 


I, INTRODUCTION 


HE quantum statistics of interacting identical 

particles was first attacked from the point of view 
of the density matrix by Dirac' who derived the 
Hartree-Fock equations for fermions at zero tempera- 
ture in this way. The problem of a system of interacting 
fermions at nonzero temperatures has been studied by 
Husimi? in his long paper on the density matrix and, 
more recently, by Husimi and Nishiyama.** These 
authors used the principle of maximization of entropy 
to derive their results, although the minimization of 
free energy has been suggested by Lidiard,® who has 
used the method to derive the approximate free energy 
used by Koppe® in a calculation of the influence of the 
exchange energy on the specific heat of free electrons in 
metals. Kubo’ has also minimized the free energy in 
his treatment of antiferromagnetism. 

The purpose of this paper is the formulation of a 
general approximate variational method in the quantum 
statistics of fermions and bosons using the grand 
canonical ensemble of Gibbs and the procedures of 
second quantization. The emphasis in this treatment is 
no longer on the individual particles but on the states,* 
and we shall speak appropriately of correlations and 
interactions between these states for example. After 
first discussing the exact variational principle, which is 
equivalent to the entropy maximization principle, we 
derive its formulation for identical particles by the use 
of second quantization. In treating the variational 


* This research is part of the work which was carried out at 
the Bureau of Mines, supported by the U. S. Office of Naval 
Research. 

+ Present address: Department of Physics, Princeton Uni- 
versity, Princeton, New Jersey. 

t Present address: Hughes Research and Development Labora- 
tories, Culver City, California. 

1P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 

?K. Husimi, Proc. Phys.-Math. Soc. Japan 22, 264 (1940). 

3T. Nishiyama, Progr. Theoret. Phys. Japan 5, 135 (1950); 
6, 1 (1950). 

«K. Husimi and T. Nishiyama, Progr. Theoret. Phys. Japan 5, 
909 (1950). ‘ 

6 A. B. Lidiard (private communication). 

*H. Koppe, Z. Naturforsch. 2a, 429 (1947). 

7 Ryo Kubo, Revs. Modern Phys. 25, 344 (1953). 

’ The term “state” here is intended to denote a possible state 
for a single particle and not a state of the whole system composed 
of many particles. To avoid confusion we will call the first- 
mentioned state a particle state. 
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principle for identical particles, we introduce the ap- 
proximation that correlations between particle states 
are to be neglected. By ‘no correlation” we mean that 
the number of particles in one state does not depend 
strongly upon the number of particles occupying other 
states. More explicitly, we set the density matrix equal 
to a product of factors each referring to a particular 
particle state. We then introduce the further approxi- 
mation that each factor is a function only of the operator 
for the number of particles in the particle state to which 
the factor refers. The now approximate variational prin- 
ciple gives the best form for each factor, in the sense of 
minimizing the quantum mechanical partition function 
for the grand canonical ensemble. 

Even though correlations between particle states are 
neglected, the interactions between them are present in 
a manner like that of the familiar “effective field” 
theories. This fact appears when we vary the functional 
form of the particle states in our variational expressions; 
the equations which emerge are a generalization of the 
Hartree-Fock equations for fermions at nonzero tem- 
perature. These equations have already been given by 
Husimi? for fermions in a somewhat similar derivation. 
From the point of view adopted in this paper we can 
also justify the application of our procedure to the boson 
case in which we obtain a similar set of equations. 
Although the distributions of particles and the particle 
states are a natural extension of the fermion case, these 
latter equations have not been given previously. 


II. GENERAL FORMULATION 


In quantum statistics the grand canonical ensemble 
of Gibbs is introduced by taking the density matrix of 
von Neumann’ in the form 


p=exp[B(u.V — H) ]/Trace x exp[B(uN—H)], (1) 
N= 


where 8=(k7)~', w is the chemical potential, H (an 
ordinary Schrédinger operator) is the Hamiltonian for 
a system of the ensemble, and NV (a scalar) is the number 
of particles in a system. The trace is to be taken over 
the space spanned by the eigenstates of the system. It is 


* J. von Neumann, Die Mathematische Grundlagen der Quanten- 
mechanik (Dover Publications, New York, 1943). 
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well known that Eq. (1) can be derived from the varia- 
tional principle: 


©=Tracep(logo—BuN+BH), 60=0, (2) 


where we minimize © with respect to p subject to the 
constraint 
Tracep= 1. (3) 


If the system is homogeneous it can be shown that 
Omin= —BpV, where p is the pressure and V is the 
volume of the system. This variational principle is re- 
lated to the entropy maximization principle which 
leads to the Gibbs petite canonical ensemble. The use 
of the n-particle Hamiltonian and wave functions which 
are the product of single-particle wave functions in 
Eq. (2) will lead to the proper wave functions and 
distributions for Maxwell-Boltzmann particles. 

For a system of n identical particles the wave func- 
tions for the system must be symmetric or antisym- 
metric combinations of some single particle states ¥;(s), 
where s denotes space and spin coordinates. This re- 
striction is easily incorporated by the use of the second 
quantization procedure developed by Jordan and 
Wigner” and discussed more fully by Fock." In second 
quantization we first introduce the ordered orthonormal 
set of single-particle wave functions ¥(s). The sym- 
metric or antisymmetric combinations of the ¥x(s) 
which form the permissible states of the n-particle 
system can then be characterized by the number of 
particles V,; occupying each state y%(s) and therefore 
denoted by ¥(N;, ---, V,). In so designating the wave 
functions of this so-called Fock space, we have shifted 
our emphasis from the particles to the particle states 
¥(s). Two operators a», and a* logically appear in the 
theory as generators of these states: 


Om*V(---, Nm, ++) 
= ém(Nm+1)40(--+, Nn +1, ++ °), 
OV (+++, Nny **) = em(Nn)NV(- ++, Nam, e+). (4) 


The factor ¢€» depends on the statistics of the particles; 
for bosons ¢,=1, whereas for fermions 


m—1 
qa(—1), 9S W,. 
raf) 


The operators a, and @»* (annihilation and creation 
operators) satisfy the commutation [ ] and anticom- 
mutation relations [ ], : 


(am,@n]=(Gn*,a,* |=0, 


[am,dn® |=Smn; 


(bosons) : 


(fermions): [dm,@n ],=[dmn*,an* |, =0, 
[amOn™ |, =5mn- (5) 


© P. Jordan and E. Me ae Z. Physik 47, 631 (1928). 
"WV. Fock, Z. Physik 75, 622 (1932); 76, 852 (1932). 


The operator whose eigenvalue is the number of par- 
ticles in the particle-state ¥,(s) is 


N= a* dx, (6) 
and the operator for the total number of particles is then 
N= > N: = dYiay*ay. (7) 


It follows from the commutation relations of Eq. (5) 
that the eigenvalues of NV; are 0, 1 for fermions whereas 
for bosons they are the entire set of non-negative 
integers. 

Let the Hamiltonian for interacting particles be ex- 
pressed in the particle formalism as 


H=S°Hi(s)+4 > H,(s,s'), (8) 
ayes’ 
where H,(s) is an operator depending only on the co- 
ordinates of s, whereas 1/2(s,s’) is a two-particle inter- 
action term depending on the coordinates of s and s’. 
The Hamiltonian for interacting identical particles can 
be shown to be 


H= Dm, nOm*(m| Hy\n)a,, 
+3¥  mnpgdm*an*(mn! He| pg)agdy, (9) 


where 


(m|Hh\n)= [dat Hi IWa(0), 


(mn| H»| pq) = f d(1)d(2)Wm* (Ayn * (2) 


We can now substitute the expressions for NV and H 
given by (7) and (9) into Eq. (2) and can proceed to 
minimize © with respect to p. 

We now make the assumption 


e=IT am(Nm). (11) 
This equation can be regarded as containing two ap- 
proximations: (1) p is the product of operators each 
referring to a particle state y,,(s), and (2) each of these 
factors is a function only of V,. The first approximation 
is of the same type as that made by Hartree for the 
wave functions of atomic electrons. This factorization 
implies the neglect of correlations between particle 
states. We emphasize that this does not imply a neglect 
of correlations between two bosons in the same par- 
ticle state. For the case of fermions, the neglect of 
correlation between particle states is obviously equiva- 
lent to the neglect of correlations between particles 
since there can be, at most, one particle in a state. For 
the sake of uniqueness we shall take each factor as 
individually normalized so that 


(bosons): Trace pm(Nm)= D> pm(Nm)=1; 
Nm=O 


(fermions): Trace pm(.\ m)=pm(O)+pm(1)=1. (12) 
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Even though the results of minimizing the exact 
variational expression are invariant to the choice of 
particle state, the minimum of the approximate varia- 
tional expression which incorporates Eq. (12) depends 
on the choice of the orthonormal set. For this reason 
we shall minimize © not only with respect to the p» but 
also with respect to the functional form of the set Yn, 
with the orthonormality condition (5) as the only 
constraint. 


II. INTERACTING FERMIONS 


For the case of fermions we can take pm(V») in the 
form 


Pm( Nm) = (1—Wm) (1— Nin) +OmN m, (13) 


in which w» is clearly the probability for the occupation 
of the particle state Pm. We can combine Eqs. (2), (11), 
and (12) to obtain 
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O=>,, (1—w,») log(1—w,,) 
+2 om Wm logwm — But (m| H,|n) ] 
+3) > m,n WmWn{_ (mn| H,|mn)— (mn H.|nm) }. (14) 


Carrying out the variation on w,», we find 


Wm = {exp[B(€m—m) ]+1}-, (15) 


where €m is an effective energy which includes the direct 
and exchange interaction energy 


ém= (m|H,\n) +>, Wr 


<((mn| H,|mn)—(mn|H2|nm)}. (16) 


Aside from the fact that €» is an effective energy, Eq. 
(15) is what one obtains for noninteracting fermions. 

The variation of y,,* subject to the orthonormality 
constraint yields 


H (An (D+E n wy H(2W "(2H 2 aOWalt)~FEn 0] f d2)¥.4(2) Hs (1.2¥m(2)-+hne Pall) =O (17) 


We emphasize that the integral represents summation 
over spin as well as integration over space. Am, is a 
Lagrange multiplier for the orthonormality condition. 
The variation of ¥» gives the complex conjugate of 
Eq. (17). The Hartree-Fock equation is a special case 
of Eq. (17) obtained by letting the temperature go to 
zero (8) so that wm=1 if en<p and w,=0 if 
€m> HL. 

Husimi has derived Eqs. (15), (16), and (17) from a 
different point of view. He asserts, therefore, that 
Eq. (11) implies the neglect of correlations between 
particles and that this approximation makes the treat- 
ment of the boson case unreasonable by this approach. 
We have pointed out that the approximation neglects 
correlations only between particle states and in the 
boson case will also provide reasonable results. 


IV. INTERACTING BOSONS 


In treating interacting bosons we do not have a 
simple form for pm(V) but instead must carry along 
the normalization of Eq. (12) by Lagrange multipliers. 
In the representation in which the \,, are diagonal, 
Eq. (14) reduces to 
B= DY pul Vm) (logom( Vm) +80 —ut (m| Hi|n) Nm 

m Nu 


+48(mm | H2|mm)Nm(Nm—} 
$4 men DN m.Nn Pm (Vm)Pn(N n) 


<[ (mn! H.|mn)+(mn| He|nm)\NinNn. (18) 


Upon minimizing this with respect to pm(.Vm) and yn*, 
we find 


Pin(N m) = pm(O) exp, — 3 ( Y inten —p) |, (19) 


where, for bosons, 
ém= (m| Hy|n)+ (mm | H.|mm)(N_—-1) 


+> 2 pn( Nn) (mn| H2|mn)+(mn|H2|nm)], (20) 


Ha(Wn(1)+2Nm fd QWn" 2)HA2Wm(2Wn( 1) 


+Xmbm(1)+ pa Dn p.(N,)N. 


nym 


| f dart 2H (1.2.2 m( 


4 f d(2)Wn* (2)Ho(1,2)¥m(2)Wn(1) 
trast) |=0. (21) 


Again the integral represents integration over space and 
summation over spin. The Lagrange multipliers \, and 
Amn are again the result of the orthonormality condi- 
tions. Equation (21) then constitutes a “consistent 
field” or Hartree-Fock equation for bosons. We note 
that the most significant differences between Eqs. (17) 
and (21) are in the presence of an interaction term 
between bosons in the same particle state and in the 
sign of the exchange term. We can easily see that in 
the case of no interaction Eqs. (19) and (20) lead to 
the Bose-Einstein distribution, for these equations 


become 
Pm(.Vm) =pm(O) exp{ —BN nlu—(m| Hy! n)]}. (22) 


The average number of particles in the particle state 





QUANTUM 
¥m is then 
(Na) = $9 Pm(N m)\ m 

Nam 


= {expBl(m!|Hi|n)—p)]—1}-'. (23) 


SUMMARY 


The approximate variational procedure described 
herein has enabled us to obtain suitable wave functions 
for the description of the individual particle states of a 
system of “weakly” interacting bosons or fermions and 
to give the distribution of particles in these states. The 
procedure is not limited to these two cases, which are 
to be considered merely as illustrative of the general 
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procedure. An application to ferromagnetism or anti- 
ferromagnetism can be made and a quantum theory of 
liquids can be derived along the lines of the classical 
cell theory as developed by Richardson and Brinkley." 
In a discussion of helium II, however, one should expect 
the correlation between different particle states to play 
an important part, and this requires a modification of 
the simple assumption of Eq. (11). 

One of us (WMM) is indebted to Professor J. A. 
Wheeler and Professor A. S. Wightman and to L. van 
Hove for several interesting discussions of this paper. 

2 J. M. Richardson and S. R. Brinkley, Jr., Phys. Rev. 87, 199 


(1952); High Speed Aerodynamics and Jet Propulsion (Princeton 
University Press, Princeton, 1953), Vol. I, Sec. F. 
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Mobility of Impurity Ions in Germanium and Silicon* 


C. S. FULLER AND J. C. SEVERIENST 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 14, 1954) 


Lithium has been shown to migrate as a singly-charged positive ion in single crystals of both Ge and Si in 
temperature ranges of 150-600°C and 360-860°C, respectively. The mobility of the Li* in crystalline Ge and 
Si has been measured as a function of temperature. Through the use of the Einstein relation between diffusion 
constant and mobility, values of the diffusion constants in cm?/sec of Li* in Ge and Si are obtained as 
follows: D=25X10~* exp{ (—11 800)/RT} for Ge and D=23X10™ exp{(—15 200)/RT} for Si, in satis 
factory agreement with previously published results on the thermal diffusion of Li*. A curious reversion of 
conductivity type of solid solutions of Li in Ge is discussed. Copper has likewise been found to move as a 
positive ion in germanium in the temperature range 800°-900°C leading to diffusivities in agreement with 


previously published results. 


INTRODUCTION 


ITHIUM has already been shown to diffuse rapidly 

into crystalline germanium and silicon, behaving 
as a donor element in these semiconductors,! and the 
diffusion constants for these processes have been de- 
termined by means of a method involving the measure- 
ment of p-n junction positions * An alternative method, 
capable of greater experimental accuracy, and based on 
fewer assumptions consists of measuring the mobilities 
of the Lit ions under an applied electric field. In theory, 
the diffusivity D can then be determined from the 
Einstein relationship between diffusion constant and 
mobility. The sign of the ionic charge (positive in the 
case of Li as required by its donor properties) can also be 
ascertained by noting the direction the impurity ion 
moves in the electric field. The activation energies for 
diffusion can be obtained in the usual way from the 
slopes of plots of the logarithm of the diffusion constant 


* A brief report of this work first appeared as a Letter to the 
Editor, Phys. Rev. 92, 1322 (1953). 

t Present address: The Johns Hopkins University, Baltimore, 
Maryland. 

1C,§. Fuller and J. A. Ditzenberger, Phys. Rev. 91, 193 (1954). 

2 Fuller, Theuerer, and van Roosbroeck, Phys. Rev. 85, 678 
(1952); C. S. Fuller, Phys. Rev. 86, 136 (1952). 


against reciprocal of the absolute temperature. In the 
present work this method has been applied successfully 
to Li in solution in Ge and Si. 


THEORY 


The basic principle of the method (see Fig. 1) is the 
diffusion of a hemispherical cloud of impurity ions into 
the semiconductor. We shall refer to such an ion cloud 
as a “‘pulse’’ because of its similarity to the analogous 
pulses employed in the measurement of electron and 
hole mobilities by the Haynes-Shockley method.’ The 
impurity ion pulse is put in at a temperature chosen so 
as to obtain a relatively high concentration of Li in 
solution. The location of the diffusion region in the 
semiconductor is then determined from the location of 
the p-n junction. Thereupon the sample is subjected at 
a given temperature to a dc electric field for a fixed time 
after which the pulse, now less concentrated due to 
thermal diffusion is again located from the new p-n 
junction position. If the net drift motion of the center 
of the pulse is x, then the mobility is obtained from the 
relation u= x/£1; where / is the drift time in seconds and 


ay. H. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951). 
This analogy was first pointed out to the authors by W. Shockley 
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Fic. 1. Sketch of p-type semiconductor bar showing original 
pulse (small circle) and pulse after migration for a time, ¢, in 
field E. 


E the field in volts/cm. The diffusion constant is 
then obtained from the Einstein relationship giving 
D= (kT /q)(x/Et) ; where k is Boltzmann’s constant, T 
the absolute temperature, and q the ionic charge. Since 
the quantities 7, x, Z, and ¢ can all be measured to 
within a few percent, this method provides an accurate 
means of determining D. The method, if taken in 
conjunction with the thermal diffusion measurements,” 
can also serve to prove that these ions do obey the 
Einstein relation, at least to within the experimental 
error of both methods. 

A difficulty in the method arises from the fact that 
thermal diffusion makes the pulses less concentrated and 
therefore their location becomes less precise for longer 
times. Large fields are therefore desirable so as to move 
the center of the pulses for appreciable distances (20 
mils is sufficient for a measurement to within 5 percent) 
before they have spread out so much thermally as to 
cause inaccuracies in location. Solubility considerations 
likewise put a lower temperature limit on the method. 
These considerations apply particularly to copper in Ge 
for which the maximum solubility is about 4X 10'* cm~* 
and the diffusivity is high (310~° cm?/sec) in the 
temperature range investigated (800°-900°C). 


EXPERIMENTAL TECHNIQUE WITH LITHIUM 


Single crystals‘ of Ge and Si (p type, since Li is a 
donor) were cut into bars 0.7 in.X0.1 in.X0.06 in. by 
means of a diamond saw. The samples were then dry- 
ground and small cubes [approx 15 mils (0.038 cm) ona 
side ] of metallic Li were placed near the midpoint of the 
bars, one cube of Li per bar. The bars, with the metallic 
Li on them, were then heated for about 30 seconds in a 
tubular furnace in a helium atmosphere at a temperature 
of 800°C+10°C. At this temperature most of the Li 
fuses into the semiconductor to form a Li-rich alloy 
while some of the Li (about 10'* atoms per cm’) diffuses 
into the lattice to give a hemispherical diffusion region. 
After this short heating period the samples were 
quenched on a large steel block. The surface was 
thereupon reground and etched to remove surface con- 
taminants. The etching process completely removed the 
Li-rich alloy region, leaving a pit of about 5-10 mils 
(0.0125-0.0250 cm) deep and about 20 mils (0.050 cm) 


4G. K. Teal and J. B. Little, Phys. Rev. 78, 637 (1951); G. K. 
Teal and E. Buehler, Phys. Rev. 81, 637 (1951). 
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in diameter. Concentric with this pit there remained the 
hemispherical diffusion region into which the Li had 
diffused and which was thereby converted from p-type 
to n-type. The p-n boundary, which is a circle on the 
surface concentric with the pit, was then made visible by 
the deposition of barium titanate under reverse voltages 
of about 40 volts.* The diameter of the diffusion pulses 
thus prepared varied from 35 mils (0.089 cm) to 55 mils 
(0.140 cm). The ends of the bars were finally plated so as 
to provide good electrical contact for the electrodes. 
The specimen was then placed in a series circuit con- 
sisting of storage batteries and current limiting slide 
wire resistors. It was supported (as shown in Fig. 2) 
between two steel cooling rods, electrically insulated 
therefrom by thin mica separators. Electrical contact 
was made through pressure contacts on the plated end 
areas. An ammeter was placed in the circuit and cur- 
rents ranging from 0.3 to 10 amp were passed through 
the specimen, the current serving to heat up the 
specimen as well as to provide the electric field. The 
electric field acting on the ions was determined by 
measuring the voltage across two tungsten probes, 1.0 
cm apart, which could be brought in pressure contact 
with the sample. Knowing the current and voltage 
across the sample, the resistivity, and in turn the 
temperature, can be found. Data of Morin were used for 
this purpose.® The drift times during which the samples 
were exposed to the field varied from 5 minutes to 5 
hours, depending on the temperatures at which the runs 
were made. After exposing the pulse to the field for a 
definite time, the sample was cooled down to room 
temperature as quickly as possible. This required about 
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Fic. 2. Experimental arrangement. 


"6G. L. Pearson, U.S. Patent No. 2,669,692, February 16, 1954. 
*F..J. Morin (private communication). 





MOBILITY OF 
40 seconds. The surface was re-cleaned and the p-n 
boundaries brought out again by means of barium 
titanate. The circular trace of the displaced pulse was 
then located optically under a microscope, and the drift 
distance measured by means of a micrometer eyepiece. 
The drift distances ranged from 3 to 20 mils (0.0076 to 
0.0508 cm). All the necessary information is thus avail- 
able to determine the ion mobilities. 

It has been found as was expected from its donor 
properties? that Li moves as a positive, singly-charged 
ion in Ge and Si. The diffusion constant as a function of 
temperature was calculated and the results are shown in 
Table I and plotted in Fig. 3. For comparison, this plot 
also shows the thermal diffusion measurements.? Good 
agreement obtains between the two methods, showing 
that the Einstein relation is valid for these ions in the 
concentration and temperature ranges investigated. The 
curves can best be described by the equations: 


D=25X10~ exp(—11 800/RT) for Ge; 
D=23X10™ exp(—15 200/RT) for Si. 


The activation energies are therefore 11 800 and 15 200 
cal/mole for Ge and Si, respectively. 


TABLE I, Tabulation of experimental data. 


Germanium 
cm? cm? 
“(sareccxam) (csc) 


0.031 
0.078 
0.102 
0.183 
0.255 
0.458 
0.667 
1.10 
1.17 
2.14 
2.61 
3.48 
4.31 
6.50 
6.70 
8.56 
11.4 
15.5 
17.6 
23.6 
32.4 


T(°C) B(*S) t(sec) 


x(cm) 





0.085 
0.201 
0.248 
0.430 
0.560 
0.97 
1.36 
2.17 
2.23 
3.92 
4.68 
5.98 
7,22 
10.0 
10.6 
13.3 
16.3 
22.6 
24.6 
32.2 
43.0 


0.0076 
0.0153 
0.0178 
0.0263 
0.0238 
0.0330 
0.0312 
0.0500 
0.0216 
0.0558 
0.0554 
0.0554 
0.0576 
0.0432 
0.0140 
0.0605 
0.0522 
0.0578 


150 6.00 
174 9.00 
203 5.45 
227 6.15 
254 4.27 1000 
274 4.00 9000 
295 7200 
313 3. 7200 
334 3800 
358 6300 
373 . 4620 
400 4500 
418 , 3600 
451 é 3000 
460 ; 600 
473 ‘ 2760 
491 mK 2400 
524 P 1500 
554 ; 1680 0.0623 
574 F 900 0.0432 

600 0.0320 


1500 
8400 
13 200 
1000 


Silicon 


0.0139 
0.0246 
0.0274 
0.0381 
0.0444 
0.0464 
0.0554 
0.0515 
0.0556 
0.0436 
0.0305 
0.0368 


0.147 
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Fic, 3. Plots of diffusivity against reciprocal of absolute tempera- 
ture for Li in Ge and Si. 





REVERSION PHENOMENON SHOWN BY 
LITHIUM IN Ge 

A curious effect, which incidentally permits a graphic 
demonstration of the drift, was observed for the case of 
Li in Ge. This is illustrated in Fig. 4. After the pulse had 
been exposed to the electric field, it was found that the 
barium titanate would bring out not only the displaced 
diffusion area, but also an image of the original spot, i.e., 
the original pulse position. Upon probing this region 
with a tungsten point and examining the characteristic 
rectification curves on an oscilloscope, it was found that 
this original spot had returned to p type, the same type 
as the body of the Ge specimen, whereas the area into 
which the Li had been moved under the action of the 
electric field was n type. This phenomenon was observed 
over the entire temperature range and is shown for two 
cases in the photograph of Fig. 5. These show the small 
original circle which has reconverted to p type after 
exposure to the field, inside of (A) or partially inside 
of (B) a larger m type pulse after it has been moved. 
The rest of the sample is of course still p type. 

The following is offered as an explanation of the above 
observations: Upon quenching rapidly from the temper- 
ature (800°C), at which the original pulse is produced, 
the Li remains, at room temperature, in a supersaturated 
state. However, upon re-heating in the mobility appa- 
ratus, the temperature rise is of necessity slower (several 
minutes). It is believed that precipitation of some of the 
Li occurs throughout the original region during this 
stage. Upon reaching the experimental temperature, all 
of the Li, except for some residual nucleation centers, is 
again in solution, the field is then applied for a fixed time 
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Fic. 4. Ge specimen after exposure to dc field, showing displaced 
diffused pulse (large circle) and original pulse (small circle) where 
reversion to the original p-type conductivity occurs. 


and the specimen again cooled to room temperature in 
about 40 sec. During this cooling the ion cloud remains 
in solution except where nuclei from the original 
precipitation still persist, i.e., in the original pulse where 
crystallization occurs rapidly on the residual nuclei. The 
almost complete loss of dissolved Li from this region 
thus returns it again to p type. 

No such behavior as described above was observed for 
silicon. This we attribute to the fact that Li does not 
precipitate readily from Si in the temperature range 
(room temperature up to about 100°C) in which it 
precipitates rapidly from Ge. Thus, the warming-up 
period in the mobility apparatus does not precipitate 
enough Li to leave nucleation centers and no reversion 
to the original conductivity type takes place. In the 
silicon experiments, therefore, care was taken to pre- 
serve the original etched-out pit (Fig. 4) so that deter- 
mination of the drift distance x could be determined. 

A final comment might be made regarding a peculiar 
wiggly appearance of the diffused and migrated pulses 
when made visible with barium titanate. One of these is 
evident in Fig. 5(A). We are uncertain as to the cause of 
these fluctuations in pulse radius. One explanation is 
that they correspond to resistivity variations in the 
specimens. There is some evidence against this, how- 
ever, and in support of structural variations in the single 
crystal lattice. Further work will be required to establish 
this point. 


MOBILITY OF COPPER IN Ge 


Experiments similar to those described above have 
also been performed using copper particles instead of 
Li to produce p-type’’* pulses in n-type Ge. Because 
of the small solubility of copper in Ge, (approximately 
10'* cm~) the precise location of the copper pulses after 
migration presents considerable difficulty. In addition, 
the danger of contamination and the high diffusivity of 
copper in Ge (3X10~* cm*/sec)’ require that short 
times (about 45 to 60 seconds) be employed. This 

7C. S. Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952). 


8 Fuller, Struthers, Ditzenberger, and Wolfstirn, Phys. Rev. 93, 
1182 (1954), 
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greatly reduces the precision. Successful experiments 
have however, been performed at 800°C and 900°C 
which show that copper moves as a positively charged 
ion in Ge at these temperatures. The drift distances 
were0).011 and 0.020 cm for fields of 1.0 and 1.3 volts/cm, 
respectively. The calculated diffusivities are 2.4 10~° 
and 3.0X10~* cm?/sec in satisfactory agreement with 
previously reported thermal measurements of 2.8X 10~° 
cm?*/sec. One test at 700°C showed no essential motion. 
However, the solubility at this temperature is just at the 
detection limit. Large boundary fluctuations also exist. 
Because of these and other inaccuracies we are unable to 
be entirely certain whether the ion is singly or doubly 
charged, although the above figures for the diffusivities 
are based on the assumption of a single positive charge. 

The above finding that copper behaves as a positive 
ion in Ge at temperatures of 800°-900°C is interesting 
in view of the reported acceptor properties of copper.’ It 
suggests the possibility that the ionization of copper is 


Fic, 5. Two Ge bars showing original pulses (small circles) and 
drifted pulses (large circles). (A) Shows original pulse within the 
drifted one. (B) Shows the drifted pulse partially separated. In 
each case the negative electrode is to the left. The pulses were 
made visible by means of barium titanate deposition. 


dependent upon temperature in such a way that it acts 
as a negative ion at room temperatures and as a positive 
ion at the higher temperatures of these experiments. 
The single result at 700°C in which no motion was 
observed, lends some further support to this hypothesis, 
since it might be expected that intermediate tempera- 
tures might favor neutrality of the copper. 

It has not been possible to investigate the behavior of 
copper in silicon by this method inasmuch as its 
acceptor properties in silicon are too feeble to allow the 
p-n junction method to be employed. In addition, J. D. 
Struthers has found copper to precipitate readily in 
silicon. 
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Adiabatic Magnetization of a Superconducting Sphere 


R. L. DoLecexK 
United States Naval Research Laboratory, Washington, D. C. 
(Received June 14, 1954) 


Measurements are reported of the temperature changes accompanying suppression of the supercon 
ductivity of a lead sphere by adiabatic magnetization. Observations were made in the temperature range 
2.1°K to 4.3°K for magnetizations into the complete range of the intermediate state. The magnetic fields 
were applied as step functions of time, and allowance was made for the resulting eddy-current heating. After 
magnetization, practically complete temperature equilibrium was established in the order of 15 seconds 
Temperature changes observed on magnetization were in quantitative agreement with values predicted from 
calorimetric data and demonstrate a linear relationship between the applied magnetic field and the fraction of 


normal metal produced in the intermediate state. 


INTRODUCTION 


T a given temperature, the molar entropy of a 

metal in the superconducting state is smaller than 
the molar entropy of the metal in the normal state pro- 
duced by the application of a magnetic field in excess of 
the critical field at that temperature. This entropy 
difference accrues only during increase of the magnetic 
field from a threshold-field value determined by speci 
men geometry to the critical-field value for bulk ma- 
terial! The manner of variation of the entropy during 
this intermediate state transition has received theoretical 
attention.? Thus, utilizing specific heat and critical-field 
data, one can predict the cooling to occur upon the 
isentropic magnetization of a superconducting sphere. 
It has been observed by other investigators*® that 
cooling of a superconductor results from the application 
of a magnetic field sufficient to produce the intermediate 
state. However, experimental verification of the pre- 
dicted cooling was not accomplished. This paper is a 
report of an experiment designed to measure the tem- 
perature changes induced in a superconducting sphere 
by adiabatic magnetizations and to test the predicted 
linear relationship between the applied-magnetic field 
(H) and the fraction (x) of normal metal produced in 
the intermediate state; viz., x= (3H/H,.—2), where H, 
is the critical-magnetic field for bulk material at the 
specimen temperature. 


EXPERIMENTAL PROCEDURE 


Measurements were taken of the cooling produced by 
adiabatic magnetization of a superconducting lead 
sphere. Observations were made in the temperature 
range 2.1°K to 4.3°K for fields in the range 0<h< 1.03, 
where h is the ratio of applied field to critical-magnetic 
field. This range of applied fields corresponds to 
O<x<1, where x is the fraction of the sphere that be- 
comes normal when the sphere is subjected to a mag- 


1R. L. Dolecek, Phys. Rev. 82, 102 (1951). 

2 TD). Shoenberg, Superconductivily (Cambridge University Press, 
London, 1938), Chap. V; see also second edition (1952), Chap. ITT. 

3K. Mendelssohn and J. R. Moore, Nature 133, 413 (1934) 

4W. H. Keesom and J. A. Kok, Physica 1, 595 (1934). 

5 Mendelssohn, Daunt, and Pontius at Congres Internacionale 
du Froid, Le Haye, 1936 (unpublished). 
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netic field sufficient to produce the intermediate state, 
viz. §<h<1. A carbon thermometer® was employed to 
measure temperature, the resistance of the thermometer 
being automatically recorded by a system having a 
response time of about five seconds. ‘Temperature 
changes could be measured to approximately +0.005°K. 
Practically complete equilibrium was reached in ap- 
proximately 15 seconds after the application of the 
magnetic field. The fact that equilibrium was established 
in such a short time is in agreement with previous 
observations’* and indicative of good thermal contact 
between the thermometer and the specimen. Figure 1 
presents a typical record obtained on magnetization. 
Since the conditions for reversibility were difficult to 
realize, changes in magnetic field were applied as step 
functions of time, and allowance was made for induced 
eddy-current heating. The eddy currents induced in the 
sphere were calculated and the excess magnetic energy 
was used, together with the isentropic cooling predicted 
by calorimetric data, to calculate the expected theo- 
retical temperature change. The experimental condi- 
tions of measurement were the same as those reported in 
a previous publication’ except that since the sample 
temperature changed, the magnetizations were adiabatic 
rather than isothermal. Thus, the eddy-current heating 
was calculated by the method previously outlined,’ but 
an ideal isentropic-magnetization curve was used rather 
than an ideal isothermal-magnetization curve. In these 


Fic. 1. Typical tempera 
ture record obtained on 
magnetization of a super- 
conducting sphere. Markers 
on the time axis are at 15 
second intervals. The mag 
netic field was turned on at 
A, Intervals along the tem 
perature axis are only ap 
proximately equal as ther 
mometer resistance is re- 
corded. This record is of 
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TABLE I. Magnetization measurements at various initial temperatures. 





Computed 
eddy-current 
heating 
°K 


Initial 


temperature Applied 
a he 


0.084 
0.085 
0.094 
0.100 
0.213 
0.315 
0.555 
1.074 


4.378 
3.988 
3.755 
3.625 
3.241 
2.937 
2.670 
2.057 


1.02 
0.98 
0.95 
0.93 
0.97 
0.97 
1.03 
1.02 


calculations the critical-field data of Daunt e/ al." were 
used and it was assumed that the critical-field curve 
was parabolic. The isentropic temperature changes for 
magnetization were computed using specific-heat data 
for lead"'~” adjusted to yield, at the transition tempera- 
ture, zero entropy difference between the supercon- 
ducting and normal states. Also used were some recent 
measurements" of the atomic heat and latent heat of 
transition of superconducting lead which indicate a 
quartic dependence of the critical-magnetic field on 
temperature.’ Since the Debye temperature of lead is 
not constant in the temperature interval studied, a 
lattice atomic heat of the form A7*+BT® was em- 
ployed.'* The equations assumed for the entropies were 


Molar entropy of superconducting lead 
= (1.3777*+-0.01187°+ 1.01 X 10-*7") K 10 cal/°K, 


Molar entropy of normal lead 
= (8.07 + 1.2677*+0.0117°) X10 cal /°K. 


These equations yield entropy differences between the 
superconducting and normal states in good agreement 
with the values obtained by Daunt and Mendelssohn.” 


EXPERIMENTAL RESULTS 


In Table I typical measurements made on magnetiza- 
tions from zero magnetic field to h, computed at the final 
temperature, are given together with temperature 
changes resulting from eddy-current heating and com- 
puted values of theoretical temperature changes ex- 
pected. The value of the eddy-current heating ranges 
from a small to a predominant part of the expected 
theoretical cooling. Thus, the measurements test not 
only the accuracy of the eddy-current heating calcula- 
tions but also the correctness of interpretation of the 
behavior of a superconducting sphere in the intermediate 


J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
160, 127 (1937); Daunt, Horseman, and Mendelssohn, Phil. Mag. 
27, 754 (1939). 

" W. H. Keesom and J. N. van den Ende, Leiden Comm. 19, 
No. 213C (1931). 

#2 J. R. Clement and E. H. Quinnell, Phys. Rev. 85, 502 (1952). 

8 Horowitz, Silvidi, Malaker, and Daunt, Phys. Rev. 88, 1182 
(1952). 

“These measurements, performed at the Naval Research 
Laboratory, are in preparation for publication. 

‘6M. Blackman, Pree. Roy. Soc. (London) A159, 416 (1937). 


Computed 
isentropic 
cooling 
°K 





Theoretical 
temperature 
change 
expected 
°K 


Experimental 
temperature 
change 


observed Deviation 
4 °K 


—0.174 
—0.187 
— 0,186 
—0.179 
—0.179 
—0.153 
—0.078 
+0.262 


— 0.002 
+0,.003 
+0.007 
+0.001 
—0.010 
— 0,026 
—0.054 
—0.105 


—0.172 
—0.190 
—0.193 
—0.180 
—0.169 


0.256 
0.275 
0.287 
0.280 
0.382 
0.442 
0.579 
0.707 


state and the accuracy of the functions assumed for the 
entropy and magnetic behavior of lead. The deviations 
encountered in these observations are quite large in 
absolute value and, at the lower temperatures, there 
appears to be systematic discrepancy. However, in all 
instances the deviation is less than ten percent of the 
sum of the calculated temperature changes involved. In 
the computation of the theoretical temperature change 
expected, experimental data for specific heats and 
critical-magnetic fields were employed, the magnetiza- 
tion curve for a perfect sphere was used, and no allow- 
ance was made for hysteresis effects. In view of these 
limitations, the data obtained are in good agreement 
with theory and verify (within 10 percent) the current 
interpretation of the behavior of a superconducting 
sphere in the intermediate state. 

The predicted linear relationship between the applied 
magnetic field and the fraction of normal metal pro- 
duced in the intermediate state can be tested by 
a calorimetric experiment in which magnetizations 
throughout the range of the intermediate state are all 
performed from a fixed initial temperature. The energy 
per mole absorbed by a conversion of superconducting 
metal to the normal state is given by the latent heat 0 
multiplied by the fraction converted dx, and this under 
adiabatic conditions will result in an absorption of heat 
energy of CdT from the metal, where C is the molar 
specific heat. If the magnetizations are all performed 
from the same initial temperature, then Q/C—~constant 
and one would expect d7'\/dx~constant. Thus, if the 
fraction (x) converted is linearly related to the applied 
field H, a plot of temperature change resulting from 
magnetization versus x calculated from the magnitude 
of the applied magnetic field should yield a straight line 
of slope O/C. 

From an initial temperature of 3.62+0.02°K, meas- 
urements were taken of the cooling produced by 
adiabatic magnetization into the complete range of the 
intermediate state. The measurements are given in , 
Table II. Except for the small temperature changes near 
x=, the deviations again are generally less than ten 
percent of the temperature changes involved. The eddy- 
current corrections in Table II include a small vibration 
heating incurred upon the sudden application of the 
magnetic field to the spherical specimen. This correction 





ADIABATIC MAGNETIZATION 


TABLE IT. Magnetization measurements at fixed initial temperatures. 














Computed 
eddy current 
heating 
°K 


Initial 
tomegeptare 





0.015 
0.015 
0.015 
0.015 
0.015 
0.015 
0.017 
0.026 
0.040 
0.050 
0.072 
0.100 
0.116 
0.132 
0.171 


3.633 
3.595 
3.641 
3.633 
3.618 
3.624 
3.626 
3.624 
3.622 
3.621 
3.621 
3.625 
3.588 
3.630 
3.654 


is a predominant part of the eddy-current correction 
near x=0. In the computation of the temperature 
changes, experimental data for specific heats and critical- 
magnetic fields were employed, the magnetization curve 
for a perfect sphere was used, and no allowance was 
made for hysteresis effects. In view of these limitations, 
the data obtained are in good agreement with theory 
and verify (within 10 percent) the linear dependence of 
the fraction of the sphere in the normal state upon the 
average magnetic induction of the whole specimen. For 
test of the predicted linear dependence, the fraction (x) 
computed from the value of magnetic field applied is to 
be plotted against the total temperature change which is 
obtained by summing the eddy-current heating and the 
observed experimental cooling. This plot is presented in 
Fig. 2. 

Except near the ends, the relationship is quite linear 
and since the fraction («) was computed from the value 
of the applied magnetic field, the agreement sub- 
stantiates the assumption that the fraction («) of normal 
metal produced in the intermediate state of a supercon- 
ducting sphere is a linear function of the applied mag- 
netic field. This confirms the observations of Keesom 
and Van Laer'® who have demonstrated the linear de- 
pendence for a tin ellipsoid having a demagnetizing 
coefficient of 0.056. That departures occur near the ends 
of the curve may be related to the fact that, in the 
calculations, an ideal magnetization curve was assumed 
for the sphere with no discontinuities on entering or 
leaving the intermediate state and no hysteresis. Varia- 
tion of the latent and specific heat might produce the 
deviation from linearity at the larger values of x. 

The slope of the curve for x<0.6, where eddy-current 
corrections are negligible, is about 0.34. As previously 
shown, this slope should equal Q/C. From calorimetric 
data one calculates an expected value of Q0/C~~0.32. 
This is in reasonably good agreement with the slope of 
the curve. 

The effect of eddy-current heating was nominal for 


16 W. H. Keesom and P. H. Van Laer, Physica 4, 487 (1937). 


Experimental 
cooling 


Theoretical 
cooling 
computed 
°K 


Computed 
isentropic 


cooling Deviation 
°K °K 





—0.007 
0.008 
0.015 
0.031 
0.049 
0.069 
0.089 
0.117 
0.138 
0.151 
0.170 
0.180 
0.183 
0.185 
0.183 


0.008 
0,023 
0.030 
0.046 
0.064 
0.084 
0.106 
0.143 
0.178 
0.201 
0.242 
0.280 
0.299 
0.315 
0.354 


+0.004 
+0.006 
+0.007 
+0.006 
+0.012 
+0.004 
+0.001 
— 0.004 
+0,002 
— 0.009 


magnetizations involving 4<0.9. However, it should be 
pointed out that there is an inversion at a temperature 
of about one-third the superconducting transition tem- 
perature and that below this temperature the eddy- 
current heating accompanying magnetization by the 
abrupt application of a magnetic field will exceed the 
isentropic cooling. See, for example, the eddy-current 
heating incurred for point No. 58 of Table I. It can be 
seen that at low temperatures the eddy-current heating 
of metals under magnetization (and demagnetization) 
can be of considerable magnitude and should be recog- 
nized as a possible source of serious heating. Magnetic 
cooling cycles should be designed to minimize the effect. 

To realize most of the available cooling one may 
minimize eddy-current heating either by reducing the 
demagnetization factor of the sample or by applying the 
magnetic field slowly. For a lead sphere at 3.6°K it was 
found possible to obtain ninety percent of the theoretical 
isentropic cooling by traversing the intermediate state 
in about three minutes. 


CONCLUSIONS 


Measurements were performed on the adiabatic 
magnetization of a superconducting sphere, and the 
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Fic. 2. Demonstration of the linear relationship between the 
applied magnetic field and the fraction of normal metal produced 
in the intermediate state. The straight line is drawn with a slope to 
fit - the data x<0.6 for which eddy-current corrections are 
small. 
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values predicted from calorimetric data and demon- 
strate a linear relationship between the applied mag- 
netic field and the fraction of norma] meta! produced in 
the intermediate state. 


results confirm the gross aspects of current interpretation 
of the behavior of a superconducting sphere in the 
intermediate state. Temperature changes observed on 
magnetization were in quantitative agreement with 
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Electrical Properties of Silicon Containing Arsenic and Boron 
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(Received April 28, 1954) 


Electrical conductivity and Hall effect have been measured from 10° to 1100° Kelvin on single-crystal 
silicon containing arsenic and boron. Extrinsic carrier concentration is computed from Hall coefficient. 
Analysis of extrinsic carrier concentration indicates the ionization energy of arsenic donor levels to be 
0.049 ev and of boron acceptor levels to be 0.045 ev for low impurity concentrations. Fermi degeneracy is 
found to occur in the range 10'* to 10" cm™ impurity concentration. Extrinsic Hall mobility is computed 
from Hall coefficient and conductivity. Curves of Hall mobility against resistivity at 300°K are computed 
from theory and compared with experiment. The temperature dependence of lattice-scattering mobility 
is found from conductivity to be 7~** for electrons and 7-** for holes. From conductivity mobility and 
intrinsic conductivity, it is found that carrier concentration at any temperature below 700°K is given by 
the expression: np = 1.5 107% exp(—1.21/kT). The temperature dependence of the ratio Hall mobility/ 
conductivity mobility is determined for holes and electrons. 


1. INTRODUCTION is unavailable. Determination of the mass parameter 
by fitting carrier concentration data in the extrinsic 
range is faced with two new problems for which theory 
is unavailable: the apparent dependence of the mass 
parameter on impurity concentration and the possible 
existence of excited states associated with the impurity 
atoms. 


N extensive investigation of the fundamental elec- 
trical properties of silicon has not been published 
since 1949, when Pearson and Bardeen reported on 
silicon containing boron and phosphorus.' Their experi- 
mental work was necessarily limited because neither 
single crystals nor the means for measuring below 
77°K were then available. Recently, it seemed oppor- 
tune to reinvestigate silicon : good quality single crystals 
were available; it became possible to make the low 
temperature measurements necessary to locate precisely 
the impurity levels; there was considerable interest 
in silicon and fundamental information was needed. 
Electrical conductivity and Hall effect have been 
measured from 10° to 1100°K on single crystals of 
silicon containing arsenic and boron. Unfortunately a 
complete analysis of the data is not possible at present. 
For example, one needs to know more about the scatter- 
ing processes which produce the departure from the 
T' law of lattice scattering mobility found for both 
holes and electrons; it is shown that electron-hole 
scattering is probably negligible below 1200°K; only a 
very rough estimate of optical mode scattering can be 
made ; the possibility of scattering by multiple constant 
energy surfaces and by band splitting due to spin-orbit 
coupling was suggested by C. Herring but is neglected 
because theory is lacking. The meaning of the low 


1.1 Methods 


Crystals were prepared by E. Shannon of these 
laboratories using the Teal-Little pull technique.” In 
each case two crystals were pulled from du Pont silicon 
and then combined with the added impurity in a melt 
from which the final crystal was pulled. Samples were 
bridge shape* cut with the [110] direction along the 
length of the sample. The samples were sandblasted. 
Contact was made to n-type samples by bonding 
through gold plate with Sb-doped gold wire. Contacts 
to p-type samples were pressure contacts on rhodium 
plate. 


1.2 Symbols 
The symbols used have been defined previously by 
the authors.‘ 
2. EXPERIMENTAL RESULTS 


Conductivity and Hall coefficient in the intrinsic 
range of silicon are shown in Fig. 1. The Hall coefficient 


temperature Hall effect in some samples is uncertain. 
Behavior of computed Hall mobility suggests the 
presence of impurity level conduction for which theory 


'G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865~883 (1949). 


2G. K. Teal, Phys. Rev. 78, 647 (1950); Teal, Sparks, and 
Buehler, Phys. Rev. 81, 637 (1951). 
8’ P. Debye and E. Conwell, Phys. Rev. 93, 693-706 (1954). 
4F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). See 
Sec. 3 for definition of symbols. 
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is negative, indicating that electron mobility is greater 
than hole mobility. The rapid downward curvature of 
the Hall coefficient suggests that electron and hole 
mobilities are converging at high temperature. Con- 
ductivity from ~400° to 600°K is a combination of 
intrinsic and extrinsic. At high temperature, con- 
ductivity is intrinsic and follows a straight line. This is 
in contrast to the curvature found in the intrinsic range 
of germanium and attributed to electron-hole scatter- 
ing. Extrinsic conductivity and Hall coefficient in 
silicon containing arsenic are shown in Figs. 2 and 4 
and in silicon containing boron in Figs. 3 and 5. The 
sign of the Hall effect indicates arsenic to be a donor and 
boron to be an acceptor. The curves are displaced in 
the expected way by the change in amount of added 
impurity. Sample 159 represents the control to which 
no impurity was intentionally added. Samples 140 and 
125 contain the highest concentration of impurity and 
show Fermi degeneracy. In the temperature range 10° 
100°K the remaining curves have slopes indicating 
ionization of impurity centers with increasing tempera- 
ture. Near 300° impurity centers are almost completely 
ionized and carrier concentration is constant. In this 
range conductivity changes with the temperature varia- 
tion of mobility, and Hall coefficient changes with the 
temperature variation of the ratio uy/u.. Samples 126 
and 141 depart at low temperature from the behavior 
common to the other nondegenerate samples. This 
result is not understood. It is shown later to include 
anomalous behavior of computed carrier concentration 
and Hall mobility. 
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Fic. 1. Conductivity and Hall coefficient in the intrinsic range of 
silicon as a function of reciprocal absolute temperature. 
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Fic. 2. Conductivity of silicon samples containing arsenic as a 
function of reciprocal absolute temperature. Composition of 
samples given in Table I. 


3. EXTRINSIC RANGE 


It is the plan of this paper to consider first the 
extrinsic range data and then to use some of the results 
obtained to analyze the intrinsic range. Carrier con- 
centration and Hall mobility are computed from ex- 
trinsic conductivity and Hall coefficient. The concen- 
tration and ionization energies of impurities and the 
mass parameters for holes and electrons are determined 
from carrier concentration results. Curves of Hall 
mobility as a function of resistivity at 300°K are com- 
puted from theory, assuming lattice scattering and 
ionized impurity scattering and using the impurity 
concentrations determined from the carrier concentra- 
tion analysis. This serves as a rough check on the 
impurity concentrations as determined, and on the 
general perfection of the samples. 


3.1 Carrier Concentration 


Carrier concentration has been computed from the 
Hall coefficient using the relations 


Ry=3/8en (or p) 
Ru=1/en (or p) 


(impurity range), 
(degenerate range), 
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Fic. 3, Conductivity of silicon samples containing boron as a 
function of reciprocal absolute temperature. Composition of 
samples given in Table I. 


and is shown in Fig. 6 for electrons and Fig. 7 for holes. 
The solid lines have been computed to fit the data by a 
method similar to that described in reference 1. The 
values found by this computation for concentrations 
and ionization energies of impurities and for the mass 
parameters of electrons and holes are shown in Table I. 
The ionization energy of arsenic levels appears to be 
(0.049 ev and of boron levels 0.045 ev under condition 
of high dilution of the impurities. These values are 
about the same as those found by Pearson and Bardeen, 
~0.046 ev, for both donors (phosphorus) and acceptors 


TaBLe I. Composition of samples and summary 
of extrinsic range results. 


Majority 

impurity 

ionization 
energy 


Minority 
Net impurity impurity Mass 
concentration concentration param 
cm=* cm™ eter 


Added 
impurity 


arsenic 
arsenic 
arsenic 
arsenic 
arsenic 
arsenic 


degenerate 
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(boron) if their sample 1 results are neglected on the 
grounds (suggested by its behavior) that the sample 
probably contained n-p junctions. The value of 0.056 ev 
for sample 131 seems out of line and the following 
possible explanation is given for this result. Crystals 
grown from undoped silicon are p type. In preparing 
131, an amount of arsenic (donor) was added which 
together with the unknown donors normally present, 
compensated the acceptors and produced an n-type 
sample. Compensation may have been sufficient to 
ionize all of the arsenic (0.049 ev levels) plus some of 
the unknown donor (0.056 ev levels) with the con- 
sequence that the 0.049 ev levels were undetected by 
the Hall effect measurement. It is possible, therefore, 
that there is a higher concentration of impurities in 
sample 131 than shown in Table I. As shown by the 
mobility analysis in Sec. 3.2, the concentration of im- 
purities may be as high as 2 10'* cm-*. 
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Fic. 4. Hall coefficient of silicon samples containing arsenic 
as a function of reciprocal absolute temperature. Composition of 
samples given in Table I. 





ELECTRICAL PROPERTIES 


It is not clear from the analysis of carrier concen- 
trations how impurity ionization energy varies with 
impurity concentration. The effect is obscured by some 
new process occurring at low temperatures and super- 
imposed upon the normal impurity ionization process. 
This can be seen as curvature in the low temperature 
carrier concentration results for samples 126 and 141. 
Evidence that this is not due to transition into Fermi 
degeneracy is given by their apparent Hall mobility 
which at low temperature drops well below that of the 
degenerate samples. Fermi degeneracy occurs at an 
impurity concentration between 10'8 and 10 cm. 
It occurs in germanium at about one decade less in 
impurity concentration. 

The analysis of carrier concentration does not give 
a very useful value for the inertial mass of the carriers. 
As shown in Table I, the mass parameter is found to 
vary with impurity concentration. Theory has not 
been developed for such a dependence. It is also prob- 
able that impurity levels have excited states. These 
cause the carrier concentration and, therefore, the 
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Fic. 5. Hall coefficient of silicon samples containing boron as a 
function of reciprocal absolute temperature. Composition of 
samples given in Table I. 
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Fic, 6. Charge carrier concentration in silicon samples containing 
arsenic as a function of reciprocal absolute temperature. 


computed mass parameter to be less than that predicted 
by the simple theory which assumes only a ground state. 


3.2 Hall Mobility 


Hall mobility, the product of conductivity and Hall 
coefficient, is shown in Figs. 8 for electrons and 9 for 
holes. The low temperature behavior of samples 139, 
126, 119, and 141 is anomalous. No ordinary scattering 
mechanism predicts the rapid drop in mobility with 
decreasing temperature found in these samples. This 
result suggests the presence of a different conduction 
process, probably impurity level conduction, occurring 
at low temperatures and with low mobility carriers. 

Hall mobility as a function of resistivity, both taken 
at 300°K, is shown in Figs. 10 and 11. The solid lines 
were computed by combining® lattice scattering and 
ionized impurity scattering mobilities. This computa- 
tion was intended as a rough check on the impurity 
concentrations determined from carrier concentration. 
In making the computation it was assumed that 


® Using the method of Conwell in reference 3. 
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Fic. 7. Charge carrier concentration in silicon samples containing 
boron as a function of reciprocal absolute temperature. 


ttn/pte= 1.0 and is constant with impurity concentration. 
Lattice scattering mobility was used as an adjustable 
parameter to move the curve along the mobility axis 
and give the best fit to measured values. For the com- 
putation lattice scattering mobility was taken to be 
1700 cm*/volt sec for electrons and 350 cm*/volt sec 
for holes. Ionized impurity scattering was computed 
using the modified Conwell-Weisskopf formula* and the 
impurity concentrations determined in Sec. 3.1. The 
resulting fit to the data suggests that the ionized 
impurities observed by the Hall effect make up the 
majority of scattering centers in the samples investi- 
gated. Sample 131 is the exception. Its mobility lies 
below the computed value by a significant amount. It 
is consistent with the carrier concentration results 
described in Sec. 3.1 to assume the low mobility to be 
due to ionized impurity scattering. The observed lower- 
ing of lattice scattering mobility requires a concentra- 
tion of 2X10" cm ionized impurities, about seven 
times the amount detected by the Hall effect. 
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4. INTRINSIC RANGE 


In this section intrinsic carrier concentration is com- 
puted from cenductivity and conductivity mobility. 
From these results an empirical expression for the 
temperature dependence of carrier concentration is 
obtained. An estimate is made of the temperature 
behavior of uy/p~, necessary to bring carrier concen- 
tration from Hall coefficient into agreement with that 
determined from conductivity. 


4.1 Lattice Scattering Mobility 


Conductivity mobility has been determined by the 
method described by Morin® using the conductivity of 
n-type samples 130 and 131 and p-type samples 127 
and 159, together with drift mobilities at 300°K meas- 
ured by Prince’ (1300 cm*/volt sec for electrons and 
500 cm*/volt sec for holes). The results are shown as 
plotted points in Fig. 12. Using the impurity concen- 
trations determined in Sec. 3.1 it can be shown that 
impurity scattering in samples 127 and 159 is negligible 
above 150°K and that the results in Fig. 12 for holes 
represent lattice scattering mobility. This is not true 
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Fic. 8. Hall mobility of electrons in silicon samples containing 
arsenic as a function of absolute temperature. 


* F, J. Morin, Phys. Rev. 93, 62-63 (1954). 
7M. Prince, Phys. Rev. 93, 1204-1206 (1954). 
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for the electron results which must be corrected for 
impurity scattering. Electron lattice scattering mobility 
has been determined from measured mobility and com- 
puted ionized impurity scattering mobility. For this 
computation ionized impurity concentration was as- 
sumed to be 2.610" cm-’, that found in Sec. 3.1 for 
sample 130 and which is also a reasonable value for 
sample 131. The results are given by the relations 


Mrn=4.0X 10°76, (1) 
Mip= 2.5X 1087-7, (2) 


and shown by the straight lines in Fig. 12. The tem- 
perature dependence of uz departs from the 7~'* law 
expected for acoustical mode scattering. According to 
Herring, these results may be due to optical mode 
scattering, to the band edges being located at some 
point other than the center of the Brillouin zone, to 
bands split by spin-orbit coupling, or to a combination 
of these effects. 

A computation has been made to find out what 
effect the presence of optical modes might have on an 
extrapolation of 4, to higher temperatures. The optical 
mode temperature @ for silicon has been computed by 
Herring to be ~1200°K, using optical mode frequency 
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Fic. 9. Hall mobility of holes in silicon samples containing 
boron as a function of absolute temperature. 
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Fic. 11. Hall mobility of holes as a function of resistivity 
in silicon samples containing boron. 


results of Smith.* From this result and Eq. (2), reference 
4, the optical mode temperature dependence has been 
computed and is shown in Fig. 12. It is evident that if 
optical modes make an appreciable contribution to 
scattering at high temperatures (as they are expected 
to) they will also contribute appreciably to the scatter- 
ing in the range where yw, has been measured. A com- 
putation similar to that described is Sec. 4.1, reference 4, 
indicates that a large part (but probably not all) of the 
departure of the mobility temperature dependence 
from the 7~'* law might be due to optical modes. 
However, the results indicate that a large optical mode 
contribution does not cause the lattice scattering 
mobility to depart importantly from the linear extrapo- 
lation shown in Fig. 12. 


4.2 Electron-Hole Scattering 


Electron hole scattering has been computed using 
using the equation in Sec. 5.1 of reference 4 with 
m,=m,=m and x=12. Results are shown in Fig. 12. 
The effect of electron-hole scattering on mobility is 
negligible below 1200°K. 


4.3 Carrier Concentration 


Carrier concentration in the intrinsic range has been 
computed from conductivity and from mobility given 


*H. M. J. Smith, Trans. Roy. Soc. (London) 241, 105 (1948- 
1949). 
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by Eqs. (1) and (2). The method of computation used 
in the region of mixed intrinsic and extrinsic conduc- 
tivity has been described in reference 4, Sec. 4.2. Results 
are shown in Fig. 13 as plotted points. From these the 
following empirical expression has been derived: 


np=1.5X 10"7* exp(—1.21/Tk), (3) 


which fits the measured points below 700°K. Above 
this temperature the width of the forbidden region 
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Fic. 13. Carrier concentration in the intrinsic range of silicon 
as a function of reciprocal absolute temperature. 
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depends appreciably upon the electrostatic interaction 
of charge carriers. The effect of this dependence on np 
has been determined as described in reference 4, Sec. 
5.2, using the relation 


AEg= —7.1X10-(np)*T-}. (4) 


From Eqs. (3) and (4) the solid line shown in Fig. 13 
has been computed. The value of (np)* at 1000°K com- 
puted from Eqs. (3) and (4) is 13 percent greater than 
(np)* computed from Eq. (3) alone. 

From lattice scattering conductivity mobility of 
Fig. 12 and (np) from Eq. (3), intrinsic resistivity of 
silicon is found to be 2.3 10° ohm cm at 300°K. 


4.4 Temperature Dependence of Ey, 


The theoretical formula for carrier concentration in 
the intrinsic range, Eq. (16), reference 4, has the same 
form as empirical equation (3) but the numerical factor 
in (3) is larger than the theoretical value by a factor 
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Fic. 14. Hall mobility/conductivity mobility as a function of 
absolute temperature for electrons and holes in silicon. 


of 63. Assuming m,=m,=m, and taking the dis- 
crepancy in the numerical factor to be due to a linear 
variation of Eg with temperature, leads to a tempera- 
ture coefficient for Eg of 3.6K 10~ ev/degree. Eg(T=0) 
found in section 4.3 is 1.21 ev. These values are some- 
what higher than the corresponding 3.0 10~ ev/degree 
and 1.12ev found by Pearson and Bardeen,' who 
assumed the temperature dependence of mobility 
to be 7-5. 


4.5 Hall Coefficient and wi/y. 


Hall coefficient is given by Eq. (15), reference 4. 
All of the parameters in that equation have been 
determined except pirn/ten ANd pH p/Hep. In this section 
a possible temperature dependence for these two param- 
eters is discussed. 

un/ue for electrons and holes has been computed 
from measured py and pu, for samples 130, 131, 127, and 
159 and is shown as plotted points in Fig. 14. It was 
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assumed that the u,/u-p temperature dependence is 
given by the dotted line for holes in Fig. 14. With this 
extrapolation and the carrier concentration and mobility 
results of the preceding sections, the Hall coefficient 
relation was used to compute uyn/pen. This result is 
shown by the dotted line for electrons in Fig. 14. 
According to Herring these results are what one would 
expect if the conduction band were composed of multiple 
surfaces of minimum energy, and the valence band of 
some structure other than a spherical energy surface. 
However, on this basis, uyp/pep is lower than the ex- 
pected y7/u.>1. A similar result was found at one time 
for electrons in germanium.’ This discrepancy dis- 


WwW. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), first edition, p. 338. 
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appeared as improved germanium crystals were made. 
Presumably this same effect may be lowering the 
btn/be Values found for both electrons and holes in 
silicon. It is assumed that, with improvement of the 
material, up/bep Will approach ~1, then the peak 
value for un/Men increasing proportionally may ap- 
proach ~2.2. This is reasonable in the light of the 
germanium results* where the highest value measured 
was Mit p/Mep™1.8. 
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Secondary Electron Yield from Al by High-Energy Primary Electrons* 


G. W. 


TAUTFEST AND H. R. Fecutert 


W. W. Hansen Laboratories of Physics, Stanford University, Stanford, California 
(Received June 3, 1954) 


The yield of secondary electrons from thin (1.71 mg/cm?) aluminum foils by high-energy primary electrons 
is reported. The value is 0.0397 +0.0003 secondary electron per primary electron from both sides of the foil. 
The result is independent of the primary-electron energy in the range 111-235 Mev. 


N connection with the development of a non- 
saturable monitor! for electron beams, we have 

measured the yield of secondary electrons from thin 
(1.71 mg/cm?) aluminum foils under bombardment by 
150-Mev electrons. A general diagram of the experi- 
mental arrangement is shown in Fig. 1. 

A monoenergetic beam of electrons from the Stanford 
Mark III linear accelerator is stripped to 7g-inch 
diameter by a uranium collimator, and, after passing 
through the double-deflection system? of the linear 
accelerator at the 130-ft station, is brought to a focus 
on a set of twenty aluminum foils, each 2} inches by 
4 inches in size and 0.00025 inch thick. Alternate foils 
are connected together and mounted in a vacuum 
(10-* mm Hg) on polystyrene insulators. One set of 
foils is biased to a negative potential of 1 kv with re- 
spect to the second set which is connected via a vacuum 
feed-through to a grounded condenser. After passing 
through the foils, the beam is collected in a lead 
Famany-cup integrator. The ratio of the charge in- 


* The research reported in this document was supported jointly 
by the U. S. Office of Naval Research and the U. S. Atomic 
Energy Commission. 

tNo w at the Stanford Research Institute, Stanford, California. 

3 W. Tautfest and H. R. Fechter, Rev. Sci. Instr. (to be 
published). 

W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 “i9s4) 


tegrated on the condenser to the charge collected in 
the Faraday cup when averaged over the ten foils gives 
directly the number of secondary electrons liberated 
from both sides of the foil by a primary electron. The 
ratio we obtain is 0.0397+0.0003 secondary electron 
per primary electron, which is in qualitative agreement 
with low-energy experimental data.’ No theory of 
secondary-electron yields at these energies exists. 


LEAD FARADAY - QUP 


“ELECTRON BEAM 


— 
~ 


Fic. 1 


Since the theoretical energy distribution of secondary 
electrons with kinetic energy W> 2 kev varies as 1/W?, 
the high-energy secondaries which are not collected in 
our arrangement give negligible correction to the above 
ratio. The ratio was found to be independent of the 
bias voltage from 300 volts to 2 kv and to be inde- 
pendent of the primary-electron energy in the range 
iit- 235 Mev. 


‘+ Shatas, Marshall, and Pomerantz, Phys. Rev. 94, 757 (1954). 
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Paramagnetic Resonance in Uranium Salts* 


S. N. Guosu,t Watter Gorpy, anp D. G. Hut 
Department of Physics, Duke University, Durham, North Carolina 


(Received November 5, 1953; revised manuscript received July 2, 1954) 


Paramagnetic resonance has been observed in U** and U* ions in powdered samples of UF; and UF,, 
respectively. The resonance curve in UF; was found to be asymmetric, with two unresolved peaks yielding 
gi%2.1 and gy~2.8. The resonance is broad and weak; the over-all half-width is about 5 kilogauss at room 
temperature. The curve obtained for UF, is symmetric and yields g=2.1;. Its half-width is about 3.5 kilo- 
gauss at room temperature. Although the resonance in UF; appeared somewhat stronger at liquid air than 
at room temperature, that in UF, could be detected only at room and at elevated temperatures. The results 
favor the interpretation that the two unpaired electrons in U** are 6d electrons, that the crystalline field 
in UF, is essentially cubic, and that either the lowest component of the Stark multiplet is a nonmagnetic 
singlet or that the electrons have a high degree of antiferromagnetic alignment. The results on UF; show 
that the crystalline field has an axially symmetric component. 


HE magnetic properties of the uranium compounds 
are of special interest because of the light they 
throw on the electronic structure of the uranium atom 
and its ionized forms. Numerous measurements have 
been made on the magnetic susceptibilities of the 
uranium salts.' Supplementary information from para- 
magnetic resonances is obviously desirable, but previous 
attempts to observe such resonances in a large number 
of uranium salts have met with failure. 

We have been able to detect paramagnetic resonance 
at microwave frequencies in both UF; and UF, at room 
temperature, but only in UF; at the temperature of 
liquid air. Both resonances were abnormally weak and 
broad. The reported detection? of resonance in UF, at 
liquid air ‘temperature proved to be erroneous. The 
spurious signal was caused by the increased instability 
of the balanced wave-guide bridge when the cell was 
cooled by liquid air. With the more stable spectrometer 
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Fic. 1, Paramagnetic resonance in UF; powder at 
30 kMc/sec and room temperature. 


* This research was supported by the U. S. Air Force under a 
contract monitored by the Office of Scientific Research, Air Re- 
search and Development Command. 

t Now at the Air Force Cambridge Research Center. 

t Department of Chemistry, Duke University, Durham, North 
Carolina. 

1 J. K. Dawson, Nucleonics 10, 39 (1952). 

* Ghosh, Gordy, and Hill, Phys. Rev. 87, 229 (1952). 


employed in the later work, the resonance in UF, could 
be detected at room or at elevated temperatures, but 
not at the temperature of liquid air. That in UF; 
appeared to be slightly stronger at liquid air than at 
room temperature, as mentioned in the preliminary 
report. Attempts made to detect paramagnetic reso- 
nance in UCI, at 90°K and at 300°K were unsuccessful. 
The spectrometer employed was the balanced micro- 
wave bridge type described by Lancaster and Gordy.’ 
All measurements were made at frequencies near 30 
kMc/sec on samples in powder form. The results are 
summarized’in Table I. The samples, which were ob- 
tained from the Oak Ridge National Laboratory, had 
an estimated purity better than 99 percent. 


UF; 


Figure 1 shows the resonance curve obtained for 
UF; powder at room temperature. The curve is notice- 
ably asymmetric, with its highest peak on the high 
field side. A plausible interpretation of the asymmetric 
shape is that the internal field around the U** ion has 
a cylindrically symmetric component which resolves 
the g factor into distinguishable components parallel 
(g,,) and perpendicular (g,) to the axis of the field 
symmetry. In a powder where all orientations of the 
polycrystalline axes are equally probable, the g, has 
for geometric reasons the greater weight. From the 
stronger peak we tentatively assign g,=2.1-2.2, and 
from the position of the shoulder on the low-field side 
£ = 2.8-2.9, approximately. 

At the temperature of liquid air the strength of the 
absorption in UF; appeared to be greater than at room 


TABLE I. Summary of results. 








Substance Ion Half-width kilogauss 


g factor 
i ee 
ft a fen=2.1—2.2 5.0 
UF; wie \gu= 2.8—2.9 (unsymmetrical) 
UF, u* 2.15 3.5 





gw = 2. 


(symmetrical ) 


UC Ut Resonance not observed 








*F. Lancaster and W. Gordy, J. Chem. Phys. 19, 1181 (1951). 





PARAMAGNETIC 


temperature, but the amount of increase could not be 
quantitatively measured. Although the curve shows the 
same tendency for doubling at the lower temperature, 
the peak on the high-field side appears to be stronger 
relative to that on the low-field side (see Fig. 2). The 
average g factor obtained for the lower temperature is 
slightly higher than that for room temperature, but 
this may be a spurious effect resulting from the change 
in shape of the curve upon cooling. From such broad 
and asymmetric curves it is obviously not possible to 
obtain anything but approximate g values. 

The U** ion has three unpaired electrons. The orbitals 
which they occupy are uncertain. Dawson! has re- 
viewed the evidence from magnetic susceptibilities for 
uranium and related elements, and he concludes that 
the 5/ and 6d shells are very close in U**. It is possible 
that the ground state represents an admixture of these 
states. The present results are not sufficient to resolve 
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Fic. 2. Paramagnetic resonance in UF; powder at 
30 kMc/sec and liquid air temperature. 


the question of the ground state. They do show that 
the unpaired electrons are not in orbitals which are 
effectively shielded from the crystalline field effects. 
Considerable internal Stark interaction is evident. 
Evidently, the orbital motions are not completely 
quenched by the internal field since the observed g 
factor is different from the free spin value of 2. 

Even if there were no spin-orbit decoupling, the 
internal field could resolve the g factor into distin- 
guishable g, and g,, components. In the latter case, the 
vector J=L+S is resolved into components J, along 
the axis of symmetry z of the crystalline field as in 
certain of the rare earth salts.‘ The observed transitions 
then occur between certain of the J, levels which 
happen to be populated at room temperature and which 
are degenerate, or nearly degenerate, in the absence of 


4R. J. Elliott and K. W. H. Stevens, Proc. Phys. Soc. (London) 
A64, 205 (1951). 
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Fic. 3. Paramagnetic resonance in UF, powder at 
30 kMc/sec and room temperature 


an external field. Also the selection rules must allow 
transitions between the particular levels considered, 
which in general means that J,=J,’+1. 

It is possible that the resonances which we observed 
in UF; arise from two sets of electronic levels which are 
sufficiently close for both to be populated significantly 
at room temperature. This might explain the variation 
in the shape of the resonance curves upon cooling. 
Measurements on single crystals of UF; at different 
orientations are highly desirable, but we have not been 
able to obtain such crystals. 


UF, 


The curve observed for UF, is symmetric (see Fig. 3) 
and yields a g value of 2.15. The resonance was easily 
observed at temperatures of 300, 420, and 450°K, but 
it could not be detected at the temperature of liquid 
air. Unsuccessful attempts were made to detect reso- 
nance in UCI, at room temperature. 

In the U** ions there are only 2 unpaired electrons. 
According to the Seaborg,° representation of the ground 
state of the uranium atom 5/*6d7s?, the unpaired elec- 
trons would be expected to reside in the 5f orbitals. 
From a consideration of the available magnetic sus- 
ceptibility data, Dawson' has concluded, however, 
that they are probably 6d electrons. The present para- 
magnetic resonance results tend to confirm Dawson’s 
conclusions. The observed g factor is essentially iso- 
tropic and near the free spin value of 2. This suggests 
that the orbital motions are effectively quenched by an 
internal field of cubic symmetry. 

The fact that the resonance in UF, could not be ob- 
served at liquid air temperature, together with the 
fact that it is not as strong at room temperature as 
would be expected from its width, suggests either that 
the resonance arises from electrons which are not in 
the lowest level of the Stark multiplet or that there is 


5G. T. Seaborg, Nucleonics 5, 16 (1949). 
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a high degree of antiferromagnetic alignment. In a 
private communication Herzfeld® has informed us that 
magnetic susceptibility data obtained by him can best 
be interpreted on the assumption that the lowest state 
in UF, is single and hence could not give rise to para- 
magnetic resonance. Our results might be interpreted on 
the assumption that the lowest state is a “‘nonmagnetic”’ 
singlet and that it is the only state significantly popu- 
lated at the temperature of liquid air. The weakness 
of the resonance observed at room temperature would 
then be attributed to the relatively low population of 
the “magnetic state’’ at room temperature. The ob- 
served magnetic state would lie above the nonmagnetic 
ground state by kT or more (where T is the room 
temperature, kT =~ 200 cm~'). 

Our failure to detect resonance in UCI, may be a 
result of the internal crystalline field splittings. This 
does not mean that the crystalline field splitting in 


® We are indebted to Dr. C. M. Herzfeld for communicating 
his results to us before publication. 
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UCI, would necessarily be larger than that in UF, and 
hence, that the magnetic state would be less populated. 
The failure te detect resonance in UCI, could be caused 
by too short a relaxation time (line too broad to de- 
tect), which might result from a closer spacing of the 
Stark multiplet. 

The most likely cause of the weakness of para- 
magnetic resonance in UF; and UF, and the failure to 
detect resonance in other uranium salts is strong ex- 
change interaction which could cause significant anti- 
ferromagnetic alignment of the electron spins. Many 
of the uranium salts, including the ones investigated 
here, have been found to have relatively large Weiss 
constants.' Paramagnetic resonance studies on mag- 
netically diluted salts are needed, and are being planned. 

Dr. E. E. Schneider, at our request, has checked the 
existence of paramagnetic resonance in both UF; and 
UF, at room temperature. He used a method of de- 
tection which depends on magnetic modulation. We 
wish to thank him for this assistance. 
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Paramagnetic Resonance in Chromous Sulfate Pentahydrates 


Kazuo Ono, Institute of Science and Technology, University of Tokyo, Tokyo, Japan 
Snorcurro Kore AND Hisao Sextyama, College of General Education, University of Tokyo, Tokyo, Japan 


AND 


Hrpetaro Ase, [nstilute of Science and Technology, University of Tokyo, Tokyo, Japan 
(Received April 30, 1954) 


Paramagnetic resonance absorption in single crystals of chromous sulfate pentahydrate has been observed 
at room temperature and at wavelengths of 11 mm, 6.5 mm, and 5.4 mm. The result shows that this crystal 
has a structure similar to that of copper sulfate pentahydrate. The observed data have been analyzed by 
the so-called spin Hamiltonian, and the parameters determined have been found to be quite consistent with 
the values of the spin-orbit coupling constant and the spin-spin interaction constant obtained from spec- 


troscopic data. 


ARAMAGNETIC resonance absorption in single 
crystals of chromous sulfate pentahydrate has been 
investigated at room temperature and at wavelengths 
of \=11 mm, 6.5 mm, and 5.4 mm. Few measurements 
have heretofore been made of the magnetic properties 


seccasscaces=-~~ 


Fic. 1, Relative positions 
of the lowest energy levels 
of the Cr*t* ion in CrSO, 
‘5H,0. The full lines are 
those for H||z axis and the 
dashed lines for H]|y axis. 











of the Cr** ion, because the Cr** ion, especially in 
aqueous solution, has a strong tendency to oxidize. The 
specimens were, therefore, prepared in an evacuated 
vessel. Large crystals were obtained, which were blue 
and transparent. This crystal is triclinic and each unit 
cell seems to contain two unequivalent ions. 

The ground state of the free Cr** ion is 3d‘ *D. The 
fivefold orbital degeneracy is split by the cubic com- 
ponent of the crystalline field into a lower doublet T's 
and an upper triplet I's, both of them being split into 
singlets by the additional rhombic component. These 
circumstances are the same as in the case of the 3d°?D 
ion (Cu**). The fine structure Hamiltonian for the 
lowest spin quintuplet becomes 


K=D(S2—-4S(S+1))+E(S2—-S,) 


where D and E are constant parameters, 8 the Bohr 
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magneton, g the g factor, and H is the applied magnetic 
field. Since D is comparable to g8H in this case, the 
spacings of the spin quintuplet vary with H in a com- 
plicated way as shown in Fig. 1. The transition W,W, 
can be observed when H is parallel to the z axis and 
that between W.<+W; when H is applied in the xy 
plane. The transition W2,«>W; is energetically possible 
in the case of H||z, but is forbidden by selection rules. 
Examples of the angular dependence of the resonance 
field are shown in Fig. 2 and Fig. 3. In Fig. 2, the mag- 
netic field is in the yz plane with \=5.4 mm, and in 
Fig. 3, H lies in the 2:22 plane (the subscripts 1 and 2 
indicate the two dissimilar ions, respectively) with 
\=6.5 mm. In these figures, dashed lines are used to 
indicate that the resonance absorption is small. We 
can see in Fig. 3 that the angle a between the two 
z axes is 86°. This angle is just the same as that ob- 
tained by one of the present authors! for copper sulfate. 


) 
20 3 n 








6 180° 
Fic. 2. The angular dependence of the resonance field in the 
z1— 41 plane with A=5.4 mm. 1, 91, 21 and %2, ye, 22 indicate the 


rhombic axes of the crystalline fields corresponding to the two 
kinds of ions, respectively. 


Using some appropriate approximations, it can be 
shown that 


2 
D= -3(0—-m)(—+0), 
AE 


9 


po—natn( +6). 
AE 


£2= 2—2(1—v3m)"d/AE, 

gy = 2—2(1+-v3m)*r/AE, 

g.= 2—8PA/AE, 
where ) is the spin-orbit coupling coefficient, p is the 
spin-spin coupling constant between 3d electrons, AE 


is the spacing between I’; and I's, and / and mi satisfy 
the relations 


2lm/[v3(P—m?)]=E/D, P+m?=1. (3) 
"1K. Ono | (unpublished work). 


IN CrSO,:5H:0 


13 





180° 





e ? 
Fic. 3. Angular dependence of the resonance field in the 2:— 22 
plane with \=6.5 mm. 
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Fic. 4. AW as a function of H. The full lines indicate the 
theoretical values and the circles the experimental ones. 


The best agreement of the experimental resonance 
frequencies with the calculated ones is obtained by 
taking | D| =2.24 cm™ and |£|=0.10 cm™ for both 
dissimilar ions. Since the g’s are considered to be very 
close to 2 on account of the smallness of the spin orbit 
coupling constant compared to AZ, the above calcula- 
tion was tentatively made by assuming g.* gy= g,* 2. 
Spectroscopic data indicated \=58 cm and p=0.42 
cm~ for the free Cr+* ion.?* These values are quite 
consistent with the values of |D| and || determined 
above, if we assume AE= 10000 cm. In the above 
formula we have two alternative cases, i.e., l~1, m0 
and m=1, 1~0. Since copper sulfate corresponds to the 
former, it is reasonable to assume that for chromous 
sulfate it is also the case. Then we obtain g,+ g,= 1.99 
and g,= 1.95, and these values improve the agreement 
between the calculated and the observed AW (see 
Fig. 4). We have made preliminary measurements of 
the anisotropy of the static susceptibility of this 
crystal. The results are consistent with the anisotropy 
espected from the above values of D and the g’s. 

The authors’ thanks are due to Professor H. Kumagai 
for his continuous encouragement. 


20. Laporte, Z. Physik 47, 761 (1928). 
5M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 
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Properties of Zinc-, Copper-, and Platinum-Doped Germanium* 


W. C. Duntap, Jr. 
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(Received June 28, 1954) 


Hall effect and resistivity measurements have been made on a number of samples of single-crystal ger- 
manium containing additions of zinc, platinum, and copper. All three were found to be acceptors with 
energy of ionization 0.029, 0.040, and 0.036-ev electron volt, respectively. Measurements were made in 
the temperature range 15°K to about 400°K. All the Hall and resistivity curves showed a tendency to 
flatten out at the lowest temperatures, rather than to continue on an exponential curve. Possible explanations 
include (a) surface conductivity with low activation energy, (b) traces of low-ionization energy acceptors, 
(c) internal leakage due to imperfections or dislocations. Studies were made looking for acceptor states in 
the upper part of the forbidden band, such as have been found for gold. Evidence was found for a plati- 
num acceptor level 0.2 ev below the conduction band and for a copper acceptor level just below the 


middle of the forbidden band. 





INTRODUCTION 


NUMBER of studies have recently been made 

of acceptors in germanium not in the third column 

of the periodic table. First of these was zinc,' which was 
found, by low-temperature resistivity measurements, to 
be an electron acceptor in germanium with an ioniza- 
tion energy of the carrier equal to about 0.03 ev. 
Copper has also been studied, both by doping of the 
crystal during growth,’ by diffusion methods,’ and by 
the study of heat-treated specimens.‘ An ionization 
energy was found in the vicinity of about 0.04 ev. The 
equality of values found for heat-treated as compared 
to diffused specimens has been one important piece of 
evidence for the theory that traces of copper account for 
all the main heat-treatment phenomena of germanium. 
In the present work, a new low-temperature cryostat 
for the measurement of Hall coefficient and resistivity of 
semiconductor specimens was designed and built. The 
first work carried out with this new equipment was 
done on zinc-doped specimens. It was considered de- 
sirable to extend the previous resistivity measurements 
to determine the ionization energy from Hall measure- 
ments. Following this study, Hall measurements were 
made to study heat-treated samples and thus to extend 
the previous resistivity measurements of DeSorbo and 
Dunlap. Studies have also been made with platinum- 
doped germanium. Unlike the other agents studied, 
this is apparently the first work done with platinum. 
Besides determination of the acceptor action and the 
ionization energy of platinum, estimates were made 
of the segregation coefficient (~10~*), and the solu- 
bility (~10" atoms/cm‘) of platinum in germanium as 
determined from the properties of the grown crystals. 
Of particular interest in the study of new doping 


* Presented in preliminary form at the Michigan meeting of 
the American Physical Society, March, 1954 [Phys. Rev. 94, 
1419 (1954) }. 

!W. C. Dunlap, Jr., Phys. Rev. 85, 945 (1952). 

2 F. J. Morin and J. P. Maita, Phys. Rev. 90, 337 (1953). 

+ Faller, Theurer, and Van Roosbroeck, Phys. Rev. 85, 678 

952). 
ie w DeSorbo and W. C. Dunlap, Jr., Phys. Rev. 83, 869, 879 
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agents in germanium is the possibility of second states 
of the impurity center. Such states were first found 
with gold,® and more recently Tyler, Woodbury, and 
Newman® have found evidence for such states with 
iron and cobalt. Burton e/ al.’ have also indicated that 
copper might possess a second ionization level just 
below the middle of the forbidden region. The in- 
vestigation of this possibility for the three elements 
zinc, copper, and platinum formed a chief object of the 
present study. 


EXPERIMENTAL 
Preparation of Samples 


Single crystals were grown especially for this work, 
with a Czochralski furnace of essentially conventional 
design. The melt was contained in a quartz crucible 
surrounded by a }-in. thick graphite liner used to 
improve axial thermal symmetry. The furnace consisted 
of a quartz jar containing a viewing window, and sur- 
rounded by a nichrome furnace winding. The heating 
current was controlled manually by a Variac auto- 
transformer. Crystals were generally grown from (111) 
seeds, held in a stainless steel chuck. The pulling head 
provided independent lifting and rotating motions. 
The rotation speeds were, generally, 3-4 revolution/sec, 
the pulling speed generally 1-2 in. per hour. Forming 
gas (nitrogen +10 percent hydrogen) was used as the 
atmosphere. 

Addition of the desired impurity was made by in- 
sertion of a small funnel into the top of the furnace. 
The metallic impurity was then added in the form of 
one or two weighed pellets. The seed was withdrawn 
during this process and the melt allowed to stand a few 
minutes so that uniform distribution of the impurity 
might more easily take place. 

In many of the melts, the original crystals contained 
appreciable quantities of arsenic or antimony impurities. 


5 W. C. Dunlap, Jr., Phys. Rev. 91, 1282 (1953). 

* Tyler, Woodbury, and Newman, Phys. Rev. 94, 1419 (1954). 

7 Burton, Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 
(1953). 
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In others, the original crystal was nearly intrinsic in 
resistivity. All samples designed to show the direct 
effect of the impurities contained negligible quantities 
of other impurities. 

The samples used were rectangular plates, sawed 
out of the ingots in planes normal to the axis of growth. 
The six connections for measurement were made by 
soldering techniques, in most cases. Indium was found 
to be a satisfactory solder for low-temperature work 
with p-type specimens, while arsenic-doped indium was 
used for soldering contacts to n-type specimens. 


Measurement Methods 


The methods of measurement were quite conven- 
tional. The cryostat involved a few new features and 
is shown in Fig. 1. The metal Dewar contained an inner 
can of stainless steel from which hung a 9-in. copper 
bar, ? in. in diameter. The inner can also contained 
carbon black, which, when pumped on, aided cooling 
by the energy of desorption. The sample was cemented 
inside this copper bar, the leads and thermocouple 
passing up through the center of the copper bar and 
through a stainless steel tube extending up through the 
inner can and out the top of the Dewar. A heater coil 
was wound around the copper bar between the sample 
and the inner can, which could be filled either with 
liquid helium or hydrogen. With hydrogen in the can, 
the temperature of the sample could be easily controlled 
between 15°K and 65°K, and temperatures above this 
range caused no problem. Two liters of liquid hydrogen 
were sufficient to cool the system from 77°K, and to 
maintain it at 20°K for 6-8 hours. 

The copper bar was surrounded by a radiation shield 
at 78°K and an outer brass case, total diameter about 
13 in., although the thickness of the main part of the 
Dewar was about 10 in. The sample thus could be 
mounted in a permanent magnet with a field of 1500 
gauss. Rotation of the magnet served to reverse the 
magnetic field. 

Temperature was measured by means of copper- 
constantan thermocouples, calibrated against the Ohio 
State gas thermometer. Thermocouples were indium- 
soldered to the samples. The thermal emf’s were 
measured with a Type B Rubicon potentiometer. 
Thermal emf’s in the potentiometer and associated 
circuit often caused errors, at 20°K, of a few microvolts. 
Consequently, a calibration was usually made at 20°K 
with the sample maintained at liquid hydrogen tem- 
perature. It was assumed that the extraneous few micro- 
volts would remain constant during a run. The few 
times this was checked by repeat calibrations this was 
found to be so. It is estimated that temperatures 
measured are accurate to about 0.2°C in the worst part 
of the range, between 15 and 20°K. 

The samples themselves were used as the measure 
of the constancy of temperature for each measurement. 
To obtain a given temperature, it will be remembered 
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Fic. 1. Diagram of cryostat and sample connections. 


from the above, the flow of heat into the hydrogen can 
was compensated by the heater between the sample 
and the can. The heating current was adjusted until 
the potential drop across the sample was constant during 
the time needed for Hall and resistivity measurements. 
This was often not easy because of the extreme sensi- 
tivity of some of the samples to temperature variation 
in the temperature range 15-78°K. In most cases, the 
temperature had to be held constant to less than 0.01°K 
during the time of measurement. 


Purity of the Doping Agents 


In experiments such as the present ones, purity of the 
doping agents can be a critical problem, This is par- 
ticularly true of elements with a very small segregation 
coefficient—defined as the ratio of the concentration of 
the element in the solid to that in the liquid. If the ele- 
ment should be contaminated with a very small percent- 
age of an element, such as arsenic, with a much larger 
segregation coefficient (about 0.1 for As), the results 
can be completely erroneous. The best check on this 
problem is to obtain the purest possible materials, with 
99.99-percent purity a minimum, and to make many 
repetitions of the growth of crystals with material from 
several sources. 

All the impurity agents used in the present work were 
99.99 percent or better in purity, and consistent results 
were obtained. 
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Fic. 2. Conduction properties of a p-type zinc-doped specimen 
of germanium. Room temperature resistivity was 0.2 ohm cm, 
the carrier density about 10'* cm‘. Hall coefficient, resistivity, and 
Hall mobility (R/p) are shown in the temperature range between 
300°K and 15°K. 


RESULTS 
Zinc 


Figure 2 shows typical results on zinc. Hall coefficient, 
resistivity, and mobility are all plotted on the same 
chart. The ionization energy found from the relation 


n~1/R~no exp(—AE/kT), 


was about 0.029 ev. This is to be compared with the 
value 0.031 previously found by the author from resis- 
tivity measurements on other samples. The agreement 
is quite satisfactory. 

The room temperature resistivity of this particular 
sample was about 0.2 ohm cm. Other samples have 
been made with resistivities as low as 0.05 ohm cm. 
No direct information on solubility of zinc in germanium 
has been sought. The above facts indicate, since samples 
of less than 0.05 ohm cm have not been found even in 
heavily doped melts, that the solubility is about 10" 
atoms/cm‘. 

Likewise, good values of segregation coefficient have 
been somewhat difficult to obtain, primarily because 
of the high vapor pressure of zinc at the melting point 
of germanium, 940°C. Burton has estimated 0.01 for the 
segregation coefficient, and our results are not incon- 
sistent with this figure. 

The Hall coefficient and resistivity tend to flatten out 
at temperatures below 40°K. This is a phenomenon 
that has been observed with many widely different 
samples of germanium and other semiconductors. The 
nature of the effect is not clear and may arise from a 
number of possible sources, such as traces of ordinary 
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acceptors such as indium or boron, surface conduc- 
tivity, a conductivity associated with dislocations, or 
other effects. Because the effective number of centers 
required to produce these effects is so small relative to 
the 0.03-zinc state, they do not appear to be related to 
any state of the zinc atoms. 

The mobility of zinc-doped specimens tends to be 
somewhat less than that for most p-type specimens of 
comparable resistivity. In the present case, the Hall 
mobility at 25°C was 1506 cm*/volt sec, whereas 
indium-doped specimens of the same resistivity are 
usually in the range 2400-2600 cm?/volt sec. 

No evidence has been found that zinc produces any 
acceptor levels in the upper half of the forbidden band, 
such as are found for gold. The methods of investigating 
this point are discussed more fully in the section on 
platinum. 


Platinum 


The purity of the platinum used is a critical part 
of the study, since the segregation coefficient is about 
5X10-*. Platinum of claimed 99.999-percent purity 
obtained from Sigmund Cohn was used. Because of 
the large segregation, amounts of the order 25-50 mg 
were added to melts of the order 100 g weight. In all 
tests made using this and other platinum samples, 
evidence for acceptor action was found. Twenty 
platinum-doped melts were made. 

Figure 3 shows the low-temperature Hall and resis- 
tivity data for a sample of platinum-doped material] 
made by adding 41-mg platinum during growth of an 
ingot with 75-g germanium. The resistivity before the 
platinum was added was 40 ohm cm n type, afterwards 
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Fic. 3. Conduction properties of a platinum-doped specimen 
of germanium. The platinum content was about 10 atoms/cm‘, 
the room temperature resistivity 40 ohm cm. 





PROPERTIES OF An-, Cu-, AND Pt-DOPED Ge 


40 ohm cm p type. The segregation coefficient calculated 
from the change in electrical resistivity was 5X10~*. 
Since the minimum resistivity (p type) found with 
any of the ingots prepared in these studies was about 
10 ohm cm, it is presumed that the solubility is about 
2X 10" atoms/cm’. 

The slope of the Hall coefficient curve gives an 
ionization energy of 0.04 ev. This is taken from the 
higher temperature range, since it can be seen that the 
curve apparently breaks into a section of smaller slope. 
Rather than ascribe any significance to this low- 
temperature portion, we shall tentatively classify it 
with the corresponding result in the zinc case and 
assume that it results from an extraneous effect. 

Because of the similarity in many respects between 
platinum and gold, an intensive search was made for 
high-lying acceptor states in platinum-doped ger- 
manium. The procedure was to start with low-resistivity 
n-type material and add platinum in steps, about 30-40 
mg each, until 150-200 mg had been added. Samples 
were cut from each successive section, and tested for 
evidence of acceptor states in the upper half of the band. 
Figure 4 shows results on several samples. One of these 
went to high resistance, with a slope indicating an 
ionization energy of 0.18 ev. The other, while of low 
resistivity, showed a “hump” in the Hall and resistivity 
curves that indicated an ionization energy of 0.22 ev. 
Thus it is concluded, contrary to the preliminary find- 
ings, that there is a second acceptor level in Pt-doped 
Ge, at about 0.2 ev below the conduction band. This 
is at the same level as for gold. It is presumed that the 
second level is associated with the Pt~~ ion, although 
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Fic. 4. Experimental results indicating high-lying acceptor 
levels in Pt-doped germanium. The ionization energy for the high- 
resistivity sample was obtained directly from the slope, while a 
more extended analysis was needed for the other case. 
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Fic. 5. Conduction properties of p-type copper- 
doped germanium specimen. 


it is quite possibly associated with a lattice defect 
accompanying the Pt center. 


Copper 


A number of copper-doped melts were prepared, 
using 99,999-percent pure copper, kindly put at our 
disposal by Dr. D. Turnbull of this laboratory. The 
problem of doping with copper is complicated by the 
large diffusion coefficient of copper, and sectional 
doping, as described above, is ineffective. 

Figure 5 shows the properties of one copper-doped 
specimen. The ionization energy from the slope of the 
Hall curve was about 0.036 ev. 

Evidence for additional copper states was sought. 
Some evidence was found of an acceptor state close 
to the center of the forbidden region, as suggested by 
Burton ef al. Figures 6 and 7 show results on several 
samples of germanium close to the intrinsic region. In 
all samples of Cu-doped Ge, the Hall and resistivity 
curves break down into the intrinsic line at tempera- 
tures lower than that for ordinary samples, shown in 
both Figs. 6 and 7 for comparison. These results are 
consistent with the presence of acceptor states close 
to the middle of the band. The number of such states, 
and their exact energy level, is difficult to estimate 
from such experiments as these. 

By annealing such samples, or by doping in such a 
way that the Fermi level is close to the middle of the 
band, even at low temperature, one can see the upper 
copper states more directly. Results are shown in Fig. 8. 
The slope increases continually on annealing, until the 
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Fic. 6. Resistivity of copper-doped specimen (p type) com- 
pared with that of several sollanay samples of p-type germanium 
with about the same resistivity. Resistivity reaches a peak and 
begins to approach the intrinsic value at temperatures consider- 
ably lower oe the Cu-doped specimen than for the Ga-doped 
specimen. This is evidence for the copper acceptors below the 
middle of the forbidden band. 


slope indicates an ionization energy in the range 0.20- 
0.25 ev.t Up to this point the homogeneity has re- 
mained acceptable, as indicated by the mobility value. 
Further annealing led to drastic drop in mobility, 
evidence of p-n junctions being formed in the sample. 


DISCUSSION 
Ionization Energies 


The hydrogen-like model* has been moderately suc- 
cessful in accounting for the ionization energies of 
third and fifth column impurities in germanium. To 
obtain agreement with experiment, it is necessary to 
assume that the effective mass of the carriers is in the 
range 0.2-0.3 of the electron mass. However, these 
values are consistent with effective mass values obtained 
by other means, such as the variation of mobility with 
resistivity,’ and the cyclotron resonance effect.” 

In the case of the elements zinc, copper, and platinum, 
theoretical correlation is likely to be somewhat more 
difficult. The closest simplification is that of the helium- 
like model. In this model, two valence electrons move 
in a field of the doubly charged impurity ion. The effect 
of the germanium lattice is taken account of through 
the reduction of all energy levels, relative to the ioniza- 
tion limit, by the square of the dielectric constant 
(K=16)." 


t Note added in proof.—A more exact determination of this level 
has been made by J. F. Batten and R. M. Baum [Phys. Rev. 94, 
1393 (1954) ], who find Ae=0.32 ev above the valence band. 

* First discussed by H. A. Bethe. See, for example, W. Shockley, 
Electrons and Holes in Semiconductors (D. Van Nostrand Com- 
pany, Inc., New York, 1950), p. 224. 

*P. P. Debye and E. Conwell, Phys. Rev. 93, 693 (1954). 

#” Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 

" H. B. Briggs, Phys. Rev. 77, 287 (1950); a new low-frequency 
value of 15.8 is iy by W. C. Dunlap, Jr., and R. L. Watters, 
Phys. Rev. 92, 1396 (1953). 
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Since the first ionization potential of helium is 24.5 
ev, the ionization energy AE for carriers with an effec- 
tive mass of 0.2 the electron mass is 


AE= (24.5/K*)(m*/m) =0.02 ev. 


This figure is in reasonable agreement with the value 
for zinc, but the agreement becomes progressively worse 
for copper and platinum. It is probable that the details 
of the binding between ion and lattice, and of such 
effects as screening, must be calculated more closely 
to obtain better agreement. It is doubtful, also, whether 
the effective mass for free carriers is exactly the same 
as that for bound carriers moving about an impurity 
atom, and the value of the effective mass may very 
easily depend upon the nature and strength of the 
binding forces. We conclude that the helium-like model 
is, at best, only a very crude approximation. 


Diffusion Coefficients 


Studies have been made upon the diffusion of zinc'® 
and copper™ into germanium, although no such work 
has yet been done using platinum. Although the 
electrical properties of zinc- and copper-doped ger- 
manium are similar in some respects, the diffusion 
properties are completely different. Zinc diffuses very 
slowly, and copper very rapidly in germanium. For 
Zn, D at 900°C is about 10~" cm?/sec, and the activa- 
tion energy for diffusion is about 2.5 ev. These values 
are quite comparable to those for indium, gallium, 
and other acceptors in germanium. Copper, on the 
other hand, has a diffusion coefficient of ~10~° cm?/sec 
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Fic. 7. Hall coefficient data for the samples of Fig. 5. 


2 See reference 1. Also, W. C. Dunlap, Jr., Phys. Rev. 86, 615 
(1952); C. S. Fuller, Phys. Rev. 86, 136 (1952); and W. C. 
Dunlap, Jr., Phys. Rev. 94, 1531 (1954). 

% Fuller, Struthers, Ditzenberger, and Wolfstirn, Phys. Rev. 
93, 1182 (1954). 
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at 600°C, and the apparent activation energy is 0.2 ev 
or less. 

These discrepancies can be accounted for if it is 
assumed that at room temperature both zinc and 
copper are substitutional acceptors and that, further- 
more, at higher temperatures copper leaves its sub- 
stitutional sites, presumably by losing one or more 
electrons, and becomes interstitial. Only a relatively 
small fraction of the copper ions need to do this in order 
that one may account for the observed effects. Zinc, 
on the other hand, retains its electrons even at high 
temperatures, and remains substitutional. Here, again, 
the lack of better understanding of the coupling between 
impurity and the lattice prevents closer correlation of 
these ideas. A pertinent contradiction, perhaps, is that 
the tetrahedral radius of copper is 1.35 A, that of zinc 
only 1.30 A. A change in electronic state of copper is 
probably needed to reduce its size to the point where 
it can become interstitial, and evidence of Fuller et al." 
does indicate that copper does diffuse as a positive, 
rather than a negative ion. 


SUMMARY" 


The present work shows that several elements 
besides the “3-5” elements are active in germanium. 
With other recent work, there are now eight or ten 
such active elements. Many others may be found, 
provided they are sufficiently soluble that electrical 
effects can be seen. Silver, for example, can be seen 
in germanium from autoradiographs, but the solubility 
is apparently too small for there to be a direct effect 
on conduction properties.’ 

From the present work it is also seen that crystal- 
growing and diffusion experiments are both valuable 
in the study of unknown elements in germanium. 
Diffusion may be especially useful in the study of 


4 The results obtained with all the present materials have 
applications to the question of “electrical forming” of germanium 
rectifiers. Zinc and copper are constituents of most brasses and 
bronzes, and platinum is a widely used whisker material, either 
pure, or alloyed with ruthenium. It is clear that if any of the three 
1s present in a whisker material, and the whisker is pulsed with 
high currents, or “formed,” there will be a tendency for p-ty 
action because of the alloying of the whisker material with the 
germanium. The copper will have a further action because of its 
fast diffusion. The diffusion effect of zinc and platinum is rela- 
tively small, but may not be negligible. 

1®W. C. Dunlap, Jr. (to be published). 
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Fic. 8. Hall coefficient for an n-type sample that had been 
quenched, then annealed in stages at 400°C. The increase in slope 


with annealing shows the existence of high-lying acceptor states, 
probably at about 0.25 ev. 











insoluble elements, since their solubility is often much 
greater at 700° or 800° than at the melting point. 

There remains a large field in the interpretation of 
such data as have been presented here. The correlation 
between atomic properties of the impurity, and the 
band structure of germanium so as to obtain the correct 
value of ionization energy, and diffusion coefficient has 
not yet been made. 
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Thermal Effects on Lifetime of Minority Carriers in Germanium 
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Earlier work has shown that germanium may be heated to elevated temperatures (~875°C) without 
significant change in its room temperature resistivity, provided special care is taken to prevent chemical 
contamination. Such precautions were not sufficient, however, to prevent a drastic decrease in the minority 


carrier lifetime. 


In the present work it is shown that if, in addition to cleanliness, special precautions are taken to avoid the 
introduction of strains or plastic flow in the germanium crystal, minority carrier lifetimes in excess of 100 
microseconds can be maintained after such heat treatments. 





HEN germanium is heated to 500°C or higher, 
changes usually occur in the resistivity.’ It has 
been shown? that these changes are due to the entrance 
of atomic copper into the crystal lattice during the heat 
treatment. These changes in resistivity may be pre- 
vented’ by precleaning the germanium crystal surface 
and heating in an atmosphere which is relatively free of 
volatile impurities. However, these procedures are not 
sufficient to prevent large changes in the room tempera- 
ture lifetime of minority carriers.‘ 

Recent experiments have shown that to maintain high 
lifetime, not only must the level of chemical contamina- 
tion be further reduced, but also care must be taken to 
prevent damage to the crystal lattice during the heat 
treatment. Methods have been developed so that it is 
now possible to heat germanium to elevated tempera- 
tures (~875°C) for several minutes, retaining original 
resistivity and, in addition, a room temperature lifetime 
of several hundred microseconds. In the experiments re- 
ported on here, lifetime was measured by the method of 
Haynes and Hornbeck.* 

If electrons and holes were to recombine only by a 
radiative annihilation process, then the lifetime would 
be about one second at room temperature.* Observed 
lifetimes, being much smaller than this, indicate the 
presence of recombination centers. Three types of 
recombination centers are known: (1) chemical im- 
purities ;’ (2) dislocations introduced into crystals by 
plastic deformation ;* and (3) crystal imperfections’ such 
as vacancies or interstitial atoms whose high-tempera- 


1H. C. Theuerer and J. H. Scaff, Trans. Am. Inst. Mining Met. 
Engrs. 191, 59 (1951). 
2. S, Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952); 
W. P. Slichter and E. D. Kolb, Phys. Rev. 87, 527 (1952). 
*R. A. Logan, Phys. Rev. 91, 757 (1953). 
«J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 
* Navon, Bray, and Fan, Proc. Inst. Radio Engrs. 40, 1342 
(1952); R. A. Logan, Phys. Rev. 91, 757 (1953). 
*W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), Chap. 3. 
7? Burton, Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 
1953). 
* Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954). 
*G. L. Pearson (private communication); also, see reference 5, 


p. 347. 


ture equilibrium concentration may be “frozen in” if the 
crystal is rapidly quenched‘ after heating. 

The following procedures were applied in the suc- 
cessful attempt to preveut the introduction of these 
three respective types of centers. 


1. To remove chemical contamination, the germanium 
surface was cleaned by methods already described.‘ The 
heating was performed in a large stainless steel vacuum 
system with a residual pressure of about 2X10~° mm 
Hg. Germanium specimens were heated by clamping 
them between chemically cleaned molybdenum elec- 
trodes and passing current through the specimen. 

2. To avoid plastic deformation during heating, one 
electrode was made as flexible and as lightweight as 
possible to minimize the stress exerted on the sample. 
The sample was suspended in a vertical position between 
this electrode and a fixed upper electrode. With this 
heating arrangement germanium rods with cross section 
0.1 in.X0.1 in. (or larger) were heated to high tempera- 
ture (~875°C) for several minutes. They retained their 
original resistivity and had a lifetime in excess of 100 
usec. Rods of smaller cross section, e.g., 0.05 in. X0.1 in., 
could not be heated successfully in this way due, 
presumably, to the deformation caused by the small 
residual stress exerted by the electrodes. However, such 
rods could be heated on a flat horizontal molybdenum 
strip which was held between similar electrodes and 
maintained at 935°C for 10 minutes. The rods, heated in 
this way, retained their original room temperature life- 
time (r~150 usec). 

3. To avoid quenching effects, the samples were 
cooled slowly (approximately 100°C/min). However, if 
the rods were rapidly cooled by shutting off the power 
after the heat cycle, the lifetime was lowered. Forexample, 
a rod, rapidly cooled in this way after heating on the 
molybdenum strip as described above, had the lifetime 
reduced from 150 ysec to 50 usec. 


The results presented here may be applied in the 
design of a heating system in which germanium may be 
heated to elevated temperature for extended times 
without impairing resistivity, and in addition, main- 
taining a high lifetime. 
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Optical constants of lead telluride films as a function of both temperature and oxygen content have been 
investigated. The films were evaporated onto sapphire disks subsequently exposed to air and also on sapphire 
disks maintained at pressures lower than 10~* mm of Hg. Film thickness, determined by Tolansky inter- 
ference techniques and by weighing techniques, indicated that the density of evaporated layers of PbTe 
is about 10 percent smaller than for bulk. The optical constants were calculated from the reflection and 
transmission curves of the film. The addition of oxygen to the film was shown to give rise to an increase in 
absorption and a slight increase in the index of refraction. The optical properties were then shown to be 
strongly dependent on the temperature of the film. A mechanism has been proposed to explain the results. 


I. INTRODUCTION 


HIN evaporated layers of PbTe are found to be 

photosensitive to radiation in the near infrared. 
The photoconductive properties have been described 
by Bode and Levinstein.' When the film is exposed to 
successive traces of oxygen, the resistance increases 
at first, then decreases, the thermoelectric power changes 
sign, and the material becomes sensitive to infrared 
radiation. The photosensitivity is low at room tem- 
perature, but when the film is cooled to liquid air 
temperature, the photosensitivity is increased by many 
orders of magnitude. The photoeffect at this temperature 
extends to about 5.5 microns. This upper wavelength 
limit shifts toward the visible as the temperature is 
raised. 

The only detailed investigations of the optical proper- 
ties of PbTe films reported to date were performed by 
Gibson.” He did not correlate them with the photocon- 
ductive properties of the films. Curve C of Fig. 1 shows 
the absorption coefficients of PbTe films as determined 
by Gibson. 

The results of Vernier*® on the absorption and photo- 
conductivity of PbS films should also be noted since 
many similarities have been found between PbTe and 
PbS. Vernier reported large variations among different 
films of both the spectral sensitivity and the absorption 
spectra and found a correspondence between the over-all 
shape of the sensitivity and absorption curves. He did 
not attempt experiments on unoxidized films nor did he 
perform experiments at temperatures other than room 
temperature. 

Gibson theorized that the absorption by films in the 
long-wavelength region is mainly attributable to the 
scattering of light by individual crystallites in the film. 
This would render the true absorption undetectable. 
To eliminate this factor he began investigations on 
PbTe bulk crystals.‘ This does not permit measurement 
of both absorption and photoconductivity on the same 


+ This work was supported by the Wright Air Development 
Center. 
1D. Bode and H. Levinstein, Phys. Rev. (to be published). 
2A. F. Gibson, Proc. Phys. Soc. (London) B63, 756 (1950). 
3P. Vernier, J. phys. radium 14, 175 (1953). 
4A. F. Gibson, Proc. Phys. Soc. (London) B65, 378 (1952). 
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sample since bulk PbTe crystals show no photocon- 
ductive properties. The main portion of his experiment 
was performed on thin cleaved or polished crystals. 
Absorption in these crystals for wavelengths below 4 
microns is high and no measurement of the absorption 
coefficient could be made. The 4-micron edge moves 
linearly toward longer wavelength with temperature 
as the material is cooled. Gibson was able to obtain one 
extremely thin crystal, about 1 micron in thickness, and 
was able to measure the transmission to wavelengths 
below 2 microns. (Curve A, Fig. 1.) 

Avery®® recently published two reports in which he 
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Fic. 1. Absorption coefficient as a function of wavelength: 
A. crystals (Gibson); B. crystals (Avery); C. films (Gibson); D. 
films (present work), 


5D, G. Avery, Proc. Phys. Soc. (London) B66, 133 (1953). 
6D, G, Avery, Proc. Phys. Soc. (London) B67, 2 (1954). 
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obtained values for the optical constants of single 
crystals by means of a reflection technique. Curve B 
in Fig. 1 shows his results on the absorption constant. 
Avery also found that heating of a PbS crystal caused 
a decrease in both the absorption and the index of 
refraction at longer wavelengths. The measurements of 
the effects of temperature were restricted to PbS, since 
Avery was unable to obtain cleavage faces of PbTe 
crystals smooth enough to give reproducible data. 

Thin films have been used in the present study of the 
optical constants because they have the following 
advantages over bulk crystals of PbTe. 


1. It is possible to obtain correlations between photo- 
sensitivity and absorption on the same samples. Photo- 
sensitivity has not been found in bulk crystals of PbTe. 

2. The absorption coefficients in the region examined 
are high. This gives rise to very low percentages of 
transmission in crystals. 

3. If reflection measurements of bulk crystals are 
used to determine the optical constants, surface con- 
ditions seriously affect the results. 

4. It is possible to control the amount of oxygen 
impurities added to thin layers. The present arrange- 
ment allows for the measurement of the optical con- 
stants with different oxygen impurity concentrations. 


II, EXPERIMENTAL TECHNIQUES 


The optical constant measurements were performed 
on a Model 12B Perkin-Elmer Spectrometer. Prelimi- 
nary measurements of the optical constants were made 
on PbTe films evaporated in a bell jar on sapphire disks. 

The major part of the work, however, was done on 
films that were never exposed to the atmosphere. For 
this purpose, a cell in which the films could be formed 
was mounted on the spectrometer. A detailed drawing 
of the cell used is shown in Fig. 2. Sapphire was used 
for the front window and substrate since it is trans- 
parent in the near infrared. The transmission of a disk 
1 mm thick is constant (88 percent) to wavelengths up 
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to 4 microns, and then falls slowly to about 50 percent 
at 6 microns. 

Approximately 5 mg of powdered PbTe was intro- 
duced into the cell. The cell was attached to an all-glass 
vacuum system which used a three-stage oil diffusion 
pump backed by a Welch forepump. A glass reservoir 
of oxygen was separated from the system by stopcocks 
such that pulses of oxygen could be admitted. The 
system was trapped with liquid oxygen. Pressures lower 
than 5X 10-7 mm of Hg could be obtained. The pulses 
were adjusted to produce a pressure increase of about 
1 micron. 

Before the film was formed, the cell was heated to 
550°C for over an hour in order to outgas the cell. 
Some of the PbTe was vaporized in the process but it 
condensed outside of the cell. An air stream was then 
directed against the inside sapphire, cooling it to about 
50°C, thus allowing the PbTe to condense on the 
substrate. This process was continued until a desired 
thickness was obtained. The thickness was determined 
by noting the wavelength of the interference peaks. A 
film of 5000A thickness could be formed in about 2 hours. 
* Brattain and Briggs’ have derived equations for the 
transmission and reflection of radiation incident on a 
film of index n, extinction coefficient k, and thickness ?. 

The equation for transmission is: 


16 \n2(n?+ k) a) 





T= ’ 
r{[e*— (p/r)e-* P+-4(p/r) sin*Ly+-3(d—8) ]} 


where 


P=C (m+n +k IL (n2+n)?+k), 
p=((m—n) +k IC (m—n)P+k ], 
[—k(2n+n,+n2) | 
iii aregiveccencheetpeptiers 
[ (m+n) (n2+n)—k?] 

[—k(2n—n,—nz2) ] 

~ COm—n)(m—n)— BT 

x= 2rkt/X, 

y= 2nrnt/d, 





tané 


where m, represents the index of refraction of air and 
ng is the index of refraction of the nonabsorbing film 
substrate. 

For very large k the e* term in the denominator is 
much greater than either the e~* term or the sine term. 
Equation (1) thus reduces to 


T= Act, (2) 


Hammer® has shown that for the reflected energy 
only, in the range of values of optical constants found 
in this experiment, the use of the relationship 2nt= mh) 


7W. H. Brattain and H. B. Briggs, Phys. Rev. 75, 1705 (1949). 
*K. Hammer, Z. tech. Phys. 24, 169 (1943). 
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Fic. 3. Room temperature index of refraction as a function of 
wavelength (thickness determined by Tolansky method). 


to determine the locations of maxima and minima is 
valid. 

Since the determination of the index of refraction 

requires a knowledge of the thickness of the film, this 
thickness had to be carefully measured. Two different 
accepted methods of thickness determination were used. 
One method consists of weighing the film and deter- 
mining the film thickness by assuming a bulk density 
of PbTe. The other method makes use of the Tolansky 
interference technique. 
*,Thicknesses of films determined by the Tolansky 
method averaged about 10 percent greater than those 
determined by the weighing method. This result indi- 
cates that the density of the material when it is evapo- 
rated and then condensed in the form of films is less 
(by about 10 percent) than the density of bulk crystals. 
Since Wilman’ has found from x-ray data that lattice 
constants in films of PbS and PbSe are the same as in 
the bulk crystals, the change in apparent density is 
probably attributable to the presence of spaces between 
the crystallites. 

The thickness of films formed inside of the cell cannot 
be measured directly. However, if the index of refraction 
is known from the measurements above, the thickness 
can be calculated from the location of the interference 
peaks. 

Equation (1) was used for the calculation of the 
extinction coefficient k. The evaluation of k at wave- 
lengths where the absorption is not large enough to 
damp out the effect of interference is based on the 
assumption that both » and / at a given wavelength are 
known, being found as above. Thus we have an equation 
with one unknown which cannot be solved explicitly 
for k. 

In order to obtain an approximation solution, the 
transmission equation is divided into a number of parts 
and the individual relationships are plotted as a function 
of n for different values of k. The three relationships 
are: 16n\n2(n?+k’)/r’, p/r, and 4(¢—8). Through the 
choice of a value of & and the assumption that the 
values of the above three relationships calculated from 


“? H. Wilman, Proc. Phys. Soc. (London) 60, 117 (1948). 
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it are correct, the only equation remaining to be solved 
for k is: e*—(p/r)e~*=C, where p/r is tound from the 
graph of this value and C is calculated from 7 and 
values obtained from all the graphs. 

Graphs of 16,n2(n*+-k)/r? and p/r show that these 
relationships do not depend strongly on k. The phase 
angle is proportional to k but the evaluation of Eq. (1) 
is not affected greatly by the value of the phase angle. 

The method, therefore, was to assume a value of k 
at a given n, t, and A and then solve e*?—(p/r)e~*=C 
for k. If this calculated value of k was greatly different 
from the value assumed, it in turn could be used as the 
assumed value. It was usually found that this process 
did not have to be repeated more than once, the two 
calculated values agreeing closely. 


III, RESULTS 
A. Films Exposed to Air 
1. Index of Refraction 


The values of m as a function of wavelength obtained 
from the thicknesses determined by the Tolansky 
method are shown in Fig. 3. The value of the index 
calculated from the thickness determined by the weigh- 
ing technique was found to be higher than the index 
based on the Tolansky thickness method. The error in 
both methods is not greater than +5 percent. This 
error is believed to be based almost entirely on the 
uncertainty of the thickness calculations. 

Values of index based on the assumption of bulk 
densities (weighing methods) agree within experi- 
mental error with the values found by Avery on bulk 
crystals. Avery found that n increases slightly with 
increasing wavelength, while the present results show a 
definite decrease in index at longer wavelengths. 


2. Extinction Coefficient 


Since the value of the extinction coefficient in the 
visible region is found to be high, Eq. (2) is valid in 
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this region. A Welch Densichron with three different 
Wrattain Filters was used to determine the percentage 
transmission at wavelengths of 0.45, 0.53, and 0.65 
micron. The values of In7 vs ¢ were plotted for the 
three wavelengths measured. The values of the ex- 
tinction coefficient determined from the slopes of 
these curves are: 1.03 at 0.45 micron, 1.32 at 0.53 
micron, and 1.82 at 0.65 micron. These values, ex- 
pressed in terms of the absorption coefficient a, where 
a= 4rki/d, are shown in curve D of Fig. 1. The measure- 
ments in this region were performed only to obtain an 
order of magnitude value of the absorption constant, so 
that these values could be compared with the absorption 
measured at longer wavelengths. 


B. Films in High Vacuum 


1. Effects of Oxygen and Temperature on Transmission 
Properties 


A typical transmission curve of a film maintained in 
vacuum is shown in Fig. 4. The transmission peaks at 
3.4 microns and at 4.7 microns arise from the presence 
of interference. When the substrate was cooled to 
—158°C (the lowest temperature achieved with the 
cooling techniques used) there was no appreciable 
change in either the transmission curve or the resistance. 
However, if one pulse of oxygen was allowed to enter 
the cell, the following very noticeable effects on both 


the electrical and optical properties of the film were 
obtained : 


a. The resistance of the film suddenly increased from 
150 to 300 ohms. 

b. The transmission in the 3-micron wavelength 
region decreased about 10 percent. 

c. The wavelength at which the 4.7-micron inter- 
ference peak appeared was shifted about 0.02 micron 
toward longer wavelengths. This shift is below the 
resolving power of the instrument, but the change in 
peak can definitely be seen for all samples investigated. 


When the film was cooled below room temperature 
the above effects all increased considerably. The re- 
sistance value doubled, the transmission decreased to 
about 65 percent of its original value, and the long- 
wavelength interference peak moved about 0.15 micron 
toward longer wavelengths. (See curve marked ‘‘cooled, 
moderate oxygenation” in Fig. 4.) 

If additional pulses of oxygen were admitted to the 
cell, further increases in peak shift, absorption, and 
resistance were noted. The energy transmitted as a 
function of wavelength is shown in Fig. 4, designated 
“high oxygenation.” The room temperature resistance 
was 11 000 ohms, increasing to 1.7 megohms when the 
film was cooled to — 158°C. 

It should be pointed out that the effect of oxygen on 
the location of the room temperature long-wavelength 
interference peak is small in magnitude (less than 1 
percent). The shift in interference peak that probably 
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occurs on the sapphire disks when they are exposed to 
air at room temperature, therefore, would not signifi- 
cantly affect the determination of either the index of 
refraction or the thickness. It is this result which makes 
it possible to use the value of the index of refraction 
determined on the exposed sapphire for the calculation 
of thicknesses of films maintained in vacuum. 

Heating of the films produced reverse effects on the 
electrical and optical properties, decreasing the re- 
sistance and the wavelength at which the long-wave- 
length interference appears, and increasing the trans- 
mission at shorter wavelengths. It is difficult to obtain 
accurate values for films at elevated temperatures, since 
heating of the film for the time required to take trans- 
mission measurements usually changed the properties 
of the films. Only a few cases were found where it was 
possible to raise the temperature of the film without 
producing a permanent change in film properties. 

Although no careful measurements were made on the 
film in the vacuum cell at wavelengths below 1.8 
microns, experiments were performed to see if additions 
of oxygen and changes in temperature affected the 
transmission between 1 and 1.8 microns. Within the 
limits of oxygenation and temperature variations used 
in the present investigation, no effects have been noted 
in this region below 1.7 microns. 


2. Effects of Oxygen and Temperature on the 
Index of Refraction 


Figure 5 is a plot of the index of refraction as a 
function of wavelength for films at different tempera- 
tures and with different oxygen content. The addition 
of oxygen did not affect the index of a film at room 
temperature sufficiently to make it observable on the 
graph. As indicated in the curves, the index variation 
begins at wavelengths near 2.5 microns and increases 
with wavelength. The change in index, therefore, could 
not be due to a thickness change of the film, since this 
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Fic. 5. Index of refraction as a function of wavelength for dif- 
ferent degrees of oxygenation: A. Room temperature; B. heated 
—225°C (slight oxygenation); C. cooled—— 158°C (slight oxy- 
genation); D. cooled——158°C (moderate oxygenation); E£. 
cooled—— 158°C (high oxygenation). 
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would give rise to a peak shift in all regions of the 
spectrum investigated. Since the thickness does remain 
constant, and the !ocation of the peaks is given by the 
relationship 2n/=md, the change in index is propor- 
tional to the change in wavelength. On the basis of this 
fact the values shown in Fig. 5 were determined. 
Figure 6 shows the linear decrease in the index with 
temperature, at a particular wavelength. This result 
is in contrast to germanium, where the index increases 
with increasing temperature as reported by Briggs'® 
for crystals and as measured on films of germanium in 
this laboratory. 


3. Effects of Oxygen and Temperature on the 
Extinction Coefficient 


Typical values for the extinction coefficient are shown 
in Fig. 7. The curves were calculated on the basis of 
values for the refractive index and thickness determined 
by the Tolansky method. Curves calculated on the 
basis of index and thickness values obtained from the 
weighing technique are very similar. 
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Fic. 6. Index of refraction at \=4.9 microns as a function of tem- 
perature for a film after high oxygenation. 


The absorption curves for different films show one 
common characteristic. The long-wavelength absorption 
edge moves toward longer wavelengths when the film 
is cooled. This is very similar to the effect on bulk 
crystals observed by Gibson."' In Fig. 1 the magnitude 
of a typical absorption curve of a photosensitive cell is 
compared with the results obtained, by both Avery and 
Gibson, on bulk crystals. Avery’s values were obtained 
from radiation reflected from bulk crystals; Gibson 
obtained his results from measurements of transmitted 
radiation. The present results agree more closely with 
those of Gibson, but it should be pointed out that Gibson 
does not claim very good accuracy in his results. The 
similarity of the magnitudes and shapes shown in all 
three curves indicates that absorption obtained in bulk 
and films is essentially due to the same mechanism, and 
that scattering by crystallites does not play a significant 
role at the wavelengths under consideration. 


0H. B. Briggs, Phys. Rev. 77, 287 (1950). 
1! A. F. Gibson, Proc. Phys. Soc. (London) B65, 378 (1952). 
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‘1G. 7. Extinction coefficient and spectral response as a function 
of wavelength. 


IV. DISCUSSION 


The similarity between the absorption curves at low 
temperatures and the spectral sensitivity curves indi- 
cates that the two are related. The sensitivity curves 
are displaced toward longer wavelengths, but Moss" 
shows that this is often to be expected in regions where 
the absorption is high. The fact that the absorption 
cutoff at long wavelengths varies with temperature in 
much the same way as the long-wavelength limit of 
sensitivity as reported by Bode and Levinstein! also 
helps to substantiate the theory that absorption and 
sensitivity are interrelated. 

The results indicate that the absorption below 1.7 
microns is intrinsic in nature, the absorption arising 
from excitation of electrons from the valence band to 
the conduction band. Two mechanisms are conceived 
as possible causes of the absorption at longer wave- 
lengths. The first is that the absorption in this longer 
wavelength region is still intrinsic. This assumption is 
supported by the high absorption values and also by 
the comparatively small variations of both the absorp- 
tion and spectral response from their respective values 
in the shorter-wavelength region. 

This long-wavelength region may also be considered 
an impurity region, the absorption being caused by 
excitation of electrons either from the valence band to 
impurity centers or from impurity centers to the con- 
duction band. Impurity absorption is indicated since 
the absorption in this region varies with the oxygen 
content and the temperature of the film. 

An explanation in terms of impurity levels still does 
not account for the high absorption coefficient. It is 
perhaps possible that the films would contain a large 
enough number of impurities to give rise to the high 
extinction coefficient. If, however, the absorption is 
considered as arising from the same mechanism as in 
bulk crystals, where the impurity concentration is much 
smaller, the similarity of shape and magnitude of ab- 
sorption curves is not easily explained. Figure 1 shows 
a comparison of the absorption in films as obtained in 
this study. 


" T. S. Moss, Proc. Phys. Soc. (London) A64, 590 (1951). 
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If the long-wavelength absorption is assumed to be 
intrinsic, no simple description of the conduction band 
can be proposed. A simple model will not iliustrate how 
changes in temperature and oxygen contamination 
affect the absorption. To explain these effects the con- 
duction band should have a structure that is sensitive 
to changes in temperature and oxygen content. wi 

Such a proposal might be avoided if it is assumed 
that a new oxide is formed when oxygen is added, the 
high absorption at 3 microns being due to intrinsic 
absorption of the oxide itself. Temperature variations 
of the film and the oxide might cause the changes in 
absorption noted, but it is difficult to see how the 
various effects reported would be explained. If it is 
assumed that the absorption characteristics in the film 
do arise mainly from an oxide, the similarity with ab- 
sorption in bulk crystals is also not easily understood. 

The supposition that the absorption spectra result 
from structure of the conduction band therefore appears 
to be the only way to describe an intrinsic phenomenon. 
In order to explain the long-wavelength cutoff at about 
5 microns at low temperatures, the energy gap between 
the valence and the conduction band must be of the 
order of 0.25 ev. This value disagrees with the results 
of Hall measurements as reported by Chasmar and 
Putley. However, Scanlon has recently pointed out 
that the energy gap derived from Hall constant meas- 
urements at high temperatures may be in error. 

By producing purer crystals of PbS, Scanlon can 
measure the activation energy of PbS at lower tem- 
peratures, and he finds that it is about 0.37 ev as com- 
pared with earlier results of 1.17 ev obtained at tem- 
peratures above 900°K."* It could therefore be expected 
that when purer crystals of PbTe are available with 


4 R, P, Chasmar and E. H. Putley, Semiconducting Materials 
(Butterworth Scientific Publications, London, 1951), p. 216. 

4 W. W. Scanlon, Phys. Rev. 92, 1573 (1953). 

‘6 E, H. Putley and J. B. Arthur, Proc, Phys. Soc. (London) 
B64, 616 (1951). 
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activation energies measurable at lower temperatures, 
a similar decrease in activation energy will be observed. 

To explain the observed effects, one might assume a 
conduction band which would lie 0.25 ev above the 
valence band. The density of states might be quite low 
to a point about 0.7 ev above the valence band, at 
which point the density would increase rapidly. The 
tail in the conduction band could thus explain the de- 
creased absorption beyond 2 microns. Since freshly 
evaporated films are always m type,'® part of the tail 
of the conduction band would be filled with electrons, 
probably excited from interstitial Pb centers, close to 
the conduction band. Oxygen added to the film is 
adsorbed on the film surface,'’ and, by acting as a trap 
for electrons, removes them from the tail of the con- 
duction band, thus increasing absorption beyond 2 
microns. A decrease in temperature prevents thermal 
excitation from the valence band to the tail of the con- 
duction band, resulting in both an increase in absorption 
and an extension of the high absorption region to longer 
wavelengths. Photoconductivity is then produced when 
the electron and hole density is increased as electrons 
are excited to the conduction band. 

Although this picture disagrees with the interpre- 
tation suggested by Chasmar and Putley,'* a model of 
this type can still explain their results. Their high 
value of activation energy (0.62 ev) would arise from 
thermal excitation from the valence band to the region 
above the tail of the conduction band. The value of 
0.62 ev determined thermally is to be compared with 
the approximate value of 0.7 ev determined in this 
experiment by optical measurements. 

We are indebted to Mr. Eric Ellis and Mr. Donald 
Cole for their assistance in the performance of this 
work. 


16S. J. Silverman and H. Levinstein, Phys. Rev. 94, 871 (1954). 

17R. A. Smith, Semiconducting Materials (Butterworth Scien- 
tific Publications London, 1951), p. 198. 

1®R, P. Chasmar and E. H. Putley, Semiconducting Materials 
(Butterworth Scientific Publications, London, 1951), p. 216. 
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Measurements of the magnetic resonance absorption line shapes and g factors of diphenyl-picryl hydrazy| 
have been made at several frequencies below 15 Mc/sec using a linearly polarized rf field. An approximately 
inverse fourth power dependence of the g factor with frequency was found. The frequency dependence of 
both the g factor and line shape are found to be in agreement with a theory for the low-field case developed 


in a previous paper. 


I. INTRODUCTION 


HE shapes of magnetic resonance lines at magnetic 
fields large compared to the line width can gener- 
ally be interpreted quite successfully by the use of the 
Bloch absorption equation.':? However, the fact that 
this equation does not reduce to the Debye expression 
for absorption in zero magnetic field suggests that 
Bloch’s equation is not applicable to the low-field case, 
where the magnetic field for maximum absorption is of 
the same magnitude as the line width. 

In order to investigate the low-field case in more 
detail, we have measured the magnetic resonance ab- 
sorption line shapes and g factors of diphenyl-picryl 
hydrazyl in a linearly polarized rf field at several fre- 
quencies below 15 Mc/sec. The experimental results are 
then compared with the theory developed for the low- 
field case in a previous paper.’ 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


To obtain the high sensitivity required for accurate 
g-factor measurements, a magnetic field modulation 
scheme which included a coherent detector was used. 
The sample consisted of approximately 3 g of poly- 
crystalline diphenyl-picry! hydrazyl. All measurements 
were made at room temperature. A block diagram of the 
apparatus is shown in Fig. 1. 


A. The Static Magnetic Field 


A large solenoid supplied by storage batteries pro- 
duced the static magnetic field. For the line shape meas- 
urements, a motor-driven potentiometer produced a 
gradual change of magnetic field of about 5 gauss in 3 
minutes. The voltage drop across a resistance in series 
with the magnet served as the input to one axis of a 
Leeds and Northrup X—Y recording potentiometer. 
For the g-factor measurements, the magnet current was 
determined by measuring the voltage drop across a 
standard resistance in series with the magnet by means 
of a Leeds and Northrup type “K” potentiometer. 

The solenoid was mounted so that its axis could be 
aligned with the direction of the magnetic field in the 
room, a dip-needle and compass serving as direction 


1F. Bloch, Phys. Rev. 70, 460 (1946). 
2G. E. Pake, Am. J. Phys. 18, 438 (1950). 
3M. A. Garstens, Phys. Rev. 93, 1228 (1954). 


indicators. The center of the solenoid at which the 
sample was placed was kept about 5 feet above the 
partially magnetized steel beams supporting the floor. 
For the g-factor measurements, no attempt was made to 
determine the absolute value of the magnetic field. The 
procedure, which required only relative values of field, 
was as follows. Assuming the solenoid field to be parallel 
to and in the same sense as the ambient field, the mag- 
netic field H at the sample can be written H=mP-+6, 
where P is the potentiometer reading in volts, m is the 
solenoid constant in gauss/volt, and 6 is the magnitude 
of the ambient field. If the oscillator frequency v, the 
potentiometer reading P, and the potentiometer reading 
P, upon current reversal are observed at the absorption 
maximum; then the ratio of the g-factor g, to that at 
15 Mc/sec, gis, measured under the same conditions, is 
given by 


8» (<)/(=) ( v )\(=) 

815 E His Vi6 P+P, 
Assuming that gis is equal to the high-field value 2.0036,‘ 
the g factor at a frequency v can be calculated from the 
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Fic. 1. Block diagram of the apparatus. 


‘ Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 
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Fic. 2. A recorder chart showing the resonance at 5 mc/sec. 
The two curves which appear essentially superimposed were 
obtained immediately before and after calibration. 


experimentally determined quantities in Eq. (1). A 
number of measurements made at different solenoid 
orientations showed that above 3 Mc/sec the g factors 
had a mean deviation of a few parts in 10‘ when the 
angle between the solenoid axis and the ambient field 
direction was less than 3°. The compass and dip-needle 
which could be read to +1° were thus adequate as 
orientation indicators. 


B. The Radio-Frequency Field 


A conventional electron coupled oscillator-detector® 
incorporating a calibrator of the Watkins-Pound type® 
was used. The coil of the resonant circuit was about 2.5 
inches long and 0.8 inch in diameter with an additional 
feedback tap near the center winding. Three different 
coils of approximately the same dimensions were used 
to cover the necessary frequency range. The level of 
oscillation was controlled by adjusting the amount of 
feedback, through variation of the voltage on the screen 
grid of the oscillator tube. Frequency was measured by a 
heterodyne-type frequency meter accurate to one part 
in 20 000. 

Considerable attention was given to the possible 
effects of changing the position of the sample in the coil 
and changing the orientation of the coil with respect to 
the solenoid. Although at a given frequency, the po- 
tentiometer reading P at maximum absorption changed 
by as much as 1 percent for different positions of the coil 
and sample, the relative g factors calculated by Eq. (1) 
were constant within 0.1 percent. All the line shape and 
g-factor measurements were made with the sample filling 


5 J. B. Dow, Proc. Inst. Radio Engrs. 19, 2095 (1931). 
*G. D. Watkins and R. B. Pound, Phys. Rev. 82, 343 (1951). 


the center $ of the coil and with the coil perpendicular to 
the solenoid axis within 1°. 


C. Detection System 


In the detection scheme used, a small 280-cycle/sec 
modulation field supplied by an auxiliary coil parallel 
to the solenoid axis, produced across a variable resis- 
tance in the plate circuit of the oscillator a 280-cycle/sec 
component due to the magnetic absorption. This signal 
was then amplified and fed into a coherent detector. 
The de output was connected to the X axis and the 
magnet current to the Y axis of an X—Y recorder. 

For sufficiently small modulating fields, the signal 
amplitude will be proportional to the slope of the ab- 
sorption curve. An approximate calculation for small 
modulations shows that for either a Lorentzian or 
Gaussian shaped absorption curve, a peak-to-peak 
modulation amplitude of 10 percent of the full width at 
half-maximum absorption will give signals having 280- 
cycle/sec components proportional to slopes within 
2 percent over the entire absorption. Since two stages of 
tuned amplification preceded the coherent detector, the 
560-cycle/sec component of the signal which is large 
near the absorption peak is not detected. For all the 
measurements made, the peak-to-peak modulation 
amplitude was 0.04 gauss or less; i.e., less than 3 percent 
of the full width at half-maximum absorption. For the 
g-factor measurements at the lower frequencies, the 
absorption curves were quite unsymmetrical so that 
even smaller modulations were required. The decreased 
sensitivity resulting from the small sweep was the limit- 
ing factor in determining the minimum radio frequency 
at which one could measure a g-factor within 0.1 percent. 
This frequency was about 2.7 Mc/sec. 


D. Experimental Procedure 


The procedure for measuring g factors already des- 
cribed was used at frequencies above 5 Mc/sec. Below 
this frequency, since a different coil was required, the 
g factors were measured relative to gs; and then cor- 
rected for the deviation of gs from gis. 


WORMALIZED SLOPE 


WORMALIZED FIELD 


Fic. 3. A comparison of the resonance line shapes at three differ- 
ent frequencies. The magnitudes of the high-field extreme slopes, 
and the difference in field between the points of zero slope and 
high-field extreme slope, are normalized to unity. 





MAGNETIC RESONANCE 


The procedure for measuring line shapes was as 
follows. A curve was first traced on the recorder as the 
field was increased. The magnet current was observed 
at both the beginning and end of the trace. The magnet 
was then set at a high field value where there was no 
absorption and the X axis of the recorder calibrated by 
means of the Watkins-Pound calibrator. The absorption 
was then retraced on the same chart as the field was 
decreased, the acceptable runs being those in which the 
forward and reverse traces were essentially super- 
imposed. The apparent g factor was then measured by 
observing the magnet current and frequency at the 
point of zero slope. A recorder tracing made in this 
manner at 5 Mc/sec is shown in Fig. 2. 


III. EXPERIMENTAL RESULTS 


A comparison of some of the results of the line shape 
measurements is shown in Fig. 3. The solid curves drawn 
through the experimental points were adjusted so that 
the points of zero slope coincided with zero on the mag- 
netic field axis. The magnitudes of the high-field ex- 
treme slopes, and the difference in field between the 
points of zero slope and high-field extreme slope, were 
normalized to unity. The dotted curves are the first 
derivatives of Gaussian and Lorentzian shaped curves 
drawn in the same manner. For the particular hydrazy] 
sample used, the width in gauss between extreme slope 
points was found to be constant between 10 and 15 
Mc/sec and had the value 1.00+0.02 gauss. 

A plot of the g factors as a function of frequency is 
shown in Fig. 4. Each experimental point is the average 
of 3 measurements taken in rapid succession. The g 
factors were found to be independent of the strength of 
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Fic. 4. Variation of the g factor with frequency. 
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Fic. 5. Fractional deviation of the g factor as a function of ee 
frequency. The dashed curves were calculated from Eq. (3). 


the rf field at the low levels of oscillation employed. 
Figure 5 is a plot of —logio(Ag/g)vs logiow ,where (Ag/g) 
= (g,— 2.0036) /2.0036 and w is the angular frequency. 
The vertical bars drawn through some of the experi- 
mental points indicate the error in logyo(4g/g) which 
would result from a 0.1 percent error in g,. The dashed 
curves are calculated as described in Sec. IV. 


IV. DISCUSSION 


In a previous paper’ a theory was developed for mag- 
netic resonance in gases at low fields. This theory is 
found to fit the experimental data very closely. The gas 
model is applicable in this instance since one may 
envisage the magnetic dipoles as suffering repeated 
random collisions with the lattice phonon field via the 
exchange system.’ A parameter r may be introduced 
defining the mean time between interactions or collisions 
of the dipoles with the lattice via the exchange system. 
The times of last collision, assuming random occurrence 
of such, are distributed according to the weighting 
function (1/r)e~“’’, as in a gas. 

Bloembergen and Wang’ have shown that for di- 
phenyl-picry! hydrazyl, where the exchange is very 
strong, the relaxation process between the spins and the 
lattice occurs via the exchange spin system. The gas 
model may still be applied here, the effect of exchange in 
this instance being to give rise to a narrow line des- 
cribed by a single relaxation parameter r=/y,, the 
relaxation time for the energy transfer between the 
magnetic and exchange system. 

For the linearly polarized case, in the absence of 
saturation, the following steady state solution for x’’ is 
obtained if the lateral effects of the magnetization in the 
x and y directions due to the radio-frequency field are 
not taken into account.’ 


1 1 
ame ty 
1+72(wo—w)? 1+77(wotw)? 


TN, Bloembergen and S, Wang, Phys. Rev. 93, 72 (1954). 
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Fic. 6. A log-log plot of the fractional deviation of g as a function 
of wr. The slope of this curve for different values of wr are indi- 
cated by the letter n. Below wr=0.58 no maxima occur in the 
absorption lines. 


The first term is the Bloch solution for the circularly 
polarized case. Both the circularly and _ linearly 
polarized solutions under the above assumptions lead to 
incorrect predictions of absorption and g-value shifts at 
low fields. Thus x’’ approaches zero as Ho does, instead 
of reducing to a non zero value as experiment indicates. 

At low fields the magnetization in the x and y direc- 
tions due to the radio-frequency field becomes impor- 
tant. If these are taken into account, one obtains for x’’ : 


1 
"= txgerl — CE ett Saat» 
xm txes foe oer, ) 


Figure 6 is a log-log plot of Ag/g versus wr. Its slope 
is indicated at several points by » which corresponds to 
the exponent in the expression Ag/g~1/(wr)" obtained 
from Eq. (3) by maximizing it as a function of wor at 
constant wr. 

The agreement between the experimental results and 
this theory is shown in Figs. 5 and 7. In Fig. 5, the 
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dashed curves show the relative deviation in the 
apparent g factors predicted by (3) for two values of the 
inverse line width parameter. 

Fzom the comparison in Fig. 5, one would deduce a r 
of about (6.9+0.4)10-* sec. This is in substantial 
agreement with the 7 of (6.6-+0.2) K 10~* sec determined 
directly from line width measurements between 10 and 
15 Mc/sec. Over the frequency range shown, the dashed 
curves are apparently linear with slopes of about 3.7. 
The experimentally determined slope is 3.9+0.3. 

The solid curves in Fig. 7 are plots of (dx’’/dwo) 
calculated from equation (3), as a function of magnetic 
field. The same value of 7 was used for the three curves, 
namely 6.6X 10~* sec as determined experimentally from 
the line width. The magnitude of the high-field ex- 
treme slope was normalized to unity in each case. The 
circles are experimental points normalized in the same 
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Fic. 7. Comparison of some of the observed resonances (points) 
with those predicted by Eq. (3) (solid curves), assuming r=6.6 
X10~* sec. The magnitudes of the high-field extreme slopes are 
normalized to unity. 


manner. Note that at the lowest frequency, the point of 
zero slope corresponding to an absorption maximum is 
absent. This is in agreement with the theory as indicated 
in Fig. 6 which predicts that no absorption maximum 
should be present below wr=0.58 corresponding to a 
frequency of 1.3 Mc/sec. 

These results are in agreement with those also re- 
cently reported by Codrington, Olds, and Torrey.* 


® Codrington, Olds, and Torrey, Bull. Am. Phys. Soc. 29, No. 
4, 19 (1954). 
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It has been believed for some time that anharmonicity of lattice vibrations is responsible for the continued 
rise of the specific heats of certain solids in the classical temperature region. A general analysis is here carried 
out of the linear chain model interacting through a Morse potential. All the major thermal properties, such 
as specific heats, thermal expansion, and compressibility are derived, and a tentative comparison is made 


with observed properties of the alkali metals. 


It is found that the linear chain then exists in two widely different states with properties characteristic 
of condensed and gas-like phases; these two states are separated by a relatively narrow transition region 
in temperature where the specific heat passes through a rather sharp maximum (except at high pressures 


when the maximum ultimately disappears). 


1, INTRODUCTION 


HE atomic heats of the alkali metals Li, Na, Ky 
and Rb all show anomalous behavior at tempera- 
tures greater than their characteristic temperatures. 
Apart from the sharp increase in specific heats as the 
melting temperature is approached (this and the corre- 
sponding behavior of the electrical resistance are 
attributed to the formation of defects in the lattice),'” 
there is also a steady rise in atomic heat at constant 
volume above the value 3R which is the classical limit 
if only harmonic vibrations of the lattice are considered. 
Furthermore, this excess atomic heat is too large to be 
accounted for on the basis of a free electron contribu- 
tion. It was suggested by Lindemann’ that such anom- 
alous behavior might be due to the anharmonicity of 
the lattice vibrations and this explanation has generally 
been regarded as probably correct. Born and Brody, 
Born,‘ Waller, and Damkéhler® have all made esti- 
mates of the influence of anharmonicity on the specific 
heat of a lattice. 

Anharmonicity is an important feature of the be- 
havior of lattices for other reasons. There are many 
significant properties of a lattice such as thermal ex- 
pansion, the change of specific heat with pressure, etc., 
which are zero if a purely harmonic potential is assumed. 
Finally the anharmonicity of lattice vibrations is re- 
sponsible for the establishment of thermal equilibrium 
among the modes of vibration of the lattice and for the 
existence of a finite thermal conductivity.’»* For these 
reasons further study of the influence of anharmonicity 
was considered desirable. 

In the treatment of anharmonicity given by Born and 
Brody (Waller’s conclusions are essentially the same) 
the precise model is not defined well enough to enable 


1L. G. Carpenter, J. Chem. Phys. 21, 2244 (1953). 

2D. K. C. MacDonald, J. Chem. Phys. 21, 177 (1953). 

3F. A. Lindemann, Phil. Mag. 45, 1119 (1923). 

4M. Born and E. Brody, Z. Physik 6, 132 (1921); M. Born, 
Handbuch der Physik (Springer Publishing Company, Inc., Berlin, 
1933), Vol. 24, Part 2, p. 675. 

ST. Waller, Ann. Physik 83, 153 (1927). 

*G. Damkohler, Ann. Physik 24, 1 (1935). 

TR. Peierls, Ann. Physik 3, 1055 (1929). 

*R. Peierls, Ann. inst. Henri Poincaré 5, 177 (1935). 


the conclusions to be clearly interpreted and in addition 
there are problems of convergence which were not con- 
sidered (see also reference 5). Damkohler, on the other 
hand, considered a precise model (a linear chain) with 
specified boundary conditions, and because this makes 
the problem directly tractable a linear chain model is 
considered in this paper. The treatment here is, we 
believe, considerably simpler and more direct than that 
of Damkéhler; we evaluate the Gibbs free energy 
analytically instead of by numerical approximation, 
and consequently our results can be carried to any 
desired degree of precision. The analysis is also readily 
extended to include next-nearest neighbor interaction 
in good approximation. Moreover, the procedure 
adopted here reveals certain other properties of the 
model which are of interest in their own right. It is 
found that at low pressures there exists a relatively 
narrow temperature region in which the specific heat at 
constant pressure passes through a sharp maximum (at 
higher pressures the maximum ultimately disappears), 
above which the equation of state of the chain approxi- 
mates to that of a perfect linear “gas”, while below this 
“transition” the chain has the properties of a condensed 
state. 


2. GENERAL ANALYSIS 


The linear chain model has been considered in a large 
number of papers." In the treatment given here, a 
single physically realistic interatomic potential (the 
Morse potential) is employed and all the important 
thermodynamic properties of such a chain are derived 
for temperatures high enough that classical statistics 
are applicable. Although the application to three dimen- 
sions of results derived on a one-dimensional model is 
necessarily very tentative, we have, in order to keep in 
touch with physical reality, interpreted some of the 
quantities appearing in the analysis in terms of the 
physical properties of sodium, since we are particularly 
interested in the alkali metals. 


A. T. Nagamiya, Proc. Phys.-Math. Soc. Japan 22, 705, 1034 
1940). 

” H. Takahasi, Proc. Phys.-Math. Soc. Japan 24, 63 (1942). 

" F, Gtirsey, Proc. Cambridge Phil. Soc. 46, 182 (1950). 
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We consider then a system of (N+1) identical par- 
ticles of mass m equally separated (at 0°K and under 
zero tension) by a distance Ao (see Fig. 1). These initial 


Inet 
¢— Fic. 1. System of identical 


particles, 


ot ot 
tom Age =— Ag 
positions of the particles are then chosen as the origins 
of measurement for the displacements of the respective 
particles, and that of the mth particle from its origin is 
denoted by y,. Without loss of generality, we may 
consider as fixed the zeroth particle so that yo is always 
zero. The interatomic potential of two particles sepa- 
rated by a distance r is &(r). Thus the energy of inter- 
action between the mth and the (n—1)th particle is 
(Ao+yn—Yn-1), and the potential energy of the whole 
system is 


N 
V= ) e D(eeur vai) — 1)? (1) 
n=! 


where we use the Morse potential and initially restrict 
the analysis to nearest-neighbor interaction. Hence, if 
we write 


then 


Xn=Vn— Vn—1, 


N 
V= > D(eo—1)’. (2) 

n=l 
We now set up what may be called the partition 
function at constant force, Z¢(P,N,7), (see for example, 
Fowler and Guggenheim") where P is the applied force, 
analogous to pressure in a three-dimensional problem. 

Then 


+00 +o 
Zo(P.N Ty f of 


K el-H (ons ++ anes PLT GD, ‘ *dqn° «+, (3) 


where L= NAo+>.\" x,. Takahasi and Giirsey" have 
also shown analytically that this form of partition 
function may be derived from the more usual form, 
Zp, the partition function at constant length (volume). 
Thus 


+e +2 
Zo=m* [ of exp{ —[( D(e**—1)? 


a —@® 


+P(NAot+> Xn)+m st Yn?/2\/kRT} dy, i 


Xdiyndyi-+-dyn; (4) 


that is, 


N 
zo-K[ f op(-—4+t *—1) Jas]  & 


where AGS 
K = (2amkT)N%e-NPAoAT g—N 


BR. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, London, 1939), p. 254. 
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Thus, if we set w= ¢~*, we have" 


N 


Zo=K{ f uP?) expf —D(u—1)?/kT Jdu 
0 


=KIJ", (Sa) 


If we write v= u—1, and integrate by parts, then 
2aD ¢* 
-— f (1+-0)?/*Ty exp(— Dv*/kT)dv 
—1 


2D 


+1 P 
=-— exp(—Dat/AT)| (—-1) 
kT J_, akT 


akT 
2aD 
oe 
2D f° 


dievoeie 
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r v 
2 <b 
3! 


f yPlokT+! exp (— Dv®/kT)dv 
1 
yP/ek? exp(— Dv?/kT) 


P 1 
x|1+(——1) —+.. 
akT 2!0 


2D 2aD 
=—(I+1;)+—h. 
kT af 


a (6) 


(6a) 


It should be noted that so far no approximations 
have been made. In (6a) it may now be shown that J; 
is certainly entirely negligible in comparison with /, 
except for (P/akT)>1. For the compressible metal 
sodium at ~300°K, the equivalent pressure corre- 
sponding to the equality P/akT = 1 is about 3000 atmos. 
We shall therefore assume meanwhile that P/akT <1 
and so ignore J;. Now as P-0 it is evident that the first 
term converges uniformly to a finite limit while the 
second term does not; in fact, then 


I = (wkT/D)'+ (akT/P)e~?!**. (7) 


The second term is then only comparable with the 
first for 
(7a) 


For sodium again at room temperature, this value of P 
corresponds to an equivalent pressure of about 10~' 
atmos, and consequently from this standpoint we may 
entirely neglect the second term in (7) at normal tem- 
peratures and pressures. The second term in (7) cor- 
responds to a gas-like behavior as we shall see later. We 
might regard (7a) as corresponding to a vapor-pressure 
equation, and, although in the linear chain the thermo- 


PS (@DkT)%e-P*", 


8 We are grateful to Dr. H. C. Schweinler for suggesting this 
transformation. 
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dynamic functions remain continuous and consequently 
no discontinuity presents itself, we shall see that there 
is, in general, a sharp maximum in the specific heat 
when the two terms in (7) are comparable. 


3. CONDENSED STATE 


Thus, except under the extreme conditions discussed, 
we have [= (2D/kT)I,, corresponding to a condensed 
state. Assuming that D/kT>>1 (eg., D/kT~45 for 
sodium at room temperature, with D interpreted as the 
latent heat of vaporization at absolute zero), we may 
replace the limits (+1) in J; by (+). The presence 
of the exponential factor with the large index ensures 
that we then make negligible errors by this approxima- 
tion in the constituent integrals until we reach terms 
containing very high powers of v which are already of 
no physical interest.'* Thus, 
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P \kT 
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Now G=—AhT |nZq and hence, after some reduction, 
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Although [following (6a) ] we confined ourselves to 
P/akT <1, it may be shown that this equation remains 
applicable for the less restrictive condition P/aD<1, 
so long as kT /D<1. Thus 


°G kT kT 
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4 This approximation is, of course, not imperative. 
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Also, 
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essentially the compressibility ; 
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essentially the thermal expansion ; 


J, Wer 9 kT 
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Damkohler, using his first analytical method (based 
on the partition function at constant length) obtained 
the leading terms of Eqs. (11) and (12), and Eqs. (10) 
and (13) as far as the terms linear in (k7/D). Since, 
however, he felt unable to extend this approach to give 
the higher terms in the expansions, he used a second 
method to obtain results intended to be valid at higher 
temperatures, which involved a numerical computation 
of the partition function at constant pressure which we 
have here evaluated analytically. These results differed 
appreciably from those he obtained by his first method, 
presumably because of inaccuracy in computations, and 
consequently those conclusions which he bases solely 
on his second method are incorrect. 

The foregoing analysis may also be carried through 
with the inclusion of second-neighbor interaction if we 
neglect the repulsive part of the potential for these 
neighbors and ignore end effects on the assembly. 
Under these conditions, Eq. (7) becomes: 


tkT \! akT D 
1-( — ) + —exp| (1a), 
D(i+<A)? P kT 


where 

A=2¢~*40, (7’) 
and Eqs. (10) to (13) retain the same form with D 
replaced by D(1+-A)?. 

Since the electrical resistivity in a solid at classical 
temperatures is approximately proportional to the 
mean-square amplitude of atomic vibrations, we shall 
assume that in this model the resistance would cor- 
respondingly be proportional to ((x—#)*),. Then, in 


general, 
a /G 
((x—2)") y= — kT As -), 
oP? 


which from (11) gives 


11 kT kK 
((x— 11 Feet 


|. (14) 
2aD 





60 J. S. DUGDALE AND 


TABLE I. Morse constants derived from molecular data. 








10% 

lin. exp. 

calc. from 10%a 
(12)] (exptl.) 


2.52 5.6 
3.24 7.2 
4.08 8.3 


Ratio: 
Gexpt!. 
Element 
Li, 
Naz 
Ky 


A(A) 


2.67 
3.07 
3.91 


D 
_ (heal /mole) 


26.4 
17.6 
11.8 


a(A™) 


0.85 
0.84 
0.78 


Mae. 
2.22 
2.22 
2.04 





Under the condition that the length is maintained at 
the equilibrium value at T=0 (i.e., L= NAo) we have, 
therefore, 


kT 
Rr, rata Bl (1+ 
2a2D 


where B represents the electron-lattice interaction 
which may be considered constant if L is fixed. 

Finally, there is one further relationship which is of 
value. If the lattice potential were purely harmonic 
(i.e., expanding only to the quadratic term in 2), its 
characteristic frequency would be proportional to ay/D. 
Because of the higher-power (anharmonic) terms, how- 
ever, this characteristic frequency depends on the com- 
pression or extension of the chain and, for an imposed 
relative atomic displacement 2, the characteristic 
frequency for small vibrations is now proportional to 
/ (@D—3a'Dxo). From this it readily follows that the 
Griineisen parameter, defined as y= —d logy,/d logL 
(where v, is the characteristic frequency),'* now has the 
value 


1 kT 


—+-.), (15) 


2D 


(16) 


It can then be seen, using the leading terms of Eqs. 
(11), (12), and (13), that the Griineisen relationship 


y=al/fC), 


~), (2); 


is valid as a first approximation. 

Equations (10) to (13) then represent the chief ther- 
modynamic properties of what we may call the ‘“con- 
densed”’ state of the linear chain. Any comparison 
between these properties and those of a real solid must, 
at best, be very tentative. The solid inert gases very 
closely satisfy the condition of short-range forces which 
we have assumed, and if the transition from one to three 
dimensions introduces no qualitative features which are 
completely absent in the linear chain then these equa- 
tions should indicate the kind of behavior which is to 
be expected when account is taken of an anharmonic 
potential function. Unfortunately, the data on such 
solids are at present meager in the region of temperatures 
where classical statistics are valid. 


y= §aAo. 


where 


‘6 For a discussion of the significance of y in 1, 2 and 3 dimen- 
sions, see J. S. Dugdale and D. K. C. MacDonald, Phys. Rev. 89, 
832 (1953). 
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In making comparison with metals, the representa- 
tion of the interatomic forces by a potential is obviously 
a much grosser approximation. To illustrate that, 
nevertheless, this model can provide a useful correlation, 
we compare in Tables I and II the observed thermal 
expansion coefficients at room temperature for the 
alkali metals with those derived using Eq. (12). 

Qualitatively, it might appear that the foregoing 
analysis of the linear chain model could account 
rather well for the observed deviations from classical 
harmonic behavior. For example, the model predicts a 
specific heat at zero “pressure” which increases mono- 
tonically with temperature [Eq. (10) ] and suggests an 
electrical resistance at zero ‘“‘pressure” which rises more 
rapidly than linearly [Eq. (14) }—features found in a 
number of metals (for example, see MacDonald? for 
data on sodium). If, however, we make a closer exami- 
nation, serious discrepancies arise. Taking sodium as 
probably the “best-behaved”’ of the monovalent metals 
—at least in an electronic sense (see MacDonald and 
Mendelssohn'*and MacDonald and Pearson")—one finds 
that C, is already rising much more rapidly than 
linearly with 7 in the room-temperature region where 
the factor (15/4)(k7/D)? in Eq. (10) should still be 
very small compared with (k7/D). Furthermore, C, 
also increases with temperature (a feature common to 
sodium, potassium, and rubidium!*) while in the present 
model C;, diminishes with rising temperature. In making 
comparison with the electrical resistance it is perhaps 
even more vital to do so under constant-volume con- 
ditions, since it is not yet known with certainty how 
the electron-lattice interaction energy [characterized 
by B in (15)] varies with volume. For sodium, the 
temperature variation of electrical resistance is sig- 
nificantly Jess rapid than linear when corrected to the 


TABLE IT. Morse constants derived from bulk metal data.* 








10%a Ratio: 


[lin. exp. 
calc. from 
(12)] 


1.68 
2.25 
2.82 
3.10 


10a 
(exptl.) 
5.6 
7.2 
8.3 
9.0 


D 
(kcal/mole) 


36.0 
26.2 
21.9 
20.6 
18.7 


Ao(A) a(A~) 


0.80 
0.67 
0.53 
0.47 
0.44 


Element 


Li 3.03 
Na 3.72 
K 4.50 
Rb 4.9* 
Cs §.2° 








« Sources of data: Morse constants (except those marked*): See J. C. 
Slater, Introduction to Chemical Physics (McGraw-Hill Book Company, 
Inc., New York and London, 1939), pp. 454-455; Morse constants 
(marked*) : See W. Hume-Rothery, Atomic Theory for Students of Metal- 
lurgy (Institute of Metals, London, 1946), p. 216; Experimental expansion 
coefficients: See A. E. van Arkel, Reine Metalle (Springer, Berlin, 1939). 


6D. K. C. MacDonald and K. Mendelssohn, Nature 161, 972 
(1948); Proc. Roy. Soc. (London) A202, 103 (1950). 

7D. K. C. MacDonald and W. B. Pearson, Proc. Roy. Soc. 
(London) A219, 373 (1953). 

18 See, for sodium and potassium, F. E. Simon and W. Zeidler, 
Z. physik Chem. 123, 383 (1926); for sodium, Dauphinee, Mac- 
Donald, and Preston-Thomas, Proc. Roy. Soc. (London) A221, 
267 (1954); for, rubidium, H. ’Preston-Thomas in Proceedings of 
the Third, International Congress on Low Temperature Physics, 
Houston, 1953 (unpublished). 





VIBRATIONAL ANHARMONICITY 


volume at absolute zero by using Bridgman’s data.” 
The linear model, on the other hand, still predicts a 
positive deviation under these conditions [ see Eq. (15) ]. 

As we have already emphasized, it is not easy to say 
immediately whether such discrepancies are an intrinsic 
consequence of a one-dimensional model, or whether in 
fact one ought already to seek other sources than an- 
harmonicity for the behavior observed. In anticipation 
of later work we may, however, mention that the falling 
specific heat at constant Z appears to be a very general 
prediction of the one-dimensional model [see also 
Damkohler® J. 

Nevertheless, two relationships of interest can be 
derived which, because of their form, we may expect 
to translate into three dimensions without essential 
change. If dB/dV is neglected, 


d logR 
st) =n 
dlogV/ pmo 


(“ logR 
d logT 


(17a) 


) +1+42-4ayT. (17b) 
p=0 


Mott and Jones” derive analogous relations starting 
from the expression RK « 7/Mé@; their first is in agree- 
ment with ours, while they give essentially 14+2ayT 
for the second.”' The small difference arises because the 
relationship R « 7/M@ is only strictly valid for har- 
monic vibrations, while a part of the resistance variation 
in (17b) is due to the anharmonicity. 


4. THE GAS-LIKE STATE AND THE 
TRANSITION REGION 


It is clear from Eq. (7) that as P->0 the second term 
will ultimately become dominant, and if this term alone 
is considered, the partition function yields the free 
energy of a perfect linear ‘‘gas” whose specific heat at 
constant pressure is 3.Vk and whose equation of state 
is PL=NkT. Let us therefore examine the behavior 
when the two terms of Eq. (7) are comparable. We 
have now 


2n’?mk? \ | 
=Nerin( = ) — NRT InT+PNAo 


aD 


a’DkT \) 1 
= var'in(1+(“ o ) e par), (18) 
7 P 


Writing p=P/r/aD, t=kT/D, we have for the 
1 P, W. Bridgman, The Physics of High Pressure (Bell Publish- 
ing Company, London and New York, 1946). 
*N. F. Mott and H. Jones, Theory of Properties of Metals and 
Alloys (Oxford University Press, London, 1936), pp. 268, 271. 
21Jn fact, on their assumptions, Mott and Jones’s Eq. (66) 
should read 


a Fe(1+2ar(T T0)}, 


where 7» is some arbitrary reference temperature within the 
“classical” region. Their previous equation is of course correct. 
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Fic. 2. Specific heat at constant force showing transition region 
from condensed to gas-like state. This figure shows the third term 
of Eq. (20); the first two terms are negligible on this scale. 


entropy 


244 Jl 
S=Nk ) +ine+1+In( 14+ eH) 
p 


(Sram Gh)b 
and 


Cp= vel sel ‘) ) 
Set) (ort) 


From this equation it can be seen immediately that as 
t~0, C,—>Nk and as t+”, C,—>$Nk. When, however, 
(p//t)e*=1, i.e., on what we may term the vapor- 
pressure curve, 


a’DkT 
P= (=): okt and C raa-|s+(-+ +) . 
us 


In the region for which the expression is valid, i.e., 
for ‘1, this gives very nearly Cp= Nk/4f, so that for 
t=1/50 (corresponding to about 0°C for sodium), 
Cp=625Nk. In Figs. 2 and 3 the specific-heat curves 
are shown for a force such that the transition is centered 
on 0°C, and it is evident that this specific-heat anomaly 
approximates to a latent heat. Correspondingly, from 
(19), we can see readily that as the temperature is 
increased through this critical range, the entropy rises 
rapidly by about VD/7, and hence that the equivalent 
latent heat is ND. 
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Fic, 3, Specific heat at constant force showing transition region 
from condensed to gas-like state. Curve A shows the first two 
terms of Eq. (20). Curve B shows the third term. 


From Eq. (18) it also follows that the length is given 
by 


NkT p 
L=NAet—| 1/(1+= 2") , (21a) 
P Vt 


which may also be written as an equation of state, 


P\/r 
pL—wa= war / {1+ eon (21b) 
a 


While it is evident from (21a) that Z changes isother- 
mally from N Ao (characteristic of the condensed state) 
to NkT/P (characteristic of the gas-like state) as p 
runs from high to low values, it should be noted that 
the compressibility increases monotonically, showing no 
anomaly at the transition, in contrast to the striking 
behavior of the specific heat. 

We are grateful to Professor J. C. Slater for helpful 
discussions and to Dr. S. K. Roy for help in checking 
the calculations. We are also indebted to Drs. C. Domb, 
R. B. Dingle, and A. B. Bhatia for useful criticisms. 


APPENDIX 


Since it has been suggested in the past (e.g., Peierls,* 
Domb”) that a linear chain would be inherently unstable 
due to thermal vibrations, we append an elementary 
proof that this is not the case. 

Consider the propagation of a wave of thermal 


2 C, Domb, Changements de Phase (Society of Chemical Physics, 
Paris, 1952), p. 338. 
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motion through any lattice of particles such that the 
displacement of the ith particle from its equilibrium 
position is given by 


=A sin{w(t+2;,/v)}, (Al) 


where x; is the equilibrium position of the ith particle, 
v the velocity of sound, and w the angular frequency. 
Then the mean square relative displacement of any two 
particles is given by 


2a he 29° A*Ax? 
((&i— &))")w= 2A? sine(— =), $ 
Az ? 
for Ax <d/2, (A2) 
where 
Ax 8 2;—%;. 


If (A1) be a normal mode of the lattice, ignoring anhar- 
monicity, then 
(4mNw*) (4A?) =$kT, 


where m is the mass of a particle and N is the number 
of particles in the lattice. Therefore, 


(AE) y/ Ax? £40?kT/mNo*d?=kT/mNv*.  (A3) 
If we now ignore dispersion so that v is not a function 
of frequency it is clear that (A3) is independent of 
frequency, and since the individual displacements due 
to each normal mode are themselves uncorrelated, the 
total fluctuation due to all normal modes, say N in 
number, is given by 


(AE ot) n/a? < 9/N (RT /me?). (A4) 


In the case of a one-dimensional lattice, 1/N ~1, 
while for a three-dimensional lattice 91/N ~3, and thus 


in general 
(AF tot) w/ Ax? ~kT/ mv? 


and the total relative displacement of neighboring 
atoms (setting Ax=a, the lattice constant) is given by 


(AER?) w~kT a?/ mv? ~h?T / mk. 


It may be of interest (see also Frenkel”) to recall that 
the Lindemann theory of melting corresponds essen- 
tially to setting the dimensionless parameter k7/mv* 
~yg at the melting point. However, the factor k7/mv" 
may also be considered immediately as the ratio 
(V,/v)*, where V, is the thermal agitation velocity of 
the atoms; consequently the general success of the 
Lindemann theory could also thus be interpreted as 
evidence of a critical velocity (-ratio) involved in the 
melting process equally well with its derivation in terms 
of the displacement of atoms from their equilibrium 
positions. 


% J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), p. 138. 
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Probability Curves near Threshold for the Formation of Het, Ne++, At+, Kr**, 
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The formation of Het, Ne+*+, A*+, Kr*+, and Xe*+ as a function of electron energy is studied with 
essentially monoenergetic electrons. The He* curve obtained in this way for an energy range of eight volts 
above the ionization threshold does not exhibit any detectable departure from linearity. The accuracy is such 
that the difference between a 1.0 and 1.1 power curve is detectable for this energy range. The ionization 
probability curves of the doubly charged ions is interpreted as the superposition of linear excitation curves 
arising from each of the *P2, *P1, *Po, ‘De, and 'Sy states of the ions. 





I. INTRODUCTION 


ONIZATION probability curves obtained with mono- 
energetic electrons!” for singly charged ions exhibit 
a threshold law which varies linearly with the excess 
electron energy. When this linear threshold law was 
applied to the analysis of ionization probability curves 
of Xet+ and Krt it was demonstrated that the observed 
structure could be correlated to energy levels of the 
ions.’ For at least a few volts above threshold, the total 
ionization cross section could be treated as the sum of 
linearly increasing cross sections for each state of the 
ion. Certain departures from linearity over restricted 
regions were adequately explained by the autoionization 
of excited states of the atoms. More recently, Wannier* 
has extended the work of Wigner to ionization processes 
and has given theoretical arguments for a general 
threshold law applicable to singly charged ions formed 
by direct electron impact. Since the earlier reported 
work, instrumental modifications have made it possible 
to study ionization probability curves over a somewhat 
wider energy range. Because the singly charged helium 
ion has no energy levels within some 40 volts of the 
ionization potential, it was chosen for a further study of 
the threshold law. 

A natural extension of these studies is the examination 
of ionization probability curves resulting from the 
formation of doubly charged ions of the rare gases. 
Curves obtained for doubly charged rare gas ions by 
other investigators’~’ exhibited a considerably larger 
amount of curvature or “tailing” near the ionization 
threshold than did those for the singly charged ions. 
Since the tailing due to the electron energy spread 
should have been comparable for the two cases, the 
excessive tailing for doubly charged ions was believed to 
be characteristic of the formation of these ions. 


1 Fox, Hickam, Kjeldaas, and Grove, Phys. Rev. 84, 859 (1951) 

2 Fox, Hickam, Kjeldaas, and Grove, National Bureau of 
Standards Circular 522 (U. S. Government Printing Office, 
Washington, D. C., 1953), p. 211. 

3 Fox, Hickam, and Kjeldaas, Phys. Rev. 89, 555 (1953). 

4G. Wannier, Phys. Rev. 90, 817 (1953). 

5 W. Bleakney, Phys. Rev. 36, 1303 (1930). 

6D. P. Stevenson and J. A. Hipple, Phys. Rev. 62, 237 (1942). 

7 Dibeler, Mohler, and Reese, Bur. Standards J. Research 38, 
617 (1947). 
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The retarding potential difference method® developed 
by the authors'? substantially reduces the effects of 
electron energy spread and thus makes possible a 
detailed examination of the structure of ionization 
probability curves. The fact that the doubly charged 
rare gas ions (except Het*) have five energy levels near 
the ground state allows one to extend the studies of the 
effects of energy levels on these curves. 


II, EXPERIMENTAL RESULTS AND DISCUSSION 


The experiments were performed with a mass spec- 
trometer employing the RPD method of obtaining 
relative ionization probability curves. The instrument 
and procedure was similar to that employed in the study 
of singly charged ions'* with the exception that an 
electron multiplier was used as the ion detector in order 
to obtain greater sensitivity.’ 


1. Ionization Probability of Het 


The ionization probability curve for Het is shown in 
Fig. 1 for an energy range of some 8 ev. The energy 
scale of this curve, as well as all subsequent curves, has 
been adjusted so as to make the appearance potential 
agree with the spectroscopically determined ionization 
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Fic. 1. Ionization probability curve for He*. The onset has 


been made to agree with the spectroscopically determined ioniza- 
tion potential. 


® Hereinafter referred to as the RPD method. 
® A detailed description of the apparatus and method is being 
prepared for publication as a separate paper. 
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Fic. 2. (a) The deviation of the experimental points of Fig. 1 
from the best fit by least squares to a 1.1 power curve. (b) The 
deviation of the same points from a linear (1.0) curve. 


potential. In general, this correction was 0.3 ev or less. 
Figure 2 was prepared to exhibit quantitatively the 
degree of linearity obtained. The bottom curve shows 
the deviations of the points from a linear law, while the 
top curve shows the deviations of these same points 
from a 1.1 power law. These deviations were determined 
by least-squares fit in both cases. Wannier’s‘ theory for a 
threshold law predicts that for an energy range small 
compared to the Rydberg energy, 


[+= A E'27, 


where A is a constant of proportionality, and E is the 
electron energy in excess of the ionization potential. The 
curves in Fig. 2 definitely show that the 1.1 power law 
does not fit the data as well as the linear law. It must be 
noted, however, that this curve covers an energy range 
of 8 volts and thus may not be a true test of Wannier’s 
law. If the energy range is limited to one or two electron 
volts, the scatter in the experimental points makes it 
impossible to determine which of the two power laws 
gives the best fit to the data. Thus, a comparison of the 
1.1 power law and the linear law for other gases did not 
lead to a definite conclusion. 
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Fic. 3. An ionization probability curve for the formation of 
Net*. The onset has been made to agree with the spectroscopically 
determined ionization potential. The location of the energy levels 
are determined by spectroscopic data. 
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2. Ionization Probability of Ne*+*+, A*++, Kr**, 
and Xe++ 


The ionization probability curves for Ne*++, Att, 
Kr*+, and Xe+*+ are shown in Figs. 3, 4, 5, and 6, re- 
spectively. The positions of the energy levels above the 
*P. ground state as given by spectroscopic data™ are 
shown on each curve by appropriately placed arrows. 
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Fic. 4. Ionization probability curve for the formation of Att. 
The energy scale has been adjusted to make the designated energy 
states agree with the spectroscopically determined values. 


Actually, several runs were made for each gas, the 
curves shown here are believed to be typical. The curves 
are analyzed on the same basis as were the singly 
charged ions, i.e., the assumption is made that they are 
the sums of linearly rising cross sections for each level of 
the ion formed. In the present case, however, five states 
are involved: *P2, *P;, *Po, ‘De, and 'So; and since the 
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Fic. 5. Ionization probability curve for the formation of Kr*t. 
The energy scale has been adjusted to make the designated energy 
states agree with the spectroscopically determined values. 


scatter is more severe, the correctness of this assumption 
cannot be demonstrated by using it to locate the energy 
levels and then comparing the results with spectroscopic 


0 All identified states are taken from C. E. Moore, Atomic 
Energy Levels, National Bureau of Standards Circular 467 (U. S. 
Government Printing Office, Washington, D. C., 1952); Landolt- 
Bornstein, Zahlenwerte und Funktionen (s ringer, Berlin, 1950), 
Vol. I. The conversion factor used is .8 cm™ per volt from 
J. W. M. DuMond and E. A. Cohen, Phys. Rev. 82, 555 (1951). 





FORMATION OF Het, 
data. Instead, the levels are located on the curves from 
the spectroscopic information, thus dividing the curves 
into successive energy regions. Within any one energy 
region the points should fall on a straight line. Figures 3 
through 6 were prepared by fitting the best straight line 
to the data within each energy region. The relatively 
good fit of the points to the straight lines, and the 
agreement of the intersections of these straight lines 
with the marked levels is an indication that the as- 
sumption is at least approximately valid. The largest 
discrepancy occurs in the Ne*+* curve where the average 
of three runs disagrees with the 'D. and ‘Spo levels by 
about 0.5 ev. In the other cases the agreement was 
usually better than 0.2 ev. Furthermore, a certain 
amount of departure from linearity is evident in the 
vicinity of the breaks for the neon and argon curves. 
Perhaps these deviations may be explained on the basis 
of contributions from autoionization. This effect would 
be similar to that observed in the case of the singly 
charged ions.’ 
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Fic. 6. Ionization probability curves for the formation of Xe**. 
The energy scale has been adjusted to make the designated energy 
states agree with the spectroscopically determined values. 


This method of analyzing the data implies that the 
threshold law for the formation of doubly charged ions 
in a single state goes linearly with the excess electron 
energy just as for singly charged ions. The initial portion 
of the ionization probability curve for Xe*+*+ was studied 
in great detail and is shown in Fig. 7. This curve gives 
the most direct information of the group studied since 
the first excited energy level of this ion is about one volt 
higher than its ground state. A number of curves were 
taken in this region of which Fig. 7 is typical. It is 
apparent from the curve that there is no evidence for 
other than a linear threshold law. Wannier has reported 
in a private communication that the arguments which 
led to the 1.127 power law‘ for single ionization would 


Net? 


Xet? 





ny ow a 
°o °o ° 


lon Current (arbitrary units) 


3 








ol—o i i | | 
33.2 334 336 33.8 340 


Electron Energy (ev) 





342 


Fic. 7. The ionization probability curve for the formation of 
Xe** taken between the *P: ground state and the *Po state to 
demonstrate the linearity of the ionization threshold law. The 
energy scale has been adjusted to make the onset of the curve agree 
with the spectroscopically determined ionization potential. 


lead to a threshold law which varies approximately as 
the square of the excess electron energy in the case of 
double ionization. 

Additional] evidence for a linear rather than a higher 
power law is found in the early work of Bleakney® on the 
multiply charged ions of argon and neon. In his work the 
straight line sections of the ionization probability curves 
for A+*+* and Ne*** yield pronounced breaks which are 
in good agreement with the spectroscopically deter- 
mined energy levels for the removal of two p electrons 
and a single s electron. 

The results of the work reported here coupled with 
Bleakney’s work provide evidence that a linear threshold 
law holds for doubly as well as singly charged ions. The 
deviations of the points from linearity in some of the 
curves are attributed to additional ionization processes 
such as autoionization. It is evident from the data that 
an appreciable electron energy spread would yield a 
smoothly varying curve and hence result in a loss of 
information concerning the ionization processes as- 
sociated with the energy levels. The most positive test 
of the threshold law for the formation of doubly charged 
ions would be obtained from a study of Het*. Un- 
fortunately, however, interferences from a background 
current of H;*, coupled with the low ion yield for 
(He)*+* prevented this investigation. It is hoped that in 
the near future such a study can be made using He’. 

The authors wish to express their appreciation to Dr. 
D. J. Grove for his many helpful discussions, and to 
other colleagues in the Physics Department for their 
critical review of the manuscript 
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The previous calculations of Abragam and Van Vleck on the g factors of the 2p‘ *P terms of atomic oxygen 
are refined by including exchange, using better wave functions, and not assuming that the charge distribution 
in which a 2p electron moves is spherically symmetric. In Sec. 2, a general technique is developed for calcu- 
lating the relativistic and diamagnetic corrections to the g factors of complex atoms (Breit-Margenau and 
Lamb terms, etc.) by an expansion in spherical harmonics which is an extension of the well-known Slater 
procedure for computing the angular dependence of electrostatic energy. The integrals encountered are 
usually either of the Condon and Shortley F, G type, or variants thereof. The most important members are 
computed by means of the wave functions of Hartree, Hartree, and Swirles, based on a Fock self-consistent 
field, but some of the minor contributions are estimated with Slater wave functions improved by introducing 
slightly different screening constants for the 2s and 2p terms. When all corrections are comprised, including 
also the Schwinger electrodynamic shift, motion of nucleus, and deviations from Russell-Saunders coupling, 
the calculated values of the g factors for the *#P; and #P2 terms are, respectively, 1.500974, 1.500913, in 


excellent agreement with Rawson and Beringer’s experimental determinations 1.500971, 1.500905. 





I, INTRODUCTION 


HE gyromagnetic ratios or g values have been 
measured quite accurately for a number of atoms 

by molecular beam or microwave techniques in several 
laboratories.' The precision is high enough to detect 
perceptible departures from the values given by simple 
vector-coupling theory. The deviations arise from a 
variety of causes, viz. (I) the Schwinger quantum- 
electrodynamical effect, (IT) motion of the nucleus, 
(III) departures from Russell-Saunders coupling, (IV) 
relativistic or diamagnetic corrections, including modu- 
lation by the magnetic field of spin orbit and the velocity 
dependent part of the orbit-orbit interaction. The 
theory has been given for the helium atom by Perl and 
Hughes,’ and extended to the n-electron case by Perl.’ 
Abragam and Van Vleck‘ have independently developed 
the theory with particular reference to the oxygen atom. 
The reader is referred to the latter paper, henceforth 
called AVV for detailed explanation of the mechanisms 
underlylng the various corrections (I)~(IV) mentioned 
above. Abragam and Van Vleck made certain approxi- 
mations, viz., they neglected exchange terms, and in 
treating the Zeeman contribution of a given electron, 
they assumed that the charge distribution of the re- 
maining electrons is centro-symmetric, whereas in com- 
plex atoms such as oxygen it is not. Also in some places 
they used rather crude Slater wave functions. It is the 
purpose of the present article to refine their theory by 
not making these approximations. A general procedure 
will be presented in Sec. IT, which is not confined to the 


*Now at the College of Electro-Communications, Tokyo, 
Japan. 

P. Kusch and A. M. Foley, Phys. Rev. 74, 250 (1948) ; Koenig, 
Prodell, and Kusch, Phys. Rev. 88, 191 (1952); E. B. Rawson 
and R. Beringer, Phys. Rev. 88, 677 (1952); Hughes, Tucker, 
Rhoderick, and Weinreich, Phys. Rev. 91, 828 (1953); Brix, 
Eisinger, Lew, and Wessel, Phys. Rev. 92, 647 (1953). 

*W. Perl and V. Hughes, Phys. Rev. 91, 842 (1953). 

3 W. Perl, Phys. Rev. 91, 852 (1953). 

*A. Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953), 
referred to as AVV. 


particular case of the oxygen atom. It does not duplicate 
Perl’s theory, as he was concerned mainly with deriving 
the basic Hamiltonian function [our Eq. (1) ] and with 
applications to systems with only one valence electron. 
Ouranalysisin Sec. II furnishes an expansion in spherical 
harmonics applicable to arbitrary complex atoms. 


Il. MATRIX ELEMENTS IN THE nilmim, SCHEME 


Abragam and Van Vleck have shown that the rela- 
tivistic and diamagnetic corrections are given by the 
expectation value of the Hamiltonian operator 


6Z= —BH-> ,(l,+e,)7,/me? 
— (BeZ/2mc?)> [9 s(1/r,)X Ai ]-o; 
+ (Be*/2me?) > i uel V (1/1 ix) XAi)-0; 
+ (Be?/2me?)> see Vi(1/r ix) XA; ]- 20, 
—(8/2m7C)> i neLr ix (As: De) 
+r *(rin As) (tine). (1) 


The explanation of the notation used in Eq. (1) is given 
in AVV, and will not be repeated here, as the various 
symbols have their usual significance. We take the 
magnetic field along the z axis, whence 


A,=—4yH, A,=}xH, A,=0. 


As shown in AVV the first term of (1), proportional to 
the kinetic energy 7, is the relativistic correction proper ; 
the second and third terms derive from spin orbit, the 
fourth from the spin-other orbit, and the fifth from the 
magnetic orbit-orbit interaction. The sum of the first 
three terms is called the Breit-Margenau, the fourth the 
Lamb correction. 

We will show that it is possible to follow a procedure 
analogous to that in the theory of complex spectra. 
This analogy is not explicitly brought out in AVV, but 
is very helpful. The operators involved in (1) are 
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generalizations of a quantity either of type F or G in the 
terminology of Condon and Shortley’s book® (hence- 
forth called TAS). Matrix elements of 5Z in the nlmym, 
scheme can be calculated by making expansions which 
are similar to those in TAS, but usually considerably 
more complicated. Transformation to the SLJM scheme 
will be made in Sec. 3 by the method of diagonal sums. 
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In the nlmym, scheme a state A can be specified by a 
complete ordered set a', a’, ---a% of one-electron 
quantum numbers, where a‘ stands for a set of four 
quantum numbers nlmm,. The corresponding orbital 
function is R(nl)©O(/m,)(m,). The first two terms of (1) 
are of one-electron type, and so easy to evaluate. One 
readily finds that 





(A|6Z,| A) = — (GH/me?)>. ((mz'+-2m,*) (n'l*| T| n't), (2) 
1 a 
a n* ‘ ~, 
r (21*— 1) (21‘+3) 





BHZeé a 
(A|6Z_|A)= ; om a (3) 
mc 


Here, (n'‘l‘| T|n‘l*) denotes the kinetic energy of a single n'‘l* electron. The contributions from a closed shell to (2) 
or (3) vanish. 
The third and fourth term of 62 will be treated simultaneously. Their combined diagonal element is 


(A |6Z3+6Z,4| A) = (Be?/2mc?)> ; wel (2m,'+4m,")J (a‘a* ; aia*)+6m,'5(m,',m,*)J (aia*; a*a*) |, (4) 


where 
J (ab; cd) = (ab| [V i(1/r in) X Ax Je! cd). (5) 


The spin dependence of (4) is such that the contributions from interactions within closed shells cancel out, but this 
is not true of the interactions between closed shells and valence electrons. We calculate the requisite values of (5) in 
the followlng way. We first note that 


1 H 0 01/1 
| vs(—) xa] == |r sin + ost sin |(- ), (6) 
Ti2 Z 2 or; 086; Ti9 


and then make the standard expansion (notation as in TAS): 


1 ” r* 4 k 
=> ——-—— ¥ 0,(km)@2(km)4,(m)2*(m). (7) 


ho ryt 2k+1 m=—k 


By appropriate recursion formulas (TAS p. 53), we express sin*#,©, (km), and cos@, sin0,00,/00, as linear combina- 
tions of ©,(k+2m), ©,(km), and ©,(k—2m). We thus obtain the result, 


1 Ho rch 49k (kA 1)(k4+-1241)+m’? 
Ce aCe 
rie 2 2 k=O ry*tl 2h+1 m=-k 


Rae rerey 
(2k+1) [(k1)*—m?][ (e+ 1+1)?—m*] 

-$ —--- a nietsicknineisnnion 

(2k+1+2) (2k—1+2)(2k+3+2) 


@, (km) 





4 
) @ (2m) | xm) (m)bs*(m) (8) 


Here the upper or lower choice of sign applies according as 7;>r2 or 7;<12. The integrations over ¢ involved in 
taking the expectation values are elementary. Those over @ lead to the well-known expressions of Condon and 
Shortley, viz., 


C¥ (Imi l'm/) =[2/(2k+1)}! f Q (km —m,')O (im) O(I'm/) sinbds, (9) 


whose numerical values are tabulated in TAS, p. 178. The radial integrals involved in the direct in distinction from 
exchange terms are of the form 


« lyr k 
F,*(nl,n'l’) = f dr; f —_R}(nl)R?(n'V drs. (10) 
0 0 ryt 


Our expressions /* are somewhat different from the Condon and Shortley integrals F*, which can be defined in 


terms of the F,* as follows: 
F*(nl,n'l') = FS*(nbn'l')+FS*(n'l nl). 


5 E. V. Condon and G. H. Shortley, The Theory of Atomic Spectra (Cambridge University Press, Cambridge, 1935), referred to as ‘TAS. 
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For the special case n’=n, l’=1, this relation becomes 


F5*(nl,nl) a $F*(nl,nl). 
We find 


« (k+1)(k+2) 
J (ab; ab) = at CFS *(ml*,n*1®)C*(1>m,»,1>m 1") 


imo (2k+3) 
+ Fy *+2(m*1? n2l2)C*2 (Lm > Lm ,*) C# (Lom 2m *) —C* (lm 2,l¢m,*) ]. (12) 
In a similar fashion we find that the exchange integrals are given by the following expressions : 


1(ob; ba) H s- 4 Gn n| 2(m,*—m,")?— (2k?+ 2k—1) C¥(lemi2]°m,*) 
J (ab; ba) =— *(nl*;n —C*(l¢m *,1°m 
i sa (2k—1)(2k-+-3) gah 


(= (mi* — mi") (k++ 1 1)?— ~ (mi ny: 





mace ee C42 (14m *,1°m ,») }C#(1¢m2,1°m,"), (13) 
<= 


where G* is defined as in Condon and Shortley. [There is no need to introduce also an exchange integral G,* 
analogous to (10), as G.*=4G*.] In (13) and elsewhere the symbol }>; means that there is to be a summation sign 
over both sign choices. 

The calculation of the fifth or orbit-orbit term of 6Z is based on the same general sort of procedure as for the 
other terms, but is considerably more laborious. The final result is® 


(A |6Z5| A) = — (Be?/me*h) >. : x M(a‘a*; a‘a*) —6(m,‘,m,")M (a‘a*; a*a*) |, (14) 


(k-+1)(21>+1) 
»]- 
(2k+-1)?(21°—1) 


with 


M (ab; ab)=}hH > (FS*"'(n%l2,n*l*) + Fo (nln 
k=l 


} [> 44+C b1(Joyna l¢m*) | 


XE a+ (LF m,") (LF m,o—1)9C* (Lm?) 6— 1m )°+1) |, (15) 
M (ab; ba) = thH & (a. G*#"(n°l*,n1)) 
kod) 


x{p ( “42/1 TeattNPaert?) Lm pt, thm) 
m°—m ” oar ers °+- 1m +1, bm 
Pek! iss (21°-4-1) (21°43) 


(eFmi* ~1) (em?) (Ie--m°+ 1) (lm *+2) 
+( ~ nn ne ) cxdebimeet, L>m,”)C*(1¢—1m)*+1, l°m,°) 
(21¢—1)(21¢-4-1)2(212-43) 





(l°=Fm ;* ~1) (°F m:*) 
— (1¢+-1) —(C*(l¢—1m)*+1, om) 
(2°—1) (2184-1) 


(I9-+1—mi*)(Ie+1+-mi*) 
+2(mi* —m| te eeercternereste —(C* (12+ 1m,*, 1*m,"))° 
(2104 1) (2104 +3) 


(— m*) (I (°-+mi* )(e+ 1i- m*) (e+ I +m’) 
(2101 1) (2104. 1)2(20e4. 3) 


), C*(1¢+- 1m 2, L’m,*)C*(l¢— 1m, l’m,°) 


l¢—m; “(lem ‘*) 
— (1*+-1 ‘aed dns ( creme, m9)| 
(21¢— 1) (2/*+-1) 


. ” p* 7 (1—k) eet ret kg rte 
TF gm aca a 
kel oy Wo 2k+1 r,*tl r,** ok+5. rh 


XR (W1) RCW) RA(W sare ome dm) (16) 


1 T 
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In concluding the present section, it should be men- 
tioned that the sums over & in the various expressions 
which we have derived do not really involve an infinite 
number of terms and instead in any practical case are 
limited to a few terms, as is usua! for spherica) harmonic 
expansions in atomic spectra. The reason that this is 
true is that C*(/m,l'm’) vanishes unless k, 1, and I’ 
satisfy the so-called triangular condition k+/+l/' 
= 2g (q integral), |/—1'| <k</+l’. 


III. APPLICATION TO THE OXYGEN ATOM 


The preceding section gives the general technique for 
calculating matrix elements in the nlm,m, system of 
representation. The application to oxygen proceeds by 
specializing the results to the configuration 2p‘. In 
addition, it is necessary to transform the results to the 
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LSJM system of representation. This is accomplished 
by using the invariance of the diagonal sum, together 
with the fact that the transformation properties of all 
the first-order Zeeman terms under rotations are such 
that they must be proportional to the magnetic quantum 
number M. This feature or trick is explained in AVV 
and so need not be described here. Some of the manipu- 
lations involved in 62, are fairly complicated, and as a 
check on the accuracy of the calculations they have been 
reduced to the final form by grouping the integrals in 
two different ways in the intermediate steps, of which 
we omit the details. 

The final forms for the corrections to the g factors of 
the *P, and *P, terms, which as in AVV we denote by 
Ag, and Ag», prove to be® 


Agi= (8me*)“'{ —12(T wt 2Z(1/1) mw —[SF°(2p,2p) — (11/5) F?(2p,2p) 
+L nar, 2(4F >?(2p,ns)+ (16/3) F>°(ns,2p) — (8/5) F>*(2p,ns))] 
— 2[F°(2p,2p) + F*(2p,2p) +2 nat, 2(4/3)(F>°(ns,2p) +F>°(2p,ns) 


— (7/20)G"(2p,ns) —4G~ (2p,ns) — (1/10)G*(2p,ns) — 7 R(2p,ns)) }}, 


(17) 


Aga= Agi— (Sme*)1{ (Z/2)(1/r)m— [3 F°(2p,2p) +4 F*(2p,2p) 


+X nai,2(—F>°(2p,ns) + (4/3) F>*(2p,ns) —G"(2p,ns) }}. 


(18) 


Here, (7), and (1/r),, denote the mean values of the kinetic energy and 1/r for a 2p electron, and G~ is the ex- 
change integral G* for k= —1. The definition of R(2p,ns) is 


wl ied 1 rZ d 
RO2pns)=4 f f (rire trie) Ru p)Rilns)( Ra(2P)— 
0 Yo > r,? r>* dr 


In Table I we give the numerical values which we use 
for the various integrals, and also the methods by which 
these values are calculated. A few comments on the 


TABLE J. The numerical values of (7)4, and various radial 
integrals involved in the expressions for Ag; and Age. (All values 
are in atomic units.) 








Numerical value 


1,11* 


1.099¢ 
1.0894 
0.409¢ 
0.2074 
0.179 


Numerical value Integral 


13° 10-° 


0.773» 
0.754» 
0.336 
0.092! 
0.472» 


0.173 
0.032 
—0,1238 


Integral 





F°(2s,2) 
F°(2p,2p) 
F*(2p,2p) 
G'(15,2p) 
G'(2s,2p) 


G~'(2p,1s) 
G*(2p,15) 
R(2p,1s) 


F°(1s,2p) 

F,°(2p,15) 
F,9(2p,2s) 
F,2(2p,15) 
F,*(2,2s) 


G"1(2p,2s) 
G(2p,2s) 
R(2p,2s) 


1.3548 
0.2918 
—0.0428 





* Calculated by numerical integration of the HHS wave function, and 
also by integration of the Léwdin analytical function. The value 1.11 is 
obtained in both cases. 

> Calculated by Hartree, Hartree, and Swirles. 

oe from HB by assuming F°(1s,2p) = F®(1s,2p)n8 +(1/r)nna 
~(1/r)n. 

PCr ated by the formula F,*(2p,1s) =(7*)1s(7~*1)2p —F~*1(15,29), 
The first term is computed with Léwdin functions, while the second is small 
and is adequately calculated with the modified Slater functions. 

* Derived from HHS by making a rough estimate of the small difference 
PF *(2p,2s) — yee 

f Calculated by D. R. Hartree and M. M. Black. 

« Calculated from the modified Slater functions. 





d R,(2 
Morag” ( ?) 


R,(ns) 
2 re, 38 


arid (19) 
r 


latter are in order. Many of the integrals have already 
been computed in the paper of Hartree, Hartree, and 
Swirles’ (henceforth abbreviated to HHS), or can be 
estimated quite accurately from data in it. More of the 
integrals are given in an earlier article by Hartree and 
Black* (HB), which does not, however, include the Fock 
exchange terms. It is not consistent to calculate some 
integrals with wave functions which include exchange, 
and others with functions which do not, but the 
relatively minor modifications caused by exchange can 
be extrapolated by comparing the results for the 
integrals which have been computed by both methods. 
Some integrals such as G' are so small or have such 


® Mimeographed pages of the algebraic details of the derivation 
of Eqs. (13)-(18) can be obtained by writing to Miss Esther 
Reynolds, Librarian, Lyman Laboratory, Harvard University, 
Cambridge, Massachusetts. This supplementary material is also 
available as Document with the ADI Auxiliary Publications 
Project, Photoduplication Service, Library of Congress, Washing- 
ton 25, D. C. A copy may be secured by citing the Document 
number 4326 and by remitting $1.25 for photoprints or $1.25 for 
35-mm microfilm. Advance payment is required. Make checks or 
money orders payable to: Chief, Photoduplication Service, Library 
of Congress. 

? Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 
A238, 229 (1939), referred to as HHS. 

*D. R. Hartree and M. M. Black, Proc. Roy. Soc. (London) 
A139, 311 (1933), referred to as HB. 
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small coefficients that the distinction between HHS and 
HB is immaterial. There are also available the elaborate 
analytical wave functions of Léwdin,’ which are quite 
accurate analytical descriptions of the wave functions 
obtained numerically by HHS, but it is too laborious to 
calculate anything bu‘ one-electron integrals by means 
of them. When no other method is available, we have 
utilized a modified form of Slater wave function. The 
modification consists in using slightly different, rather 
than identical exponents, for the 2s and 2p wave 
functions, viz., 


R(2s)= Bre", R(2p)=B'r’e* 9", (20) 


The exponents have been determined so as to yield the 
same values of F°(2s,2s) and F°(2p,2p) as those obtained 
numerically with HHS wave functions. Fortunately, all 
the terms which must be estimated only by means of the 
modified Slater functions are relatively minor, so that 
the absence of high precision therein will not vitiate our 
results. 

By far the most important integral or expectation 
value to know accurately is that involving the mean 
kinetic energy. This has been calculated by the following 
three methods, which agree to within one percent: 


(a) Direct integration of the kinetic energy operator 
with Léwdin wave functions. 

(b) A method which utilizes the conservation of 
energy, and which expresses T as a difference between 
the total energy and an appropriate potential energy. 
The relevant formula is 


(T) w= —}€2p, 2p +Z(1/r) m4 — 2F°(2p, 15) —2F°(2p,2s) 
— 3F*(2p,2p)+ (3/10) F*(29,2p) 
+4G"(2p,15) +4" (29,29), 


where é€2,,2, is the energy parameter of HHS (the 


(21) 


TaBLe II. Calculated and observed corrections Ag, and Ag, to 
the g factors of the 2p**P, and *P, terms of oxygen. (The uncor- 
rected value is g=1.5 for both terms.) 


Agi Age 
KVV* AVV» KVV* AVv» 


—203 —203 
(62+) +118 — 158 +71 — 198¢ 

(623 +6Z3) (direct) ~71 —70 

(6Z24+6Z,) (exchange) +2 te +8 tee 
(625) (direct —34 —31 —28 —31 
(6Z5) (exchange) +15 tee +9 tee 


Relativistic and diamagnetic —213 


Motion of nucleus +2 +2 +2 +2 
Departure from Russell- 0 0 ~21 —21 
unders couplin 
Schwinger-Karplus- Kroll +1145 +1145 +1145 +1145 


TOTAL 974 958 913 897 
Observed 971 905 


Correction 


(621) 





—173 —189 ~229 








* Kambe and Van Vleck (present work), 

> Abragam and Van Vleck (see reference 4). 

*Sum of the Breit-Margenau and Lamb corrections which is (62: +8Z:) 
+(8Z3+8Z,4) (direct) in the present calculation. The contribution of the 
Breit-Margenau corrections (without exchange) is 

~142 X10~* (for Agi), —164 K10~*( Ags) (K. & V.V.) 
—130 X107*( Agi), —156 X107¢(Ags) (A. & V.V.) 


* P. O. Léwdin, Phys. Rev. 90, 120 (1953). 
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quantity conserved according to their wave equation— 
not to be confused with a physical ionization energy). 
The various integrals in this formula are calculated as 
shown in the table, mainly with the numerical data 
of HHS. 

(c) A generalized virial theorem. Because of the Fock 
exchange tems, the virial theorem does not have its 
usual elementary form, but from the HHS wave 
equation one deduces that 


(T) m= 4$Z(1/1)w— F>°(2p,18) — F>°(2p,25) 
— {F°(2p,2p)+ (3/40) F?(2p,2p) 


+ (1/6)[G’(1s,2p)+G' (2s,2p)]+3 DL 


n=] ,2 


xf Y,(ms,2p)Ri(ms)(dR,(2p)/dri)dr;, (22) 


where 


¥a(ns,2p)= f “(e/r)Ro(ns)Ra(2p)drs 
+f (r?/r2)R2(ns)R2(2p)dre. (23) 


The agreement of the mean kinetic energy as obtained 
from (b) and (c) is a check on the accuracy of the HHS 
wave functions. This comparison is of interest for this 
reason quite irrespective of the application to oxygen, 
and furnishes a method of checking the accuracy of 
wave functions based on Hartree-Fock fields for other 
atoms than oxygen.” This is one reason why we have 
included formula (22). The numerical check is, of 
course, only on the numerical accuracy with which the 
equations are integrated, and supplies no information 
concerning the physical soundness of the mathematical 
model itself. 

The values of (7), obtained by methods (a), (b), and 
(c) are, respectively, 136, 135, and 133 10~*. 


IV. COMPARISON WITH EXPERIMENT FOR OXYGEN 


In Table II we list the various corrections to the g 
factor which we have calculated. The earlier values 
obtained in AVV are appended for comparison. We also 
tabulate the various other corrections which must be 
included and are the same as given in AVV. The new 
grand total is seen to agree well with the measurements 
of Rawson and Beringer. The discrepancy is less than 
either the experimental or theoretical error. 

The one fact which is a little disconcerting is that the 
difference Ag,:— Ag» is not given with higher precision 
than the absolute values themselves, viz., 


Agi— Ag2=61X10~* (calc), Agi—Age=66X 10~ (obs). 


Experimentally, 4gi;— Age can probably be measured 
more accurately than g; or gs, and this should also be 


* Our formulas (21) and (22) are specialized to the configuration 
2p‘, but there are analogous expressions in other cases. 
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true of the theoretical calculations. In fact, the orbit- 
orbit corrections (as well as the more certain electro- 
dynamical corrections and those for the motion of the 
nucleus) cancel out entirely from Agi—Ags [see Eq. 
(18) ], and these were the only corrections in which we 
had to resort to modified Slater wave functions. The 
deviations from Russel!-Saunders coupling are involved 
solely in the difference Ag;— Ags, and it is natural to 
blame them for the discrepancy. However, the spin- 
orbit parameter involved therein can be estimated quite 
accurately by extrapolation from atomic spectra [unless 
perchance, the nondiagonal element (°P2|{2,|'Dz2) dif- 
fers markedly from the diagonal elements" ('P|f2{!P) 
or (*P|f2»|*P)]. In any case, a discrepancy of only 
5X10- is, after all, very small. Complete reliance can- 
not be placed on even the most perfect Hartree-Fock 
wave functions used to compute F*, etc., because of 


1G. W. King and J. H. Van Vleck, Phys. Rev. 56, 464 (1939), 
find that the diagonal and off-diagonal elements of ¢ are ap- 
preciably different in mercury, but in light atoms like oxygen the 
difference may not be as great. 
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approximations basic to the self-consistent field model. 
The HHS wave functions, for instance, give a spin-orbit 
parameter about 10 percent too high. (The discrepancy 
in Agi— Ags would, incidentally, disappear almost com- 
pletely if we used the HHS rather than spectroscopic 
value of {2, in calculating the deviations from Russell- 
Saunders coupling, but there appears to be no logical 
grounds for so doing.) We are hence probably hoping for 
too much precision, and it certainly does not seem 
repaying to push further any calculations based on the 
Hartree-Fock model. The experimental measurements 
of Rawson and Beringer were originally essayed to see 
whether there was experimental evidence for the 
Schwinger electrodynamical corrections in complex 
atoms. As a result of the present paper we can certainly 
say that these corrections are confirmed in oxygen, 
though of necessity with less precision than in atoms 
with a single valence electron. 

The authors wish to thank the U. S. Office of Naval 
Research for making it possible for one of them (K.K.) 
to be at Harvard during the writing of this paper. 
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Decay Scheme of I'*** 


H. L. Frnston AND W. BERNSTEIN 
Brookhaven National Laboratory, Upton, New York 
(Received June 8, 1954) 


The radiations of 2.33-hr I'** have been investigated with magnetic lens and scintillation spectrometers. 
Beta rays of 2.12 (18 percent), 1.53 (24 percent), 1.16 (23 percent), and 0.9 (20 percent) Mev have been 
identified. Gamma rays of 0.528 (25 percent), 0.624 (6 percent), 0.673 (100 percent), 0.777 (75 percent), 
0.96 (20 percent), 1.16 (8 percent), 1.40 (11 percent), 1.96 (5 percent), and 2.2 (2 percent) Mev have been 
observed, and their coincidences are tabulated. A possible decay scheme is proposed which is consistent 


with the experimental data. 


INTRODUCTION 


HE routine production! of 77-hr Te’ —2.33-hr I'” 

has made available high purity, high specific ac- 
tivity I sources for the first time. Previous investiga- 
tions reported 8 rays’ with maximum energies of 2.2 and 
0.9 Mev, and y rays® of 0.67, 1.41, and 1.99 Mev. 
A y ray of energy greater than 2.23 Mev was reported* 
since photoneutron production in D,O was observed. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Stang, Tucker, Banks, Doering, and Mills, Nucleonics (to be 
published). 

2 Novey, Sullivan, Coryell, Newton, Sleight, and Johnson, in 
Radiochemical Studies: The Fission Products (McGraw-Hill Book 
Company, Inc., New York, 1951), Paper No. 135, National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Book 2, 
part 5, p. 958. 

3 Maienschein, Bair, and Baker, Phys. Rev. 83, 477 (1951). 

4L. S. Goldring, Brookhaven National Laboratory Quarterly 
Progress Report, July 1-September 30, 1951 (unpublished); 
Brookhaven National Laboratory Report BNL-132 (S-11) (un- 
published). 


In view of the uncertainty in the existing information, it 
seemed advisable to undertake the present investigation. 


Source Preparation 


The radioactive Te was separated with carrier Te 
from pile-irradiated U by a series of hydrolytic precipi- 
tations of TeO, alternated with precipitation of ele- 
mental Te by means of NaHSO; solution. The final 
solution consisted of NagTeO; in NaOH. 

Since the half-life of I is short, it was desirable to 
use a Te — ] equilibrium source for the 6-ray energy 
measurements. This source was prepared by evaporating 
a small aliquot of the above solution on 0.1 mg/cm? 
nylon one week after the initial Te separation; the I 
which had grown in during the one-week delay was 
driven off during the evaporation. Sufficient time was 
then allowed for the I to attain equilibrium with the 
Te™ before the measurements were begun. The one- 
week delay before the separation of Te from I allowed 
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Fic. 1. Kurie plot analysis of the I 8-ray spectrum. 


for the decay of the primary short-lived Te fission 
product activities (2-min Te, 44-min Te™, 2-min 
Te, 25-min Te™!, 72-min Te™, and 9.3-hr Te'®’). 
The Te isomers, 115-day Te”, 33-day Te’ and 30-hr 
Te, which are the parents of 9.3-hr Te’, 72-min 
Te™ and 25-min Te™!, respectively, were not removed 
by this procedure. However, a consideration of the 
fission yields’ and the half-lives indicates that the 
contribution from these activities could not be greater 
than 2 percent of that due to the I, The 77-hr Te™, 
which was of course present, did not obscure the results 
for reasons which will be discussed later. A similar 
source was mounted in a stainless steel cup for investi- 
gation of the externally converted y-ray spectrum. 

In order to obtain an unambiguous picture of the I 
y-ray spectrum, it was desirable to use “pure” I'® 
sources for these measurements. These sources were 
prepared from the final Te solution in the following 
manner: After an initial delay of at least 48 hours, 
which permitted the short-lived Te activities to decay, 
the daughter products were separated from the Te 
solution. Since this separation was performed at varying 
times after the initial Te separation, variable amounts 
of Te#'™ and Te” were present in the solution. A 2-4 
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5A. C. Pappas, Technical Re 
Nuclear Science, Massachusetts Institute of Technology, 1953 
(unpublished). 


hour growth period, after which the I was separated 
from the Te solution, resulted in a negligible contribu- 
tion from the 8-day I"*! arising from the Te™!™ which 
may have been present. The I was precipitated as 
AgI and mounted. 


§-RAY MEASUREMENTS 


The §-ray spectrum was investigated using a lens 
spectrometer with a resolution of 2.7 percent. Figure 1 
shows a Kurie plot analysis of the I'* 6-ray spectrum. 
The experimental points were corrected for the decay 
during the experiment. Analysis of the Kurie plot 
gave the following 6-ray energies and approximate in- 
tensities: 2.12+0.04 Mev (18 percent), 1.53+0.07 Mev 
(24 percent), and 1.16+0.07 Mev (23 percent). A more 
doubtful 6-ray group with an energy of 0.9+0.1 Mev 
and an intensity of approximately 20 percent was also 
observed. The K-shell internal conversion electrons 
from the 0.673-Mev y ray were carefully determined; 
the sources were too weak to permit accurate measure- 
ment of the other internal conversion electrons. It is 
obvious that the Te" 8 rays, which are of much lower 
energy® (approximately 0.22 Mev), did not interfere 
with these energy and intensity determinations. 


*L. M. Langer and G. Ford, Atomic Energy Commission 
Report WASH-62, December, 1951 (unpublished), referred to in 
“Table of Isotopes” by Hollander, Perlman, and Seaborg, Revs. 
Modern Phys. 25, 469 (1953). 





DECAY SCHEME OF 


y-RAY MEASUREMENTS 


The energies and intensities of the y rays were investi- 
gated with a scintillation spectrometer which consisted 
of a 1-in. highX14-in. diameter cylindrical NaI(T1) 
crystal, a DuMont K1186 photomultiplier tube, non- 
overloading amplifier,’ stable high-voltage supply,* and 
a single-channel pulse-height analyzer.’ The source was 
placed approximately six inches from the crystal to 
minimize spurious addition effects which result from 
the simultaneous detection of two cascaded y rays. Be 
absorber was used to remove the @ rays. 

The y-ray spectrum was divided into three over- 
lapping regions to insure that all points were deter- 
mined in the region of good amplifier linearity and 
constant channel width. The normalized composite 
curve is shown in Fig. 2. The experimental points were 
all corrected for the decay which had occurred during 
the run. Energy calibration was made with Co”, Na”, 
Cs'*7, and Ce'-Pr'4 y rays. Although there was a 
slight asymmetry in the shape of the 0.665-Mev y-ray 
photoline, the resolution was too poor to identify 
another y ray. However, a y ray of 0.624 Mev, which 
is not seen in Fig. 2, was observed in the electron 
spectrum from a thin lead converter with the lens 
spectrometer; the resolution was again set to 2.7 per- 
cent. No y rays with energy less than 0.500 Mev were 
observed; the absence of a 0.364-Mev y ray indicates 
that the 8-day I'*! contamination was negligible. Since 
no x-rays were observed, there are no abundant rays 
present which are converted to an appreciable extent. 

The relative intensities of the individual y rays were 
obtained in the following manner. The areas under 
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Fic. 2. I y-ray spectrum observed with a 
scintillation spectrometer. 


TR. L, Chase and W. A. Higinbotham, Rev. Sci. Instr. 23, 34 
(1952). 

*W. A. Higinbotham, Rev. Sci. Instr. 22, 133 (1951). 

® Model 510, Single Channel Pulse-Height Analyzer, Atomic 
Instrument Company, Cambridge, Massachusetts. 
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each of the individual photolines were integrated after 
subtraction of the background and the Compton dis- 
tribution from each of the higher energy y rays. These 
areas, after correction for the crystal efficiency and 
yield in the photoline,"° are proportional to the relative 
intensities of the y rays. In the case of the 1.96- and 
2.2-Mev ¥ rays, the efficiency curves were extrapolated 
to these energies. Although some error was introduced 
by this procedure, it is probably small compared to the 
other errors in obtaining the intensities of these lines. 
The intensity of the 0.624-Mev vy ray is estimated to 
be approximately 6 percent of the 0.673-Mev y ray 
from the external conversion electron data. The energies 
and intensities of the y rays are tabulated in columns 1 
and 2, Table I. 


TaBLe I. Energies, intensities, and y-y “coincidences” of I'® 
y rays observed with scintillation spectrometers. 


Rel, intensity 
(%) (including 
efficiency 

corrections) 
0.510+0.03 25+5 
0.665+-0.03 100 


y rays observed 
in “coincidence” 
spectrum (Mev) 


0.665, 0.768 
0.510, 0.665, 0.768, 0.96, 
1,16, 1.40, 1.96 
0.510, 0,665, 0.96, 1.16, 1.40 
0.665, 0.768 
0.665, 0.768 
0.665, 0.768 
0.665 


Selecting y-ray 
energy (Mev) 


0.768+0.04 
0.96 +0.05 
1.16 +0.06 
1.40 +0.07 11+4 
1.96 +0.10 ~S5 
2.2 +0.10 ~2 


75410 
2044 
8+3 


An equilibrium Te?-I source was supplied to Dr. 
E. Church at the Argonne National Laboratory, who 
examined the internal conversion electrons in a 440- 
gauss f-ray spectrograph. He obtained the following 
more accurate energy measurements : 0.528+-0.006 Mev, 
0.673+0.006 Mev, 0.777+0.006 Mev. No significant 
data were obtained for the higher-energy y rays be- 
cause the source intensity was too low. 


y-y AND §-y COINCIDENCE MEASUREMENTS 


The y-y and 8-y coincidence data were obtained using 
a coincidence scintillation spectrometer, the components 
of which were identical with those previously described, 
except that a gray-wedge coincidence spectrometer" re- 
placed the single-channel analyzer. An anthracene 
crystal was used as the §-ray detector for the B-y 
coincidence measurement. The essential feature of this 
coincidence spectrometer is that it displays either all 
events detected in one crystal, or only those events 
which occur in time coincidence (0.1 usec) with events 
of a selected amplitude observed in another detector. 
Accidental effects were evaluated by the introduction 
of a 0.5-usec delay line in one leg of the coincidence 
circuit. The y-y coincidences are tabulated in column 3, 
Table I. 

” P. R. Bell (unpublished). 

4 Bernstein, Chase, and Schardt, Rev. Sci. Instr. 24, 437 (1953). 


R. L. Chase, Brookhaven National Laboratory Report BNL 262 
(T-42), 1953 (unpublished). 
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Fic. 3. Proposed decay scheme of I. The energies and intensities 
are the experimentally observed values. 


By making intense exposures, it is possible to define 
the end point of a B-ray spectrum fairly accurately. 
Photographs were taken of the 8 rays in coincidence 
with each of the y rays. The 2.12-Mev 6 ray was 
observed to be in coincidence with both the 0.665- and 
0.768-Mev vy rays. Evidence for the other 6-y coinci- 
dences could not be obtained. The available source 
strength required that good geometry be used for these 
measurements, and consequently the intensity of the 
addition spectrum of the 0.665- and 0.768-Mev vy rays 
was comparable with that of the other y rays. Although 
stronger sources could have been prepared, they would 
have been extremely difficult to work with, and it was 
felt that the Kurie plot analysis provided sufficient 
evidence for the proposed decay scheme. The 6-y co- 
incidences obtained with the 1.96- and 2.2-Mev ¥ rays 
were doubtful because the low intensity of these y rays 
limited the statistical accuracy of these measurements. 


DISCUSSION 


The decay scheme postulated in Fig. 3 is consistent 
with the experimental evidence ; the indicated intensities 
and energies are the experimentally determined values. 
Doubtful or unobserved transitions are indicated by 
the dashed lines. The locations of both the 2.2- and 
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0.624-Mev (yo, Fig. 3) y rays in the decay scheme are 
not implicit in the coincidence data. However, the 
2.2-Mev ¥ ray, which is probably the 7 ray observed to 
produce photoneutrons in D,O, represents within the 
experimental error the crossover transition for the 
1.4- and 0.77-Mev + rays. The 1.16-Mev y ray repre- 
sents, within the experimental error, the crossover 
transition for the 0.53- and 0.62-Mev y rays. 

The energy and intensity of the 0.97-Mev 8 ray 
which was uncertain, and the 0.73-Mev 8 ray which 
was not observed in the Kurie plot analysis of the 
B-ray spectrum, are postulated on the basis of the 
y rays. The §-y coincidence data indicate that there 
are no f-ray transitions to either the ground state or 
the 0.67-Mev level, and that the 2.12-Mev £ ray leads 
to the 1.45-Mev level. The log(//) values for the 2.13, 
1.53, 1.16, 0.97, and 0.73 Mev £-ray transitions are 7.5, 
6.9, 6.4, 6.1, and 5.8, respectively; this indicates that 
all the 8-ray transitions are probably first forbidden, 
with the possible exception of the 0.73-Mev @ ray. 

The K-shell internal conversion coefficient for the 
0.673-Mev vy ray was determined to be 2.710; this 
value appears to be in best agreement with the theo- 
retical values for an £2 transition.” 

The coincidence and intensity data indicate that the 
0.673-Mev level represents the first excited state of 
Xe'?, The 2+ assignment for this level is consistent 
with the predictions of the systematics of the first 
excited states of even-even nuclei. The spin assignment 
of the 1.45-Mev level is probably larger than 2, since 
no -ray transitions to the 2+, 0.673-Mev level or the 
0+ ground state are observed, and crossover transi- 
tions from the 1.45-Mev level to the ground state are 
absent. 
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Expansions, involving the Airy integrals, of the functions Fx (n,o), Gi(n,p) are obtained from a study of 
the Coulomb wave equation. These expansions are convergent in the region |p—p;| <p1, where 


a=ntle+L(L+1) }. 


1, INTRODUCTION 


HE Coulomb wave functions F1(n,p), Gxr(n,p) 
which are defined as two linearly independent 
solutions of the differential equation 


d*y 2n L(L+1) 
—+(1- -———)y=0, (1) 
dp’ p p” 


where L is a non-negative integer and 7>0 is a pa- 
rameter,! are of importance in many problems such as 
the separation of Schrédinger’s wave equation for a 
Coulomb force field, the scattering of charged particles 
and the stability of laminar Poiseuille flow. They have 
been investigated intensively for the past several years 
and expansions of them have been obtained by various 
authors. 

In the present note, we establish first a representation 
of the general solution of (1) with =O, valid in the 
region |p—2n|<2n, in terms of the well-known Airy 
integrals Ai(z), Bi(z) which, for z>0, are defined*® by 
the relations 


Ai(z) = 424{ 7_, (32!) — 1, (924)}, 


(2 
Bi(2) = (0/3)1_4(Qe) +1442"), ; 
where J +,(x) is the modified Bessel function of the first 
kind. We then outline our method briefly for the case 
L#0 and not necessarily an integer. As far as the 
functions F',(n,p), Gi(n,p) are concerned, there is no 
real loss of generality in considering the case L/=0 only 
as these functions satisfy recurrence relations by which 
they can be generated from the functions Fo(y,p), 
Go(n,p) and their derivatives. 
The possibility of a representation of the solutions of 
(1) with L=O in terms of Airy integrals becomes 


* This work was supported (in part) by the U. S. Office of 
Naval Research. 

1Tables of Coulomb Wave Functions, National Bureau of 
Standards, Applied Mathematics Series 17 (U. S. Government 
Printing Office, Washington, D. C., 1952), Vol. 1. 

2See, e.g., Bloch, Hull, Broyles, Bouricius, Freeman, and 
Breit, Phys. Rev. 80, 553 (1950); T. D. Newton, Atomic Energy 
of Canada, Limited. Unclassified Report, CRT-526 (unpublished), 

8 The Airy Integral (British Association for the Advancement 
of Science, Cambridge, 1946). 


apparent if we transform Eq. (1) by the substitution 
a= (2n—p)/(2n)', w= (2n)4, (3) 


into the equation 


(4) 


ux 


for this equation resembles, the more so the larger yp, 
the equation 


u’—xu=0, (5) 
whose general solution may be written in the form 
u(x) =c, Ai(x%)+c¢e Bi(x). (6) 


It seems reasonable, therefore, to presume that the 
general solution of (4) may be represented for all u#0 
in the form y(x,u) = Y (x,4)u(«), where Y (x,y) is suitably 
determined. Indeed, such a representation is possible 
but rather awkward to obtain. Rather, we attempt to 
find a representation in the form 


(xm) = (x4) u(x) + (x,u)u’ (x), (7) 


where u(x) is defined as in (6). This, as we shall see, 
will enable us to determine the functions $(x,u), ¥(*,u) 
as analytic functions of x for all |x| <<r< |u| whose 
series expansions have coefficients that are readily 
available from simple algebraic recurrence relations. It 
is this fact which makes the representation (7) ex- 
tremely useful for numerical computations since the 
error in truncating the series expansions of ¢(x,u), 
¥(x,u) can be estimated from a comparison with the 
expansion of 1/(1—a/). 


2. REPRESENTATION OF y(x,u) 


Let 
yi(x,m) =(x,u) Ai(x)+(x,u) Ai’ (x), 


yo(x,m) = (xm) Bi(x)+(x,u) Bi’ (x). 


(8) 


We wish to determine the functions ¢(x,u), ¥(«,u) such 
that for every 10 and x in |x| <r<|y| the functions 
yi(%,u), Y2(",u) are two linearly independent solutions 


of (4). 
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On substituting either of the expressions (8) into 
Eq. (4) and equating to zero the coefficients of the 
respective Airy integral and its derivative, we obtain 
the system of differential equations, 


2 


¢”-——o+2ny/+¥=0, 


u-%x 


x? 
‘—-——p+29'=0, (9) 
pr x 


which we attempt to solve for |x| <r< |! by assuming 
that @(x,u), ¥(x,4) admit the expansions 


oan)oS: On(u)x", den=> bn(u)x™. (10) 
0 0 


Expanding x°/(u—) in (9) in powers of x, we thus 
find the recurrence relations 


“a= — tbo, a3= —}b,, 


b3= 4a», 


(11) 
b= —a, 


1 , 
days™ {3° lay 5— (2n+5)bny 
(n+4)(n+3) 


1 
bnys= | i a . j—2(N+3) ngs ’ 
(n+-4)(n+3) 


n=0, 1,2, +++ 


Hence, the four constants do, @:, bo, 6; are arbitrary 
within the restriction that y:(x,u), yo(*,u) be linearly 
independent. The simplest choice, satisfying this 
requirement, is to take 


4,=bo=b,=0, (13) 


whence it follows that the Wronskian determinant of 
yi(xyu), Yo(xmu) at x=O0 becomes W[y1,y2]=e. For 
convenience, we list a few terms in the resulting 
expansions (10) : 


ag= 1, 


, 
Chae then 
wT ti ra 


rales ~) s+ trey 
wr 30u 
(14) 


1 11 
-—( +e. 
168\ ut 30u 
Since the coefficients in the system (9) are analytic 
functions of x for all |x| <r<|y], it follows from a 
well-known theorem that its solutions are likewise 
analytic functions of x for all |x| <r<|u|. Thus, the 


functions ¢(x,u), ¥(*,) as defined in (14) are for every 
u0 analytic in x for all |x| <r< |p|. 


AND 
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3. CONCLUSION 


The determination of a particular solution of Eq. (4) 
is straightforward. Choosing, for instance, x=0 as 
initial point, we obtain for the constants involved in 
the representation (7): 


Saeed rv3{y'(0,u) Ai(0) a y(0,u) Ai’ (0) } ’ 
co= —{y'(0,u) Ai(0)+y(0,u) Ai’(0)}. 


If we put y(0,u) =Fo(n,2n), y’(0,u) = (2n)'(dF o/dp) pm2m 
these constants normalize (7) to represent Fo(n,p) for 
all p in the region |p—2n| <2n, n>0; a similar set of 
constants may be obtained for Go(n,p).! 

If L#0 we can derive an analogous representation. 


Indeed, if in (1), we let 
x= (p1—- 


where p; is the larger of the two roots (assumed to be 
real) of the equation 


p’— 2np— L(L+1) =0, 


pi2=nt[97+L(L+1) |}, 


(15) 


p)/pi, v=pi', (16) 


(17) 
namely, 
(18) 


we obtain the equation 
d*y vx 


dx? y-x 


L(L+1)x% 


v(v—-x)? 


y=0, 


whose “limiting” equation as »> is 
(d*u/dx*)—xu=0. 
The above method yields the representation 
y(x,v,L) = or(x,v)u(x) +¥1(x,v)u'(x), 
where u(x) is defined as in (6) and 


L( hla 
o1(x,v) = y an(v,L)x"=1—-— 


64 
te L(L+1 
v1(x,») _ s Bn (v,L)x"= 


with coefficients determined as follows: 


ao= 1, a =a,=0, a3>= — L(L+1)/6r, 


Bo=81=82.=8;=0, 


1 n 
» vlan _j— (2N+5) Bayo 


(n+-4)(n+3) 


Ans= 


n+2 
—L(L+1) ¥ jv anges}, (23) 
0 


4 Asymptotic expansions of Fo(n,2n), Go(n,2n) were obtained in 
the following paper: [M. Abramowitz and P. Rabinowitz, Phys. 
Rev. 96, 77 41984) )}. 
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1 P 
ra 1B, y— (2 m3 
(o4a)wd3) x y-iIg (2n+6)a 


Buta 
n+2 : 
—L(L+1) ¥ jx Baye}, 
0 


n=(0,1,2, °°. 


The functions $,(x,v), ¥x(x,v) are analytic in x for all 
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|x| <», ie., |p—pi] <p. Note that by (18) pr with 
n while p20 as n>, L being fixed. 

The above results are contained in a general represen- 
tation theorem for the solutions of an mth order linear 
ordinary differential equation with analytic coefficients.* 


5H. A. Antosiewicz and M. Abramowitz, “A Representation 
for Solutions of Analytic Systems of Linear Differential Equa- 
tions,” J. Wash. Acad. Sci. (to be published). 
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Asymptotic representations are obtained for the regular and irregular Coulomb wave functions and their 
derivatives for p=2n. A table of these functions is given, and a discussion is given to show how values may 


be obtained for p#¥2n by using Taylor’s formula. 


N a recent paper Barfield and Broyles! evaluated the 
Coulomb wave functions Fo, Go, and Fo’ from their 
contour integral representations for p=2n and gave a 
short table of these functions. They made the observa- 
tion that a knowledge of the functions for p=2n per- 
mitted the efficient use of local Taylor expansions for 
numerical computation. It is the purpose of this paper 
to exploit these suggestions and demonstrate a sys- 
tematic method of computation over a wide range of 
values of p and 7. Specifically, we provide in Table I 
values of these functions for 2n ranging from 0 to 50 and 
develop an asymptotic formula which may be used for 
larger values of the argument. The tabular values were 
computed on the National Bureau of Standards 
SEAC with the aid of programs prepared by Dr. C. E. 
Froberg of Sweden during his stay at the Computa- 
tion Laboratory of the National Bureau of Standards. 
The results were obtained to nine decimal places by 
numerical quadrature of integral representations of the 
functions and checks were applied by differencing and 
calculation of the Wronskian. The table as given to 
seven decimals is correct to within a unit of the last 
place. The intervals were chosen so that the five-point 
Lagrangian interpolation formula will yield the full 
accuracy beyond p= 3. For larger values of 2n, the repre- 
sentations obtained will yield equivalent results. 

We restrict our discussion to the case L=0 since there 
is a convenient method of generating the functional 
values for L>O for the pertinent range of values of p 
and » with the aid of the recurrence relations. 

We start with the integral representation? employed 

* This work was supported (in part) by the U. S. Office of Naval 
Research. 

1 W. D. Barfield and A. A. Broyles, Phys. Rev. 88, 892 (1952). 


2 T. D. Newton, Chalk River Laboratory Report 526, December, 
1952 (unpublished). 


by Newton, 
Pa~iGy= Cola) f exp{2ni arctanhs—ips)ds, (1) 
a | 


where Co(n) = (2xn)~!(1—e*")~!, in order to obtain 
asymptotic expansions for Fy and Gp and their deriva- 
tives for p= 2n. In this case, we have 


F o(2n) = iGo(2n) 


= 2nCo f exp 2ni(arctanhs—s) |ds, (2) 
1 


and evaluate this integral by the method of steepest 
descents. We note that if /(s)=arctanhs—s, then f’(s) 
has a double zero for s=0 and f(s)=4s'+}s°+-->. 
Thus, if s=e"*, is* is real and negative for 0= 52/6 and 
6=—n/2, the paths of steepest descent. We conse- 
quently deform the path from s= —1 to s= —ix into 
the equivalent path 


qj: see”, r>0>5n/6; 


ca: s=ter6 1>¢>0; (3) 
Cs! sa teri, 0<¢<a, 


It can then be shown that the contribution from the 
integral along ¢; is smaller in absolute value than 
$m exp{ —n(4an—1)}. The integral along c; is 


J3=- if exp[ 2n(arctant—f¢) |d¢, (4) 
0 


and this can be represented asymptotically by the 
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TaBLe I. Coulomb functions for p= 2n. 








Fo Go Go 


p=2n Fo Fo Go Gy’ 





1,0000000 0.0000000 
1.1482085 —0.4802921 
1.1974870 —0.5612235 
1.2379327 —1.5807968 
1.2757788 —0.5827288 


1.3106041 —0.5790591 
1.3422906 —0.5735802 
1.3711212 —0.5676187 
1.3974834 — 0.56167 10 
1.4217412 —0,5559273 


1.4442027 
1.4651204 
1.4847003 
1.5031110 
1.5204917 


1.5369583 
1.5526082 
1.5675239 
1.5817760 
1.5954254 


1.0000000 
0.7251403 
0.5929246 
0.5232290 
0.4815575 


0.0000000 
0.3485125 
0.5166015 
0.6065420 
0.6617816 


0.70041 11 
0.7301291 
0.7544607 
0.7751972 
0.7933518 


0.8095520 
0.8242151 
0.8376341 
0.8500228 
0.8615430 


0.4535470 
0.4330004 
6.4169974 
0.4040078 
0.3931476 


—0,5504558 
—0,5452732 
—0,5403739 
—0.5357429 
—0.5313615 


—0.5272109 
—0,5232725 
—0.5195291 
—0.5159650 
—0.5125659 


0.3838640 
0.3757900 
0.3686700 
0.3623195 
0.3566012 


0.3514106 
0.3466662 
0.3423035 
0.3382706 
0.3345251 


0.8723199 
0.8824527 
0.8920214 
0,9010915 
0.9097174 


0.9179449 
0.9258127 
0.9333539 
0.9405973 
0.9475677 


0.9542871 
0.9607746 
0.9670473 
0.9731203 
0.9790072 


—0.5093189 
—0.5062124 
—0.5032358 
—0.5003796 
—0.4976353 


— 0.4949953 
—0.4924524 


1.6085246 
1.6211196 
1.6332507 
1.6449537 
1.6562601 


1.6671980 
1.6777927 
1.6880668 
1.6980407 
1.7077331 


0.3310321 
0.3277625 
0.3246917 
0.3217989 
0.3190663 


0.3164785 
0.3140223 
0.3116858 
0.3094591 
0.3073330 





15.0  0.9847202  0.3052996 _—1.7171606 — 0.4831337 
15.5  0,9902704  0.3033518  1.7263386 —0.4809919 
16.0 0.9956675 0.3014834 1.7352810 —0.4789166 
16.5 1,0009207 0.2996885 1.7440008 —0.4769040 
17.0  1,0060382 0.2979621 1.7525097 —0.4749507 


1.0110275  0.2962996 1.7608186 —0.4730536 
1.0158956  0.2946968 —1.7689374 —0.4712097 
1.0206486  0.2931499 1.7768754 —0.4694163 
1.0252926  0.2916555 1.7846412 —0.4676709 
1.0298329  0.2902104 1.7922428 —0.4659712 


20 1.0342745 0.2888118 1.7996876 —0.4643149 


17.5 
18.0 
18.5 
19.0 
19.5 


1.0511411 
1.0667458 
1.0812800 
1.0948936 
1.1077061 


0.2836314 
0.2790155 
0.2748610 
0.2710901 
0.2676425 


1.8280303 
1.8543437 
1.8789213 
1.9019960 
1.9237558 


— 0.4580862 
—0.4524127 
—0.4472086 
—0.4424062 
—0.4379512 


1.1198147 
1.1312995 
1.1422273 
1.1526543 
1.1626285 


1.1721911 
1.1813778 
1.1902198 
1.1987442 
1.2069751 


—0.4337994 
—0.4299144 
—0.4262657 
—0.4228279 
—0.4195792 


—0.4165011 
—0.4135776 
—0.4107947 
—0.4081403 
—0.4056037 


0.2644708 
0.2615371 
0.2588106 
0.2562659 
0.2538820 


0.2516411 
0.2495282 
0.2475306 
0.2456371 
0.2438382 


1.9443548 
1.9639206 
1.9825608 
2.0003662 
2.0174148 


2.0337740 
2.0495020 
2.0646501 
2.0792632 
2.0933811 








expansion 


2 nl . +4) 


‘(4)+ ena ’ 6° = 4n, 


hes) 


where the coefficients a, are given recursively by 
as= (3/5)6*, a, = — (3/7) 6*, 
a&=0, d= (1/3)6%, (6) 
(+2) cers Aon SPGn-2 


ag= 0, 


The integral along c. can be evaluated in exactly the 


same manner. 
If we collect our results, making use of the fact that 


2nC & (2n/m)'= (3/1) 13, 
we get 


35 T(4) B* 2025 B* 


ras) 2rgji 8 1 
Fo(2n)= | 


2/" a 2025 6° 


Go(2n)=> 


es 2rg@)1 8 


2/n 35 1°(4) B* 2025 B* 


The coefficient of 8~* in these expansions is zero, so that 
the error is smaller than 8-™. 





The procedure may be carried out in an entirely 
similar manner to determine Fo’ and Gy’, since from (1) 
we get 


dFy 
pad cont 


Fy 


— iGo) 
dp dp p 


—ipCy f exp(2ni arctanhs—ips)sds. (8) 
1 


The results are 


r'(#) 
Fo’ (2n)=———} 1 
2/1} 


41(4) 1 
15 14) 8° 
272 1 


1 
—F (2 
14175 6° +S o(2n) 
(9) 


41(§) 1 


1IST(§) 6 


272 1 
++. 
14175 B® 


—v3r 
G4 00) 1 


24/8! 


+ + G20). 
36° 
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For the convenience of the reader, the results in (7) 


and (9) are given in a form suitable for computation. 
Fo(2n) =0.7063326373n'/® 
0.04959570165 0.0088888889 
x rmeeel. 


ni/® n° 


Go(2n) = 1.223404016n}!* 
0,04959570165 0,0088888889 
x| 14-——— ee 


4/3 n° 


n 
0.40869573237  0.6913041477 
ni/6 |! o n?/8 


0.04317460317 
4---- — 





F 9’ (2n) sd 


2 


0.5 
bad |+ F(2n), 
n 


0.6913041477 


1 
—0.70788177347 





Go’ (2n) = 


1 
ne | n?3 


0.04317460317 0.5 
++: |+-—Go(an. 
n 





n 

An examination of (7) and (9) shows that the ex- 
pressions are useful for large values of yn. Actually, they 
may be used even at = 1 to obtain results good to a few 
percent. 

Let us now consider the problem of determining the 
functional values in the neighborhood of p=2n by 
means of Taylor series. 

To employ the Taylor expansion, one must compute 
the successive derivatives of Fy) and Go. Thus, if u= Fo 
or Go, we have 

6 6 5° 
u(p+6, ») = wn ee tee easy 
2 8 


6 2 
uw! (p+8, n) =u (p)-+—u! + —ul" + —wlr po, 
1! 2! 3! 


However if we define 


(11) 


6" d"u 
ree eer 


, (12) 
n! dp” 


(11) can be written 


ulots,n)=% on (p+6,1)=87 O nos. 
n=) 


n=! 


(13) 


For hand computation the form (11) may be pre- 
ferred. However, if a computer is available, (13) may 
be used advantageously. 


The successive derivatives follow immediately from 
the differential equation for the Coulomb wave func- 
tions, namely, 


pu’’ + (p—2n)u=0, 
pi’ +-4''4-(p—2n)u'+-u=0, (14) 
put) + (n—1)u\™ + (p—2n) ue) + (n—1)ue = 0, 
In terms of the quantities ,, (14) may be rewritten 
2pa2+6*(p—2n)oo=0, 
(15) 
pn (n+ 1)ongit5(n?—n)on+8?(p— 2n)on-1 +80 n2=0; 


and since o9= 4, 0;= 6’, one may generate as many o,’s 
as are needed. We note that when 4 is not small, #(p+) 
may be computed in successive steps which are fractions 
of 6 by a procedure which is essentially a numerical 
integration of the differential equation starting from 
p=2n. We shall demonstrate the method in the case of 
u=Go to obtain the value for p=6, 7»=4. From Table I 
we have 


Go(8,4) = 1.5526082, Go’ (8,4) = —0.5232725. 
With the aid of (14), we get 
Gy’ =0, Gyr'i=0,1957515, 
Go” = —0.1940760, Go'*= —0.2856133, 
Goi¥ =0.1793371, Go*=0.4793638, 
Gw = —0.0672514, 
Gwv'=0.1306637, 
Gyi= —0,1937505, 


Gor! = —0.7595047, 
Go*!i= 1.3063974. 


We thus find with 6=1, G(7,4) =2.1164851, G’(7,4) 
= —0.6544076 and with 6= 2, G(6,4) = 3.01378. Starting 
with G(7,4) and G’ (7,4) with = 1, we arrive at the same 
value for G(6,4). The value of Go(6,4) obtained by an 
independent method is 3.013787. The technique de- 
scribed is adapted for use with a large-scale computer. 
The table as given or the expressions in (10) would 
provide starting values for the stepwise procedure de- 
scribed. The recurrence relations could be used to obtain 
values for L>0O. In applying the Taylor formula the 
truncating error can be controlled at each step by 
restricting the magnitudes of 6 and o,. The integration 
may be extended to the regions where the asymptotic 
expansion for large values of p or the representation in 
terms of Bessel-Clifford functions for large » may be 
used conveniently. 
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Differential cross sections fur the elastic scattering of deuterons by He* have been measured at laboratory 
energies of 1.02, 1.50, 2.00, 2.50, 3.00, and 3.25 Mev for nine center-of-mass angles ranging from 45° to 125°. 
At each deuteron energy the cross section passes through a minimum in the vicinity of 90°, with the minimum 
shifting to slightly higher angles as the bombarding energy increases. The cross section decreases with 
increasing energy for each angle investigated. At 3.25 Mev the cross section passes through a minimum of 
16 millibarns at 100° and rises to approximately 80 millibarns at 45° and 125°. A comparison of the results 
for the scattering of deuterons by He’ and by the mirror nucleus H? shows the cross sections to be approxi- 
mately the same except at the lowest energies and forward angles. 





INTRODUCTION 


EASUREMENTS of differential cross sections 
for elastic scattering between pairs of light nuclei 
have been extended to include the scattering of deu- 
terons by He’. Data were taken for deuterons scattered 
at center-of-mass angles from 45° to 125° at laboratory 
bombarding energies from 1.02 Mev to 3.25 Mev. 
Differential cross sections have been previously meas- 
ured' in the above angle and energy range for the 
scattering of deuterons by H*, the mirror nucleus of 
He’, and results will be compared with those of the 
present experiment. In an earlier experiment? measure- 
ments of differential cross sections were made for the 


scattering of 10-Mev deuterons by He’ and by H?* with 
nearly identical results for the two scattering processes. 


EQUIPMENT 


The small volume scattering chamber employed in 
the present experiment was the one used for the scat- 
tering of protons by deuterons and is described by 
Brown ¢ al.’ A minor modification was made in the 
slit system defining the scattered beam to prevent high- 
energy protons due to the He*(d,p)He* reaction from 
penetrating the original 6-mil tantalum slit material 
and entering the counter with reduced energy. The 
circular aperture next to the counter was replaced by 
one cut from 20-mil gold sheet. The original rectangular 
tantalum slits were backed by 20-mil gold strips. The 
aperture in the gold material was slightly wider than 
that in the tantalum, so that particles could not strike 
the gold slit edges without first penetrating the 
tantalum. 


t Work supported in part by the joint program of the U. S. 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

‘ * Now at California Research Corporation, La Habra, Cali- 
ornia. 

t Atomic Energy Commission Predoctoral Fellow during most 
of this work. Present address: Naval Research Laboratory, 
Washington, D. C. 

' Stratton, Freier, Keepin, Rankin, and Stratton, Phys. Rev. 
88, 257 (1952). 

* Allred, Armstrong, Hudson, Potter, Robinson, Rosen, and 
Stovall, Phys. Rev. 88, 425 (1952). 

* Brown, Freier, Holmgren, Stratton, and Yarnell, Phys. Rev. 
88, 253 (1952). 
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The beam entering the chamber was collimated to 
within a half-angle of 1.1°, while the defining slit 
system for the scattered beam permitted an rms angular 
deviation of 0.6° from the nominal laboratory scattering 
angle. 

The electrical current carried by the deuteron beam 
was measured and integrated by an electronic instru- 
ment‘ instead of by the condenser and ballistic galva- 
nometer system described in reference 3. After collect- 
ing a predetermined electrical charge, the instrument 
stopped the counters and placed a shutter in the path 
of the deuteron beam. 

Scattered particles were detected in a proportional 
counter, and pulse-height distributions were recorded 
by a ten-channel discriminator in the manner described 
in reference 3. 


He* HANDLING 


The He’ handling system was adapted from the one 
previously described in connection with the study of 
the proton yield from the He*(d,p)He* reaction.* The 
He’ was stored and purified in a glass bulb containing 
activated charcoal and was transferred between the 
storage bulb and the scattering chamber by means of 
a mercury Toepler pump. To keep mercury and con- 
densable vapors from passing into the scattering cham- 
ber, a liquid nitrogen trap was placed in the line from 
the He® handling system to the chamber. 

The amount of He‘ impurity in the He* was measured 
at intervals by the mass spectrometer group at the 
University of Minnesota and was found to be 5.5 per- 
cent by volume. Over a period of about ten months 
this concentration was constant within the accuracy 
of the measurements, about 0.3 percent. 

The pressure in the chamber was indicated by a 
Wallace and Tiernan differential manometer as in the 
experiment described in reference 3. A gradual rise in 
pressure of the order of 0.5 mm Hg (with a chamber 
pressure of about 40 mm Hg) was observed when data 
were taken over a period of several hours; the rise was 

*R. J. S. Brown, Rev. Sci. Instr. (to be published). 

5 W. C. Elmore and M. Sands, Electronics (McGraw-Hill Book 


Company, Inc., New York, 1949). 
6 Yarnell, Lovberg, and Stratton, Phys. Rev. 90, 292 (1953). 





ELASTIC SCATTERING 
attributed to materials outgassing from the chamber 
walls. The effect of the pressure rise on the data was 
determined by repeating runs after the gas had been 
in the chamber for different lengths of time. In most 
cases it was necessary to repurify the gas after about 
three hours of use. 


IDENTIFICATION OF PARTICLES 


There were six groups of charged particles which 
entered the proportional counter when the mixture of 
He’ and He‘ was bombarded with deuterons: deuterons 
scattered by He’ and by the He‘ impurity, the He* and 
the He‘ recoil nuclei, and protons and alpha particles 
from the He*(d,p)He‘ reaction. At each bombarding 
energy and angle of observation, the energies of the 
particles were computed and their ionization losses in 
the counter gas determined from known energy-loss 
relations.’ The particle groups could then be identified 
by the magnitudes of the pulses which they produced in 
the proportional counter. 
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PULSE HEIGHT 


Fic. 1. Pulse-height distribution from 1.02-Mev deuterons 
scattered from He? at 27° (lab). 





At most angles and energies, pulses from deuterons 
scattered by He* were not resolved from those due to 
deuterons scattered by He‘. In addition, it was seldom 
possible to separate the pulses produced by the recoil 
He’ nuclei from those produced by the recoil He‘ nuclei. 
Pulses from the scattered deuterons were always re- 
solved from those due to the recoil nuclei. The known 
amount of He‘ in the He’ contributed counts which 
could be subtracted, since the cross sections for the 
elastic scattering of deuterons by He‘ were known.*® 
Alpha-particle pulses from the He*(d,p)He* reaction 
were resolved from those due to all other particle groups 
except at the bombarding energy of 1.02 Mev. Since 
the cross sections for this reaction were known,® counts 
due to the alpha particles could be subtracted when 
necessary. The high energy protons from this reaction 
had such small energy loss in the counter that they 
were not observed. 


7M. Livingston and H. A. Bethe, Revs, Modern Phys. 9, 
270 (1937). 
* Blair, Freier, Lampi, and Sleator, Phys. Rev. 75, 1678 (1949). 
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PULSE HEIGHT 


Fic. 2. Pulse-height distribution from 3.25-Mev deuterons 
scattered from He’ at 50° (lab). 


CORRECTIONS TO THE DATA 


In previous work with the small volume scattering 
chamber,'** it was found necessary to make corrections 
of the order of a few percent to the data taken at small 
angles. This correction subtracted counts due to par- 
ticles which entered the counter after they had been 
doubly scattered, once by the gas and then again by 
the walls of the chamber. 

Figure 1 shows a pulse-height distribution for d-He’ 
scattering at a laboratory angle of 27° and a bombarding 
energy of 1.02 Mev. The tail on the high-pulse side of 
the peak is due to particles which have been scattered 
more than once. Counts of similar origin but appearing 
under the main peak are considered to be represented 
by the dashed line. The area under this line is sub- 
tracted from the peak. 

The validity of this correction procedure was verified 
by applying it to the data obtained from scattering 
processes for which the cross sections were known from 
measurements with larger scattering chambers. Pulse- 
height distributions were taken for proton-proton scat- 
tering at representative angles and energies in the 
range of laboratory angles from 27° to 60° and energies 
from 1.5 Mev to 3.0 Mev. The data agreed within three 
percent of the accepted values”: when corrected by 
the procedure followed for the d-He’ scattering. Similar 
agreement was obtained from p-He'‘ scattering” at 2.53 
Mev for laboratory angles extending from 30° to 160°. 

The incident deuteron beam produced neutrons at the 
collimating slits of the chamber. On the small volume 
chamber this source of neutrons was close to the 
counter, particularly when the counter was set at large 
angles. Figure 2 shows a pulse-height distribution in 

® Claassen, Brown, Freier, and Stratton, Phys. Rev. 82, 589 


(1951). 
” Herb, Kerst, Parkinson, and Plain, Phys. Rev. 55, 998 
(1939). 

4 Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 74, 
553 (1948). 

2 Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
(1949). 
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Taste I. Elastic scattering of deuterons by He’. 6 is the center- 
of-mass angle; o(@) is the center-of-mass differential cross section. 
For each angle and energy the uppermost number is o(@) in 
millibarns; the middle number is #*0(@) (dimensionless); the 
lowest number is the estimated probable error in percent. 








Deuteron energy (lab) 


1.02 1.5 20 2.5 30 

Mev Mev Mev Mev Mev 

45° 15’ 406 i 128 102 80.9 
1.44 i 0.87 0.88 0.843 
6% To 4% 3% 3% 


226 82 «OS 55.8 
0.80 0. 0.57 0.56 0.581 
4% 4% 3% 3% 


59 454 38.2 
0.41 0.394 0,398 
4% % 4% 


55 41.3 32,2 
0.38 0.358 0.335 
4% 4% 4% 


50 36 23.3 
0.35 0.31 0.243 
4% 5% 5% 


34 21.1 

0.29 0.220 
6% 
20.5 


0.213 
8% 


31.5 
0.57 0476 0,328 
8% 4% 3% 5% 


125° 16’ 126 106 89.3 
0.80 0.87 0.92 0.930 
S% 4% 3% 3% 


Scattering angle 
Lab C.m, 
angle angle 


3.25 
Mev 


27° 22’ 


108° 52’ 


which the neutron background was high and the d-He’ 
cross section was relatively small. The background, 
which was subtracted, is indicated by the dashed line. 


ERRORS 


Probable errors assigned to the following factors in 
the experiment are: correction for He‘ impurity in the 
He’, 0.5 percent; geometry (including angle of scat- 
tering), 0.7 percent; charge measurement, 0.5 percent; 
pressure and temperature measurement, negligible; 
statistics, 1.0 percent or less; bombarding energy, 
1.2 percent or less. If these errors are combined 
quadratically, the result is less than 2 percent. 
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Fic. 3. Center-of-mass differential cross sections for 
the scattering of deuterons by He’. 
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RANKIN, AND STRATTON 


Since the estimated errors of the background cor- 
rections are several times as great as those from all 
other sources, the error which is assigned to each cross- 
section measurement is, in most cases, the estimated 
uncertainty of the background subtraction. In all cases, 
the assigned error is greater than the root-mean-square 
deviation of the individual measurements from their 
means, and greater than fifteen percent of the back- 
ground correction. 


RESULTS 


The results are tabulated in Table I and shown 
graphically in Fig. 3. No distinction is made between 
values of cross sections obtained by detection of recoil 
and of directly scattered particles. Values obtained by 
the two methods agreed well within the assigned 
probable errors in cases where both direct and recoil 
data were taken. 

The function k’o(6) is tabulated, with k equal to the 
center-of-mass momentum divided by h. 
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Fic, 4. Comparison of cross sections for the scattering of 
deuterons by He’ and by H*. The solid curve is the d-He* Coulomb 
cross section, calculated from the Rutherford formula. 


In Fig. 4 the cross sections for the scattering of deu- 
terons by H* and He’ are compared. In addition, the 
Coulomb cross sections calculated from the Rutherford 
formula are shown. It is seen that the d-He* and d-H’® 
scattering cross sections are essentially the same at 
large angles and high energies, where the Coulomb cross 
sections are small. At 10.0 Mev Allred ef al.? found 
essentially the same cross sections for the two scatter- 
ings except at low angles, where the Coulomb cross 
sections are appreciable. 

The authors are pleased to acknowledge the advice 
and assistance of Professors J. H. Williams and G. D. 
Freier, and of the members of the electrostatic gener- 
ator group, Doctors D. M. Van Patter, W. R. Stratton, 
J. L. Yarnell, and Mr. B. E. Simmons. 
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Experimental values were found for the absolute cross section of both Cu®(y,n) and (y,2n) reactions 
versus quantum energy from threshold to 36 Mev. Statistical and systematic errors were limited by the use 
of (a) the direct electron beam of the Stanford 36-Mev linear accelerator, which produced bremsstrahlung 
immediately before and within the copper foils under bombardment, (b) an electron-beam collector which 
recorded the total accumulated charge in the incident flux, (c) a 4m scintillation counter which measured 
the activity of the resultant Cu® and Cu", and (d) electroplated foils of separated Cu® isotope. 

The cross-section curves of the two reactions are similar—both rise rapidly to a maximum value about 
6 Mev above threshold and then fall to zero almost as rapidly. The integrated cross sections were found to 
be 0.55+-0.03 and 0.081 Mev-barn for the (y,m) and (y,2n) reactions, respectively. The (y,2n) threshold 
is 20.0+0.5 Mev. A precision of 0.5 percent was attained in the relative (y,n) activation points and 5 percent 
in the absolute cross section integrated over energy. The corresponding errors in the (y,2m) data were 5 and 20 
percent; the latter value includes the effect of a 10 percent uncertainty in the currently published data on 


the electron-capture to positron-emission ratio of Cu", 


I, INTRODUCTION 


HE number of publications relating to photo- 
nuclear reactions has become so extensive in the 
past few years that no attempt is made here to provide 
a complete reference to this voluminous material, as 
an introduction to this research. There are, however, 
several articles of a review nature which should lead the 
reader to most of the published work in this field.'~* 
The Cu®(y,2)Cu® cross section has been studied in 
detail by several investigators,“ and the Cu®(y,2n) 
cross section has been studied by Montalbetti et a/.? The 
present experiment differs from the others principally 
in the energy range covered by the experiment and in 
the method of determining the photon flux initiating 
the reactions. With one exception, * the results of all the 
previous measurements of the Cu®™(y,n) and (y,2n) 
absolute cross sections were dependent upon the calcu- 
lated response of an r meter or ionization chamber, 
whereas Krohn and Shrader used a pair spectrometer 
calibrated against the theoretical and experimental 
cross section for the photodisintegration of the deuteron. 
In this experiment, the external electron beam of the 
Stanford 36-Mev linear accelerator’? was used directly 
to activate a stack of Cu foils. The beam passed suc- 
cessively through a thin Cu correcting foil (explained in 
detail later), a relatively thick radiator, and a second 
identical thin foil, and then directly into a “Faraday 
* The research reported in this document was supported jointly 
by the U. S. Navy (Office of Naval Research) and the U. S. 
Atomic Energy Commission. 
1K. Strauch, Ann. Rev. Nuclear Sci. 2, 110 (1953). 
2 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). 
3A. I. Berman, Am. J. Phys. 22, 277 (1954). 
4G. C. Baldwin and G. S. Klaiber, Phys. Rev. 73, 1156 (1948). 
5 B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
61. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
7P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 
8. I. Newkirk, Phys. Rev. 86, 249 (1952). 
®V. E. Krohn and E. F. Shrader, Phys. Rev. 87, 685 (1952). 
%K. Strauch, Phys. Rev. 81, 973 (1951). 


4 Marshall, Rosenfeld, and Wright, Phys. Rev. 83, 305 (1951). 
1 R, Post and N. Shiren, Rev. Sci. Instr. (to be published). 


cup” electron collector which permitted a_ precise 
measurement of the accumulated charge in the incident 
electron flux. From knowledge of the integrated charge 
and the Bethe-Heitler theory,” the effective photon 
spectrum passing through the second thin foil can be 
determined to good precision. 

The number of photoneutrons ejected from the 
copper foil was determined in this experiment by 
counting the residual radioactivity of the Cu® and Cu® 
isotopes (resulting from the Cu™(y,2)Cu® and the 
Cu®(y,2n)Cu®™ reactions) with a 4x scintillation counter. 
To avoid interference from extraneous activities, the 
(y,2n) cross section was evaluated by using electro- 
plated foils of Cu® separated isotope. 


II. EXPERIMENTAL TECHNIQUE 
The Stacked-Foil Method 


When photonuclear reactions are produced by 
quanta which are created within and immediately 
preceding the material under study, one is able to 
establish almost precisely the photon flux initiating the 
reactions. This flux is determined from knowledge of 
the incident electron-beam intensity and of Bethe- 
Heitler bremsstrahlung theory” (modified slightly to 
account for the finite radiator thickness). 

Unfortunately, the accuracy of this technique is 
modified somewhat by the existence of a background 
effect, namely, the similar reactions induced by the 
virtual quanta identified with the electromagnetic field 
of the moving electrons. These are in contradistinction 
to the bremsstrahlung quanta which are created by 
electrons as they decelerate in matter. Although the 
cross section for the electronuclear effect is only about 
one percent of the photonuclear process! for thin 
targets, there may be several hundred electrons striking 


9H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 93 
(1934). 

4 R. Wilson, Proc. Phys. Soc. (London) A66, 638 (1953). 

16K. L. Brown and R. Wilson, Phys. Rev. 93, 443 (1954), 
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the sample for every effective bremsstrahlung photon 
produced, and so the two effects may be quite com- 
parable in magnitude. To some extent, the difficulty 
can be lessened by extending the thickness of the 
radiator; however, a point is soon reached where the 
degeneration of both electron and photon energies in 
the mass of the radiator introduces a sizable uncertainty 
in the calculated photon flux. 

The number of unwanted reactions—be they induced 
by the electrons, neutrons, or stray gamma radiation 
entering with the electrons—-can be measured con- 
veniently by placing a foil, equivalent to the sample, in 
front of the radiator and observing the reaction yield. 
Thus, the electron beam passes successively through a 
thin correcting foil, a relatively thick radiator, and a 
(second identical) thin rear sample foil. Of course, the 
front foil, being of finite thickness, acts as its own 
radiator, producing a small amount of “self-induced” 
photonuclear reactions, which are equivalent (except 
for a degeneration factor) to those induced similarly in 
the rear foil. The net difference in reaction yield (cor- 
rected for photon and electron degeneration) between 
the rear and front foils is then due only to brems- 
strahlung quanta produced in the radiator and front 
foil, the sum being the “effective radiator.” 

In this experiment, the reaction yield is measured by 
determining the radioactivity of the ten-minute 
copper-62 and three-hour copper-61 nuclei which 
results from the (y,#) and (y,2m) processes, respectively, 
in copper-63. Both radioisotopes emit positrons, whose 
end-point energies are 2.9 and 1.3 Mev, respectively. 

Naturally occurring copper is composed of isotopes 
63 and 65 in the proportion 69:31. Of all competing 
photon-induced activities which can occur in these 
isotopes, only the Cu®(y,m) reaction appears to be of 
any consequence. This twelve-hour copper-64 activity 
conflicts so strongly with the weak three-hour (7,2) 
activity to be measured, that it was necessary to 
perform the Cu™(7,2n) experiment with highly-enriched 
copper-63 foils. Oxide containing 99.4 percent copper-63 
was borrowed from Oak Ridge. Smooth foils were then 
electroplated from a weak (about 0.1 normal) nitric- 
acid solution on a polished, stainless-steel anode (ro- 
tated at one rps to stir the solution and insure uniform- 
ity); the foils were then easily stripped. Foils ranging 
in thickness from 3 to 16 mg/cm? and totaling 130 
mg/cm? were made. They were reduced in a hydrogen 
atmosphere and weighed immediately. A beta-ray gauge 
was constructed to determine their uniformity, which 
in nearly all cases varied not more than 2 percent in 
standard deviation. 


Incident Electron-Flux Measurement 


The electrons from the Stanford 36-Mev linear 
accelerator were magnetically analyzed and collimated 
in high vacuum so that a fairly uniform beam of }-inch 
by §-inch cross section entered the foils. The foil holder 
was mounted in air at the entrance to a Faraday-cup 
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electron collector.'* This consisted of a graphite cylinder 
bored with a deep hole and backed by lead as illustrated 
in Fig. 1. The electrons are attenuated primarily by 
ionization in the graphite, and any photons produced 
are effectively absorbed by the lead. The lip at the 
front of the graphite serves two purposes. First, it 
narrows the aperture to a size more nearly consistent 
with the beam dimensions and hence helps to prevent 
loss of secondary particles. Second, those few electrons 
which would strike the inner surface of the graphite 
near the aperture at grazing angles and eject secondaries 
are forced to enter the carbon block at a more nearly 
normal angle of incidence, and thus eject fewer second- 
aries. The purpose of the ring magnet is to deflect the 
low-energy secondary particles generated at the base of 
the cup back into the collector. Thus, the emergent 
beam, with all its secondary products, is contained 
within the integrator; the net accumulated charge is 
therefore a direct measure of the number of electrons 
collected. 

To test the efficiency of the collector, the beam was 
monitored with a hydrogen ion chamber preceding the 
foils, and the cup was biased through a range of +900 
to —900 volts. Upon extrapolating the resultant col- 
lection yield (normalized to constant beam intensity) 
to saturation voltages, it was observed that the influence 
of low-energy secondary particles resulted in a change 
in total charge accumulation of less than +2 percent. 
To verify that charged particles resulting from the 
electron shower were effectively trapped by the cup, a 
further test was made. The ionizing radiation leaving 
the end and sides of the cup was measured by calibrated 
x-ray film and also by a Victoreen ionization thimble. 
From this, it was possible to calculate the maximum 
loss of charged particles. This predicted that the total 
number of particles lost was less than one-half of one 
percent of the incident flux. Inasmuch as both electrons 
and positrons are generated in the cup, and the film 
and Victoreen thimble are insensitive to charge polarity, 
the actual loss is expected to be even less. This result is 
further verified by the work of Kantz on the penetration 
depth of electron-induced showers."” 
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Frc. 1, Experimental arrangement showing the Faraday cup elec- 
tron collector and bombardment position of the foils. 


16 A more complete description of this collector and its associated 
circuitry is discussed in a paper to be submitted to the Review of 
Scientific Instruments by K. L. Brown and G. W. Tautfest. 

7A, D. Kantz, Stanford High Energyg Physics Laboratory 
Technical Report HEPL-17, May 1954 (unpublished). 
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TABLE I. $(¢,eu)/o in Mev for 0.025-radiation-length copper. 
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These facts demonstrate the reliability of the cup as 
an absolute beam-monitor in the energy range of the 
accelerator. The ion-chamber monitor was used also to 
correlate the beam emerging from the foils with the 
incident beam at the various primary-electron energies. 
An observed difference was caused by the primary- 
electron beam scattering foil electrons into the collector. 
This necessitated a correction of from 2.5 percent at 
36 Mev to essentially zero at 12 Mev. Similar scattering 
in the 0.005-inch Mylar foil window of the collector 
required a correction of 2.3 percent (calculated from the 
Mller scattering formula). 

The charge from the collector was accumulated on a 
condenser in an electrometer unit. A slide-back voltage 
was continuously applied through an electronic feed- 
back circuit which maintained a zero net voltage across 
the Faraday-cup collector. Fluctuations in beam in- 
tensity during the run would introduce serious errors 
unless corrected for; for example, an increase in in- 
tensity is more serious near the end of a run than near 
the beginning, as activity induced near the beginning 
will be more likely to have decayed before the count- 
ing period starts. To offset this, a technique used by 
Snowdon was used.'* A high resistance was placed 
across the condenser so that the accumulated charge 
leaked off at the rate of decay of the reaction being 
studied. 


Photon-Flux Calculation 


The Bethe-Heitler formula, including screening, as 
integrated over all angles of photon emission was 
employed to calculate the number of photons in each 
quantum-energy interval for an infinitesimal thickness 
of radiator.” This formula suffers from the fact that the 
Born approximation was used in its derivation. Thus, 
at the high-energy end of the spectral distribution, 
where the recoil electron has practically zero kinetic 
energy, the formula is invalid. Further, the over-all 
cross section is subject to a possible error which increases 
with Z. 


18S. C. Snowdon, Phys. Rev. 78, 299 (1950). 


In an attempt to relieve the first difficulty, the brems- 
strahlung cross section was adjusted by a multiplying 
factor calculated by Sommerfeld for the nonrelativistic 
formula,’ which causes the cross section to be finite 
rather than zero at the cut-off energy. 

The second difficulty is alleviated by noting the 
recent work of Bethe ef al.” which substantiates the 
validity of the Bethe-Heitler formula for large mo- 
mentum transfers. This is not true of the pair production 
cross section, as has been shown by experiment.”! 
Nevertheless, with a copper radiator as was used in 
this experiment, even if the error in the Bethe-Heitler 
bremsstrahlung formula were as large as the pair- 
production error, the net error to this experiment would 
not exceed one percent. 

In order to adjust the Bethe-Heitler formula for the 
finite thickness of the radiator, it was necessary to 
account for the degeneration of the electrons and 
photons. Wilson’s formula“ was used for this purpose. 
At the high-energy end, errors resulting from the appli- 
cation of this formula become more serious than the 
uncertainty in the use of the Sommerfeld factor. These 
calculated values are tabulated in Table I. The brems- 
strahlung cross section is given as #(€,ew)/¢o in Mev 
for 0.025-radiation-length copper (0.3325 g/cm’). 
go=10?/137, where ro>= 2.818 10-" cm (classical elec- 
tron radius) ; #(¢,e~) = bremsstrahlung cross section per 
copper nucleus, integrated over all angles of emission, 
in an energy range ¢ and e+de, per incident electron of 
kinetic energy ev. These values should be multiplied by 
(Z+6)/Z to include the contribution to bremsstrahlung 
production by interactions with the field of atomic 
electrons. An approximate value of 6=1 is used in this 
work. 

It was necessary to know with some degree of ac- 
curacy the electron kinetic energy and therefore the 
maximum photon energy incident on the foils. At the 


“W. Heitler, The Quantum Theory of Radiation (Clarendon 


Press, Oxford, 1936), p. 171. 

* H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954); 
Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 

4 A. I. Berman, Phys. Rev. 90, 210 (1953). 
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Fic. 2. Relative activity vs discriminator setting for a 
foil 6.9 mg/cm* thick, 


exit point of the accelerator the electron beam was 
deflected by the field of an electromagnet, and a fraction, 
depending on the geometry, was transmitted through 
collimators to the foils. The energy calibration was 
obtained as follows. The relation between the field and 
magnet current was found to 0.1 percent accuracy by 
inserting a rotating coil into the magnetic field and 
comparing the induced voltage obtained with that from 
a permanent magnetic field. This function was then 
normalized to an absolute value by observing the mag- 
net current at the threshold of the (y,m) reaction in 
Cu® and C™. The former value, 10.61 Mev, is a result 
of a precise measurement of Birnbaum,” while the 
latter, 18.71 Mev, is found from nuclear mass spec- 
trometer values. Throughout the experiment, the 
magnet current, measured with a potentiometer, was 
reversed, raised, and lowered in a fixed manner to 
provide assurance that all settings followed a fixed 
hysteresis loop. Furthermore, the magnet was operated 
well below the saturation level resulting in an almost 
linear function of energy versus magnet current, which 
again assured reproducibility of the energy settings. 
The energy resolution of the electrons incident on the 
foils was found to be 1.5 percent by deflecting the beam 
with a second magnet through fine slits. 


Measuring the Radioactivity 


The activity induced in the front and rear foils was 
measured with a 4m scintillation counter. The foil was 


® M. Birnbaum, Phys. Rev. 93, 146 (1954). 


™ See, for example, E. editor, Experimental Nuclear 
Physics ’(John Wiley and Sons, Inc., New York, 1953), p. 745. 


sandwiched between two flat anthracene crystals, 1-inch 
square and }-inch thick, backed by two DuMont 6292 
photomultipliers. The natural-copper foils used in the 
(y,m) runs were 1}-inch diameter disks 40 mg/cm? 
thick, while the enriched foils were 4-inchX #-inch 
strips totaling 65 mg/cm’. The cross section of the beam 
was shown by film exposure to be completely contained 
in the foils. Hence, any positrons of the induced ac- 
tivity which escaped the foils with finite energy would 
most certainly be absorbed in the anthracene and cause 
a light pulse to be produced. So long as the foil was 
reasonably centered between the crystals, it was impos- 
sible to detect changes in the counting rate as a function 
of the foil’s position. However, every effort was made 
to duplicate the runs precisely by giving close attention 
to constants of the experiment, such as foil position, 
both in the beam and in the counter. The photomulti- 
plier outputs were equalized and then connected in 
parallel. The pulses were fed successively into a Los 
Alamos-type 501 amplifier and Berkeley decimal scaler. 
Very small pulses, commensurate with the noise level, 
were eliminated by a discriminator. To account for the 
proportion of pulses lost, an extrapolation of a plot of 
activity versus discriminator setting was made for a 
thin foil (6.9 mg/cm*). In Fig. 2 this plot is shown for 
both Cu" and Cu®. The result was not at variance with 
the expected Fermi distribution, if one allows a 50 
percent tolerance in the calibration of the discriminator. 
This calibration was made by using the 167-kev end- 
point energy of S**. During the experimental runs, a 
discriminator setting of 32 volts was chosen to reject 
unwanted low-energy activity and to decrease the 
background counting rate. The counter background 
was 0.6 count per second. 

It was found that for thin foils the fraction lost by 
discrimination barely varies with foil thickness so that 
the result of the extrapolation can be assumed to be 
that for a foil of zero thickness. The 2-3 mil thickness 
of the foils used in the regular runs permitted some 
self-absorption to occur. Fortunately, in 44 geometry, 
a plot of specific activity versus thickness is semi- 
logarithmic, and the extrapolation to zero thickness 
can be made without difficulty. This is shown in Fig. 3. 
The self-absorption factors found were essentially equal 
to those calculated from the self-absorption coefficients 
of Baker and Katz.™ 

Measurements of the half-lives of the two isotopes 
were made with the 4x counter. The results are 9.73 
+0.02 minutes for Cu®, and 3.32+0.03 hours for Cu®. 
The latter result is in agreement with other workers, 
while the former is up to 7 percent lower than some of 
the previously published values. The shorter half-life 
was measured after bombarding the enriched foils 
below the (y,2m) threshold. Actually, ordinary copper 
could have been used in this determination provided 
the discriminator had been set high enough to eliminate 


™“ R. G. Baker and L. Katz, Nucleonics 11, 14 (1953). 
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the competing Cu™ activity. At any rate, the dis- 
criminator was set at a sufficiently high value to lower 
the background count. Paired runs of 45 minutes each 
were compared and the initial counting rate was chosen 
low enough to prevent uncertainties in the dead-time 
from seriously affecting the result. Other paired runs of 
20-minutes and 2-minute duration were taken at dif- 
ferent intervals with respect to the initial bombardment 
time and all results fall within the statistical error 
stated. This value of half-life was used to recompute 
the dead-time of the scalars (6.0+0.5 microseconds at 
the 32 discriminator setting) at fast counting rates, 
which in turn allowed a more sensitive computation of 
the half-life to be made at moderate counting rates. 


III, EXPERIMENTAL RESULTS 
Activation Curves 


Activation points were taken at 2-Mev intervals. 
Smaller intervals, which would permit fine rather than 
coarse structure determinations of the cross section, 
would require a higher-energy resolution of the incident 
electron beam, and further knowledge about the brems- 
strahlung energy distribution near cutoff. For the (y,m) 
measurements, five sets of front and rear foils of the 
ordinary copper were used. Five runs of 200 seconds 
each were made at a given energy and then repeated at 
a later date with the foil positions interchanged. Each 
foil was counted for 100 seconds and counting rates 
were of the order of 1000 counts per second. An addi- 
tional run was made with the enriched foils to check 
on possible interference from activities induced in the 
copper-65 isotope in ordinary copper; in particular, the 
Cu®(y,3n) reaction, which would produce an excess 
of 10-minute Cu®™. Since no excess was observed in the 
natural copper relative to the enriched foils, it was con- 
cluded that up to 36 Mev, activity from this reaction 
must be less than one percent of the Cu®(y,m) activity. 
The Cu®(y,2n) leads to the stable isotope Cu® and 
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Fic. 3. Self-absorption curves in 4 geometry of 
Cu® and Cu® activities. 
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therefore is not detectable by this experimental tech- 
nique. 


Experimental Corrections 


The (y,2m) runs, two at each energy, were made 
exclusively with the enriched foils. The subtraction of 
counts due to competing reactions and to residual 
activity from previous runs was usually made without 
difficulty. Normally (for counting rates in excess of 20 
counts per second) the competing Cu™ activity was 
evaluated by counting it after the decay of the three- 
hour Cu® activity and then correcting by extrapolating 
back to the original Cu™ activity. However, at lower 
counting rates, although the Cu®™ activity still repre- 
sented a significant correction to the observed Cu® 
activity, the usual procedure could not be followed as 
the amount of the Cu® activity remaining after decay 
of the Cu® was so small as to be completely obscured by 
the natural counter background. In this event, a 2}-hour 
run of constant beam intensity was made and high 
counting rates were assured by using a $-inch lead 
converter. By following the decay of the sample over 
an extensive period, the resultant activities could be 
separated and the initial counting-rate ratio of Cu”: Cu™ 
determined. Since the Cu®(y,v)Cu® and Cu®(y,n)Cu™ 
cross sections occur at essentially the same effective 
quantum energy—well below the region of the Cu®- 
(y,2n)Cu®™ cross section—it seemed reasonable to 
assume the above ratio to be essentially independent of 
energy above the (y,2m) threshold. This was indeed 
found to be the case. Thus, in the regular low-counting 
rate (7,2) runs, the expected Cu” activity was deduced 
from a knowledge of the average beam intensity and 
from the already determined Cu™(y,n)Cu® activation 
curve. This, combined with the above ratio, then deter- 
mined the expected Cu™ background activity. 

Multiple scattering of the primary electrons in the 
foils increases the effective path lengths of the brems- 
strahlung quanta and electrons in the rear foil relative 
to the first. A correction for this was applied which 
varied from 4 to 0.4 percent from 12 to 36 Mev. A 
further correction resulted from the fact that the elec- 
trons, which contribute nearly 80 percent of the back- 
ground activity in the rear foil, are degenerated in 
energy while traversing the radiator. The remaining 
background consists of approximately 20 percent stray 
gamma-ray induced activity (as determined by mag- 
netically removing the electrons before they strike the 
foils, and observing the resultant activity), and about 
1 percent neutron-induced activity (about equal in each 
foil). Both the gamma and neutron backgrounds were 
precisely accounted for in each bombardment by the 
foil-subtraction process. Except for a slight degenera- 
tion correction, which can be made with only an order- 
of-magnitude knowledge of the background, it should 
be recalled that subtracting the front-foil activity from 


%K. L. Brown, Ph.D. dissertation, Department of Physics, 
Stanford University, June, 1953 (unpublished). 
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Fic. 4. Activations per Cu® nucleus per electron per cm? inci- 
dent on a 0.025-radiation-length (0.3325 g/cm*) copper radiator 
for the Cu®(y,n) and (y,2n) reactions. 


the rear-foil activity eliminates the effect of any induced 
background which is the same in both foils. The validity 
of this method is borne out by the results of runs on the 
same set of foils at the same energy but on different 
occasions. The activity in the front and rear foils nor- 
malized to the integrated beam was not consistent from 
run to run (indicating different gamma backgrounds), 
whereas the difference in activity reproduced to better 
than 0.5 percent. Activity induced by foil electrons 
scattered from rest into an energy region above thresh- 
old was calculated to be negligible. The electron- 
degeneration correction was obtained through the use 
of the activation curve of the electron-induced reaction 
derived from the photonuclear activation curve and the 
photonuclear-electronuclear activation ratio of Brown 
and Wilson."® From this, and the theoretical value of 
the average electron-energy degeneration expected, the 
corrected rear-foil electron activation was computed. 

The corrected activation curves for the two reactions 
are plotted in Fig. 4. The average standard deviation of 
the individual points is about 0.5 percent. 


Cross-Section Curves 


The cross sections at odd-Mev points were computed 
by applying the photon-difference method*® to the 
activation curves using bremsstrahlung distributions 
calculated at even-Mev intervals for a 0.025-radiation- 
length copper radiator. The yield formula is 


Vlew)= nN f ” Slasaiinds (1) 
be i 


where «=quantum energy in Mev, ew=maximum 
quantum energy equal to electron kinetic energy, 
Y (ey) = total activated nuclei in the foil corresponding 
to a maximum quantum energy ey, m.=number of 
incident electrons, N,=effective number of radiator 
nuclei per cm*, N=number of nuclei per cm? in the 
sample, $(€,¢,) = cross section in cm* per Mev interval 
for radiator of thickness /, and o,= reaction cross section 
in cm? at energy e. 
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In the determination of the absolute cross section for 
the (7,2) process, the activation was adjusted for the 
number of Cu® disintegrations which proceed through 
electron-capture, by the electron-capture to positron- 
emission ratio of Cook” of 0.47. This value is subject to 
an error of about 10 percent. The result is in excellent 
agreement with that obtained for the electron-capture 
to positron-emission ratio calculated theoretically from 
the decay scheme.”” A 655-kev gamma ray is present 
in 20 percent of the Cu® disintegrations, and a 284-kev 
gamma ray in 3 percent. For the anthracene crystals in 
the counter of 0.5-cm effective thickness, Compton 
interactions require a correction to the measured ac- 
tivity amounting to 1.0+0.3 percent. 

The copper-62 nucleus decays also partially by elec- 
tron capture. A theoretical lower limit to the electron- 
capture to positron-emission ratio is 2.1 percent 
assuming that all disintegrations proceed directly to 
the ground state. On the other hand, the small amount 
of branching which may occur would increase the ratio 
by two or three times. However, as the precise decay 
scheme is not yet known, the lower limit was used in 
stating the final activation and cross-section values. 

The cross sections are shown in Figs. 5 and 6. The 
conclusion may be drawn that in these reactions at the 
measured energies, the process is more reasonably 
described by a compound-nucleus model in which the 
neutrons are evaporated as a statistical fluctuation, 
than by a model in which the neutrons are ejected by a 
direct interaction with the incident photon. In the 
latter case, one would expect the cross section to 
decrease more slowly past the maximum.”* The ex- 
pected ratio of the (y,2m) cross section to the cross 
section of all reactions in which at least one neutron is 
emitted may be calculated from the statistical model 
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Fic. 5. Cu®(y,n) and (y,2n) cross sections. 


* ©. S. Cook, Phys. Rev. 83, 462 (1951). 

27 Owen, Cook, and Owen, Phys. Rev. 78, 686 (1950); R 
Bouchez, Physica 18, 1171 (1952). The authors are indebted to 
Professor W. Meyerhof for his information on the latest available 
data on the electron-capture ratios. 

E. D. Courant, Phys. Rev. 82, 703 (1951); C. Levinthal and 
A. Po hry Phys. Rev. 82, 822 (1951). 
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of Weisskopf and Ewing” as 


o(y,2n)/Lo(y,n)+o(y,2n)+0(y,pn)+o(y,3n)+ >>] 
=1-—[1+ (a/E)}(E—E,) } 
Xexp[—(a/E)*(E—E,)], (2) 


where a=2.2 Mev™ for copper, E=e—er(y,n) =e 
—10.6 Mev, and Ey=er(y,2n)—er(y,n)=20—10.6 
=9.4 Mev. 

Table Il compares the calculated values with the 
results of this experiment at several quantum energies. 
The (y,pm) cross section could readily account for the 
observed discrepancy. 

The observed (7,2) threshold is 20.0+-0.5 Mev. This 
is not quite at the maximum energy for the (y,m) reac- 
tion, as might be expected on an evaporation model, 
probably because of competition from the (y,pm) reac- 
tion. Judging from the small amount of information 
available on other isotopes,’ this latter cross section is 
expected to be of the same order of magnitude as the 
(y,2n) cross section. 

The cross sections integrated over all energies up to 
35 Mev for the (y,) and (y,2) reactions are 0.55 and 
0.081 Mev-barn, respectively. The same values were 
found either from the area of the curves or from the 
values of the yield at 36 Mev and the bremsstrahlung 
cross section at the mean cross-section energy. The 
theoretical integrated cross sections for all reactions in 
copper were found by Levinger and Bethe® to be 0.95 
(1+0.8x) Mev-barns for Cu®. The value of x, the 
fraction of neutron-proton exchange force quoted in 
the paper, is 0.55, so that the integrated cross section 


TABLE II. o(y,2n)/[o(y,n)+o(y,2n)+--+] calculated from 


Theory Experiment 


0.08 0.13 
0.36 0.43 
0.58 0.71 
0.73 0.79 





TABLE ITI. Integrated cross section for 
the reaction Cu®(y,n). 
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a(yn) 
(Mev-barns) Reference 





0.60 L 
0.63 6 
0.76 10 
0.77+0.15 11 
0.5540.03 this paper 





*V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1949). 
# J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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Fic. 6. Cu®(y,2n) cross section. 


would then be 1.35 Mev-barns. This is considerably 
higher than the 0.63 Mev-barn found experimentally for 
the (y,z) and (y,2m) integrated sum. The inequality 
may be due to (a) the presence of competing cross 
sections, notably the (y,pm) and (y,p), or (b) the 
probable increase of the cross sections at several 
hundred Mev. 

In Table IIT, the (y,”) cross section is compared with 
those of other workers. 

The error in the values of the integrated cross section 
may be estimated as 5 percent for the (y,#) reaction and 
20 percent for the (y,2#) reaction. In the first reaction, 
an error of 1 to 2 percent arises from the calculation of 
the thick-target bremsstrahlung distribution. The pre- 
cision of the integrated value would be sensitive only to 
the part of the bremsstrahlung distribution between 12 
and 24 Mev, which is known to good accuracy for 
primary-electron energies in the neighborhood 30-36 
Mev. The limit of accuracy of the electron collector is 
2 percent, and fluctuations in foil mass per unit area 
constitute the remainder of the major errors. In the 
(y,2n) absolute determination, aside from the slightly 
poorer counting statistics, an additional error occurs due 
to the significant self-absorption of the lower-energy 
beta particles in the thicker foils. Furthermore, the 
published uncertainty in the ratio of electron-capture 
to positron-emission is about 10 percent.”® 
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An unstable even-even neutron-deficient platinum isotope with a half-life of 10.3+-0.4 days has been 
prepared and assigned a mass number 188. The decay of this isotope results in unstable iridium 188, which in 
turn decays to a known excited state in stable osmium 188. 





INTRODUCTION 


HE lightest platinum (Z=78) isotope previously 
reported is stable platinum-190, occurring in 
nature to the extent of 0.012 percent.' In an attempt to 
prepare and identify lighter platinum radioisotopes, 
bombardments of metallic iridium foil with 50-Mev 
protons have been carried out in the Nevis and Harvard 
University synchrocyclotrons. The iridium foil was 
stated by the manufacturer’ to be 99.8+ percent pure, 
and spectroscopic analysis* revealed only the presence of 
platinum to the extent of 0.1 percent as a heavy element 
impurity. 
SEPARATION PROCEDURES 


After bombardment a platinum fraction was chemi- 
cally isolated by solvent extraction of the platinum as a 





irideum Fraction (Composite ir 12.6 Doy) + 
ir'92(75 Doy) 


—Plotinum Fraction 
", * 10.32 04 doys 











10 
——TIME iN DAYS-——~ 


Fic. 1. Gross decay curves of fractions isolated from an iridium 
target bombarded with 50-Mev protons. 


t This research was supported in part by the U. S. Atomic 
Energy Commission, the Higgins Scientific Trust Fund, the U. S. 
Office of Naval Research, and through a grant in aid by the E. I. du 
Pont de Nemours and Company, Inc. 

'W. T. Leland, Phys. Rev. 76, 992 (1949). 

* Baker and Company, Inc., Newark, New Jersey. 

+ We are indebted to the spectroscopy division of Brookhaven 
National Laboratory for performing this analysis 
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platinum-tin complex into ethyl acetate from 6N 
hydrochloric acid, the iridium target having been previ- 
ously dissolved in a fused mixture of KOH and KNO;.‘ 
An iridium fraction could be prepared free from radio- 
platinum by repeated extraction of added inert platinum 
carrier solution. The method was checked by achieving 
a satisfactory separation of 3-day Pt" and 4-day Pt'™™ 
from 75-day Ir and 19-hour Ir™ formed by 22-Mev 
deuteron bombardment of natural iridium. 


DECAY DATA 


A typical decay curve of the platinum and iridium 
fractions separated from an iridium target after bom- 
bardment is shown in Fig. 1. The decay was followed 
with an Amperex 200C Geiger-Miiller counter having an 
end window 1.4 mg/cm’ thick. After 3 days the platinum 
fraction showed a simple exponential decay with a half- 
life of 10.3+-0.4 days, which was followed for over 70 
days. The iridium fraction shows a complex decay curve. 





Iridium Fraction From Torget 
(Composite ir'® (12.6 Doy) + ir'®? (75 Doy) 


iridium Doughter Fraction Milked 
From Piatinum Fraction 30 Doys 
After initial Seporotion 





a See ee. oor 
3040 
-——TIME IN DAYS ——-+ 








Fic. 2. Gross decay curves of the iridium fraction isolated 
directly after bombardment from the target (top curve) and the 
iridium fraction isolated from an aged sample of the 10.3-day 
platinum (bottom curve). 


4 W. Wayne Meinke, University of California Radiation Labora- 
tory Report UCRL-432 (unpubiished). 
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Fic. 3, Gross decay curves of a 10.3-day platinum fraction 
isolated directly after bombardment and of a repurified sample of 
the 10.3-day platinum (top 2 curves), for comparison the calcu- 
lated gross decay curves of a 10.3-day isotope with 41-hour 
daughter isotope are shown (bottom 2 curves). 


In order to determine chemically the element to which 
this half-life was to be assigned, further individual 
separations of mercury, gold, platinum, iridium, and 
osmium were undertaken from the platinum fraction 36 
days after its initial separation from the target. No 
activity was found to be present in the mercury, gold, or 
osmium fractions. However, the iridium and repurified 
platinum fractions both showed activity. The decay 
curves of the iridium fractions, isolated directly from the 
target and isolated from the aged platinum fraction, are 
shown in Fig. 2. The iridium fraction isolated from the 
aged platinum fraction shows a decay resolvable into a 
short-lived component having a half-life of 40+3 hours, 
and a longer-lived component having a half-life of ap- 
proximately 10 days. The iridium fraction isolated 
directly from the target shows no short-lived decay 
component 36 days after bombardment. A 41-hour 
neutron-deficient iridium isotope, Ir'**, has been re- 
ported by Chu ;° this suggests that the short-lived com- 
ponent in the iridium fraction isolated from the aged 
platinum is the Ir'** daughter of a long-lived Pt' 
parent. The long-lived component is most probably 
platinum activity incompletely separated from this 
iridium fraction. 

The decay of the repurified platinum fraction is shown 
in Fig. 3. A growth in total activity during the first 3 
days after purification was followed by a simple ex- 
ponential decay with a half-life of approximately 10 


“6. C. Chu, Phys. Rev. 79, 582 (1950). 
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Fic. 4. Comparison of the critical absorption of known platinum 
and iridium x-rays and the x-rays occurring in the decay of an aged 
sample of 10.3-day platinum. 
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Fic. 5. Conversion electron peaks accompanying the decay of 
the 10.3-day platinum activity showing the initial increase of the 
electron lines at 82 and 145 kev. 


days. This decay curve is compatible with the total 
activity curve expected for the growth of a 41-hour 
daughter activity from a 10.3-day parent, if the dis- 
integrations of the daughter are counted with approxi- 
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Fic. 6. Properties of the mass-188 isobars. 


mately half the efficiency of those of the parent. The 
reappearance of the 10-day decay component preceded 
by the short period of growth suggests that this half-life 
be assigned to the decay of Pt'**, 


CRITICAL X-RAY ABSORPTION MEASUREMENTS 


As a further check on the atomic numbers involved 
in the postulated Pt'**—Ir'**—QOs'** decay sequence, 
critical absorption measurements of the x-radiations 
accompanying the-decay of the 10-day activity were 
undertaken, The x-radiations expected in such a se- 
quence would be those characteristic of iridium and 
osmium and would result from the filling of vacancies in 
the electronic shells of these elements arising from 
electron capture and internal conversion. The absorbers 
consisted of approximately 4 gram each of the oxides 
HfO2, YbgO3,and Tm,0; spread in a circular indentation 
in Lucite 1 inch in diameter. The x-rays were counted 
using a sodium iodide scintillation counter equipped for 
differential pulse-height analysis. The absorbers were 
first used with a known source of Pt™ and Pt'®™ 
emitting platinum and iridium x-rays. The pulse-height 
curves obtained are shown in the left-hand portion of 
Fig. 4. Critical absorption in the ytterbium and thulium 
absorbers is shown by a reduction of the counting rate in 
the x-ray photopeak and by a shift in the location of this 
peak to lower energies, corresponding to the fluorescent 
x-radiation of the critical absorber. The pulse-height 
curves obtained using an aged source of the 10-day 
isotope in equilibrium with its daughter are shown in 
the right-hand portion of Fig. 4. The onset of critical 
absorption in ytterbium indicates that the x-rays 
emitted by this source are characteristic of one or all of 
the elements platinum, iridium, osmium; this is in 
agreement with the postulated decay sequence in which 
iridium and osmium x-rays would be expected. 


CONVERSION ELECTRONS 


A preliminary study of the electron lines occurring in 
the decay of the 10-day platinum has been made with a 
thin-lens B-ray spectrometer. A thin source was prepared 
by electrolytic deposition of high specific activity ma- 
terial upon 0.2-mil platinum foil. The conversion lines 


observed 4, 6, and 20 days after bombardment and 
isolation of the platinum are shown in Fig. 5. Conversion 
electrons having energies of 43, 53, 82, 114, and 180 kev 
are present. The lines at 82 and 145 kev are seen to 
increase in intensity between the 4-day and 6-day 
readings. 

The 63-kev separation of these lines suggests that 
these are the K and L conversion lines of a gamma ray 
converted in either osmium or iridium. However, the 
initial increase in intensity suggests that these lines are 
associated with the decay of a daughter activity, pre- 
sumably due to a level in Os'** reached by decay of Ir'**. 
The energy of this transition is then found to be 15643 
kev from the known K and L electron binding energies 
in osmium. This energy value is in good agreement with 
the values previously reported’" for the lowest-lying 
E2 ¥ transition in Os'** which range from 152-160 kev. 
This level had been observed by the previous workers in 
the B- decay of Re'** and its reoccurrence confirms a 
mass assignment of 188 to both the 10.3-day platinum 
and the 42-hour iridium. 

The remaining conversion lines at 43, 53, 114, and 180 
kev are associated with levels in Ir'®*, the 53 and 114 or 
114 and 180 may constitute a K, L conversion line pair. 
Figure 6 summarizes the present information available 
concerning the mass 188 isobars; the level scheme for 
Os!** is taken from McMullen and Johns." 
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The theory of multiple scattering of neutrons is developed in cases of interest for diffraction experiments. 
Computations of second-order scattering for various plane slab sample arrangements are carried out, under 
a quasi-isotropic cross-section assumption. The relevance of recent computations by Chandrasekhar is 
pointed out, and these are also applied to the present problem. 


INTRODUCTION 


HE determination of crystalline and liquid struc- 
tures by neutron diffraction depends on meas- 
uring single scattering. Higher-order scattering is always 
present in addition to first-order scattering, and in some 
cases the experimental data should be corrected ac- 
cordingly. Although there exists an extensive and 
elaborate literature on multiple-scattering problems of 
various types, little of it is exactly applicable to the 
present situation. Some calculations by Chandrasekhar 
may be applied in several cases, and these will be con- 
sidered subsequently. Blok and Jonker! have given an 
approximation method and worked it out numerically in 
a special application to hydrogenous scatterers. Their 
method requires rather specific numerical computations 
for each case, although it permits one to take account of 
anisotropic cross sections which are not too complicated. 
We present in this paper an analysis in terms of orders 
of scattering. This yields a formal solution to the 
problem in terms of a sum of definite integrals, and 
applies to arbitrary sample geometries and for arbitrary 
scattering cross sections. Evaluation of the early terms 
of the series is possible for simple geometrical conditions, 
and gives an adequate approximation whenever the 
scattering is sufficiently small. The general solution may 
be used to show certain properties of the scattering, and 
suggests some approximations which allow one to cope 
with the very complex cross sections encountered in 
diffraction problems. 


GENERAL ANALYSIS IN TERMS OF ORDERS 
OF SCATTERING 


We consider a sample which consists of a crystalline 
powder or an amorphous material, so that we can deal 
exclusively with densities of neutrons instead of 
Schrédinger waves. We also consider the incident neu- 
trons to be monoenergetic, and neglect the effect 
of any energy changes during scattering. Let P, (r,s), 
n=0, 1, 2, 3, ---, be defined as the number of neutrons 
per unit volume at r which have already been scattered 
just » times and which are now proceeding in the direc- 
tion of the unit vector s, within unit solid angle. The 
scatterer is described by the following parameters: 


* Work carried out under the auspices of the U. S. Atomic 


Energy Commission. 
1 J, Blok and C. C. Jonker, Physica 18, 809 (1952). 
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o4(8,8’) = differential scattering cross section, per unit 
volume, for scattering from direction s to direction s’; 

a= fodQ=total scattering cross section per unit 
volume (here and afterwards /dQ means integration 
over a solid angle of 44 with respect to the obvious 
angular variable) ; 

or=total cross section per unit volume (scattering 
plus absorption). 

oa is meant to describe the scattering properties of a 
portion of the material small enough to involve only 
single scattering, yet large enough to include structural 
effects, and, in the case of crystalline powders, to contain 
many crystalline grains representing all orientations. It 
is thus a macroscopic cross section. 

The scattering is governed by a set of transport 
equations,’ 


s:0P,(r,8)+orP,,(r,8) = f astouss)Povle8), 


n=(0,1,2,°°:, (1) 
(where P_,=0) which express the fact that scattering of 
neutrons of order n—1 provides a source, and scattering 
and absorption of neutrons of order » provide a sink for 
the current of mth order neutrons at each point r. 
Equations (1) on the interior of the scatterer, together 
with boundary conditions prescribing Po(r,s) at each 
point of the surface of the scatterer determine all the 
densities P,. 

A formal set of solutions of Eqs. (1) may be shown to 
be 


Po(r,8) = Po(r— Ls) exp(—arL), (2a) 


Pa(tss)= f ddvoa(s's) 


L 
xf dt exp(—ort)Pp_1(t— &s, 8’), 
: n=1,2, +++. 


(2b) 


Here L is the distance from the point r to the surface of 
the sample in the direction —s. It is assumed that the 
sample is nowhere concave. See Fig. 1. 


*From the basic article by A. M. Weinberg, U. S. Atomic 
Energy Commission Report AEC-3405 (unpublished) “the deri- 
vation of these equations should be evident.” 
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Fic. 1. Geometry of the general case. 


Equations (2) state that particles constituting the nth- 
order component at r must have suffered their last 
scattering act somewhere along a line in the direction 
—s, being at that stage members of the component of 
order n—1, and must then have proceeded to r without 
absorption or further scattering. 

By iterating Eqs. (2), one can next express P, as a 
multiple integral of Po. In principle the problem is then 
solved, although the evaluation of these integrals for all 
but the simplest geometries and cross sections and for 
n> 2 proves to be exceedingly tedious. Hereafter, atten- 
tion will be mainly restricted to samples in the form of a 
plane slab. 


INSTANCE OF THE PLANE SLAB 


Suppose the sample to be a slab of indefinite lateral 
extent and thickness ¢. Suppose the incoming neutrons 
to be collimated and incident at an angle 6 with the slab 
normal. For convenience we suppose the incident beam 
to be of large cross-sectional area, uniformly distributed 
and containing unit density of neutrons. See Fig. 2. 

The neutron densities now become functions of z, 
the depth below the surface, and 6, the direction of the 
vector 8. We find from Eqs. (2), 


Po(2,0) =exp(—orz secBo) (2r)~'5(cosd—cosdy), (3) 
and 


P (2,0) =a4(s, ss ere 


exp(—ors sec6y) 


or cosé 
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- 1 








Fic. 2. Geometry of the plane slab. 


VINEYARD 


where 
L=zsec8, 0<2/2; L=(z—t) secd, @>x/2, (5) 


and 6 indicates the Dirac 6 function. At the bottom of 
the slab, (4) gives, with ort=r, 


exp(—r a] 


or cosé 


P\(t,9)=<a(s, ss 





exp[_r(sec8y—sec) ]—1 
| 


| 6<x/2, (6) 
sec 


secOy o— 


and at the top, 





exp[_— 7(seco— sec0) ]— ] 


P,(0,6) =o4(s, pe 
or cosd(secby— 


sec0) 
6>/2. (7) 


To calculate the current density in mth-order scat- 
tering which leaves the surface of the slab, it is only 
necessary to multiply P,, evaluated at the surface, by 
the velocity of the neutrons. The current is the current 
density multiplied by the cross-sectional area of the 
beam, and if J,,(@) is the nth-order scattered current, per 
unit incident current, transmitted through the slab at 
direction 6, per unit solid angle, we find 


Jn(0)= (cos8/cos)Pa(t,0), n=0,1,2,-++. (8) 


In the following, second-order scattering will be 
computed for three specific cases :? (a) angle of incidence 
equal to angle of transmission, (b) angle of incidence 
equal to zero, and (c) reflection at an angle equal to 
angle of incidence, sample infinitely thick. 


Case (a): 0=@ 
Equation (2b), with n=2, applied to Eq. (4) gives 


P2(1,0=)=01"? secbe-" = f d0!o4(8,8")ou(s",8) f(0’), (9) 


where s’ is a unit vector making angle @ with the 
(downward) slab normal, and 


| sec | 
f@’)=———_ {exp[r | sec” | (sec cos6’— 1) ] 


(secé — sec6’)? 
7 sec6’ 


= eaten pede 
secé — sec’ 


In general, this integral can be handled only by numerical 
methods. However, for most liquid and crystalline 


$ "8 With th the quasi-isotropic approximation it does not matter (in 
second- and Tuas scattering) whether the direction of 
emergence is co-planar with the slab normal and the direction of 
incidence. In developing the 6-function approximation this further 
restriction will be assumed. 
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samples, o4 is a rapidly varying function of angle which, 
if averaged over a small range of angles about any angle, 
would be virtually a constant, equal to o/41. {(6’) isa 
relatively slowly varying function, and we thus find 
that a good approximation to P2 is given by replacing 
the two differential cross sections by ¢/4 and removing 
them from the integral. This approximation is inade- 
quate for @ very small, or for the case of x-ray scattering 
where, at not too long wavelengths, the atomic structure 
factor imparts a pronounced secular trend to a4. We call 
it the quasi-isotropic approximation. 

With the quasi-isotropic approximation the integral 
in (9) may be evaluated, to give: 


J2(6) = P,(t,0) == (<) —|(— ) (1 —elDr) 
or/ 8mrst\s—1 


+ (sr+1){Ei((s—1]r)—In((s—1]r)} 
+(— )a-e (e+) + (1—sr) 

s+1 
X {Ei(—[s+1 ]r)—In((s+1 Jr)}+2 Inz 


— (e**+e~*") Ei(-9} (10) 


where s= sec, 


z= e“ 
Ei(«) = f —du, «<0, 
dy 


and Ei(x) is defined by the same integral as Ei(x), with 
x>0O; the integral is understood in the sense of the 
Cauchy principal value.‘ 

There is another form of oa, the 6 function approxima- 
tion, which allows rather simple evaluation of (9) and 
which approximates a variety of situations, including 
both isotropic and highly anisotropic examples. Let 


N 
oa(x)= 2 and(x—b,), (11) 


n=! 


where x is the scattering angle, and a, and b, are 
arbitrary. This form is well suited to the cross section of 
a crystalline powder, for example. Let the pole of a 
spherical coordinate system coincide with the downward 
slab normal. Let s, 89, and the slab normal be co-planar. 
Let s’ have polar angles 6’ and ¢’, where ¢’ is measured 
from the plane of s and 8». Let the angle between s’ and 
So be n, between s’ and s be ¢. One finds, assuming 0= 4p, 
(x ay 26), 
cosn= cos0’ cos6— sind’ sind cos¢’, 


cost = cos0’ cos#+-sind’ sin# cos¢’, 
6’ = cos (cosn+cost)/2 cos# ]. 
4 E. Jahnke and J. Emde, Table of Functions (G. E. Stechert and 


Company, New York, 1938), pp. 1-3. A. Hammad, Phil. Mag. 38, 
515 (1947), 


SCATTERING 


OF NEUTRONS 
The solid angle dQ’ can be written: (when 60) 
dQ’ = sind’dé’d y’ = I (n,f)dndf, 


cos20—cosn cost\?7-* 


sinn sint 


(12) 
where 





Inserting (11) and (12) in (9), we find 


P,(t,0) =o7r~ secbe~" 8 


N 
X LL andnl (bnjbm)fOnm’), (13) 


n=] m 


where Onm’ means & at n= by, f= bm, and > »* means sum- 
mation over all m for which |b,—20| <bm< |b,+ 20). 

Equation (13) can be explicitly evaluated without 
much trouble for reasonable values of V. From its form 
one sees that the peaks in og do not appear directly in 
Jo. The individual terms of (13) are not monotonic 
in 0, however, since /(6,,bm) becomes infinite when 
26= |b,-+-bm|. The resulting infinities in P: are caused 
by the infinitely sharp peaks assumed for a4. Allowing a 
small but finite width w (radians) for each peak of ou, 
and keeping the areas of each peak unchanged, one finds 
that at these infinities one should replace 7(b,,bm) in 
(13) by 

[ (9/32) | cotb,+-cotb,,| w}-, 


corresponding to the cases |b,+),|=20, respec- 
tively. Correction of J is unnecessary whenever 
20— | brtb»| >w. 

For w=0.01 radian, 6,=80°, b,=90°, this gives a 
peak only about 4 times as high as the minimum point 
on the curve of /(b,,bm) vs 8. Thus, in typical crystalline 
cases these peaks are low and broad, and the superposi- 
tion of all of them leads to a rather smooth curve 
resembling that of the quasi-isotropic approximation. 


Case (b): 6)=0 


A precisely similar calculation, again making the 
quasi-isotropic approximation, reveals that 


a 2 er 
J2(8) = cos P,(t,0) = ( -) —_ 


or 8r 


1 1 
x| - (e7*+-e~") Ei(—r)+— 
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_— 


Ei(—2r) 
1 


1 1 
———_e"-) Fi(—{s+1]) -——_ 
s(s—1) J s(s—1) 
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Fic. 3. Second scattering coefficient, B vs scattering angle, 
26 [case (a) ]. 


where y= 1.78107: --. 


Case (c): Reflection at the Specular Angle, 
Thick Slab 


This is the only case giving simple results. With the 
same procedure, and the quasi-isotropic approximation, 
we find 


J (0) = P2(0,9) = (a/a7r)*(8m secb)~ In(1+sec8). (15) 


Here, contrary to the previous convention, @ has been 
measured from the upward normal, as pictured in 
Fig. 4. 

Summary of Plane Slab Results 


In all three cases, we find that the first- and second- 
order scattered currents can be written, respectively, 


(16) 
(17) 


J\=(¢/or)A4noa(x)/o, 
J_=(a/or)*B, 
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Fie. 4. Case (c) (back reflection) second scattering coefficient, 
B vs scattering angle, r— 26. 
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where A and B may be called the first- and second- 
order scattering coefficients, and are defined by Eqs. 
(10), (14), and (15) in conjunction with the preceding 
expressions. The angle x is the scattering angle, equal to 
26, 0, and r— 26, in cases (a), (b), and (c), respectively. 
Equation (16) has been cast into such a form that the 
mean value of the differential cross-section dependent 
factor, 44aa(x)/o, is unity. A and B each depend on + 
and sec@ only. 

Equations (16) and (17) indicate at once the role of 
the ratio ¢/a7, which may be termed an “albedo,” in 
fixing the magnitude of the various orders of scattering. 
One may further show, by a simple change of variables 
in the second integral of Eq. (2b), that P, is quite 
generally proportional to (¢/o7)". From this it is clear 
that a sufficiently large absorption cross section can 
always reduce higher-order scattering indefinitely com- 
pared to first order scattering. With x-rays the albedo is 
typically from 0.1 to 0.01 and thus multiple scattering 
corrections are generally less important for x-rays than 
for neutrons. 

The second scattering coefficient B (under the quasi- 
isotropic approximation) is plotted vs the scattering 
angle x in Figs. 3 and 4, for cases (a) and (c), respect- 
ively. In Fig. 3, various values of the thickness parame- 
ter r lead to the various curves. Here, a tendency of 
second-order scattering to be isotropic is apparent, 
especially for r in the vicinity of 1. 

In Fig. 5 is plotted the ratio of second-order scattering 
coefficient B to first-order coefficient A, for case (a), 
with quasi-isotropic approximation. The thickness pa- 
rameter 7 is abscissa. For modest scattering angles the 
ratio is nearly independent of scattering angle. From the 
curves, one sees that 7 must be as small as 0.05 to make 
B/A equal 7s. With vanishing thickness, the ratio 
vanishes, but as r Inr, rather than linearly with 7, as one 
might have at first supposed. 


LIMITS OF VALIDITY OF THE RESULTS 


The implicit assumption of the foregoing work has 
been that second-order scattering forms such a large 
share of the multiple scattering that third, fourth, etc., 
orders may be ignored. This assumption is valid only 
under special circumstances. Rough calculation shows 
that third-order scattering is about as much smaller 
than second order as second order is smaller than first, 
and this proportion extends to all higher orders as well. 
Consequently, if second-order scattering is much less 
than first order, we may generally conclude that second 
order is well representative of all higher orders. Two 
conditions, as has been noted, favor this: smallness of r, 
and smallness of the albedo, ¢/or. From the curves 
given here one can immediately determine whether this 
condition is satisfied. 

To demonstrate more fully the relative magnitudes 
of the various higher orders of scattering, suitable rela- 





MULTIPLE SCATTERING 


tions of inequality can be found. Define 


0, (rt) = f dOP,,(r,8), (18) 


the nth-order neutron density at r. With the quasi- 
isotropic approximation, Eq. (2b) may be rewritten 


L 
P,(t,8) = (¢/4n) f dt exp(—ort)Qn-a(r— 8). 


Now if the maximum value of Q,,(r), for all r, is denoted 
0,™*, we have 


L 


Px (1,8) < (0/4) Ons J “‘Repl-erd 


0 


= (¢/4ro7)O,-1™[1—exp(—orL)]. (19) 
Specializing now to the plane slab case, L is given by 
Eq. (5). Next, integrate Eq. (19) with respect to the 
solid angle associated with s. One finds 


Q,(r) < (o/or){1 <a F(z) ]Qn,-1™", 


TABLE I. Test of approximations. 





Error in 
using J2 


—20% 
45% 
—21% 


where 


F(z) =4{expl —orz |+exp[—or(t—z) | 
+orz Ei(—orz)+or(t—z) Eil—or(t—z) }}. 


The minimum value of F(z) occurs at z=¢/2, so finally, 


Onm< (a/or)g(r)On : {mex (20) 


where 


g(r) =1—F(t/2) 
= 1—exp(—7/2)—(7r/2) Ei(—7r/2). (21) 
g(r) is plotted in Fig. 6. 
Iterating the inequalities (20), we find 


Qn™*S[(e/or)g(r) ]""Om™™*. 


The general level of higher than second-order scattering 
cannot exceed > n=3” On™*; so by (22), this level cannot 
exceed 


(22) 


¥ [(o/on)e()] n~2() pmax 
=Q,™*( (a/or)g(r) ILA oe (a/or)g(r) | 1 
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Fic. 5. Ratio of 2nd to 1st scattering coefficients, 
B/A vs r (case (a) ]. 


From this it is clear that smallness of (¢/o7)g(r) com- 
pared to unity insures that second-order scattering is a 
close approximation to all of the multiple scattering. 
Comparison of Fig. 6 and Fig. 5 shows that this criterion 
is nearly the same as the previously described criterion 
that (¢/or)(B/A) be small. 

From these calculations a rough tendency for the 
ratio Jn4:/J, to be independent of » is apparent. This 
suggests an improved approximation for the multiple 
scattering. Assume J n41/J n= J2/J1, n=2, 3, «++, where 
J, means the average of J, over angles. Employing (16) 
and (17), we have J2/J,= (¢/or)(B/A). Then 


JotJSIstJ at: +I 1+ (¢/or)(B/A) 
+ (¢/or)*(B/A)*+: ++], 


JatJIst+J at +++ SI2/[1—(¢/or)(B/A)]. (23) 


Equation (23) is an appreciable improvement over J» 
itself, as long as (¢/ar)(B/A)<1. A test of this is 
afforded by Chandrasekhar’s exact calculation for 
isotropic scattering [case (b)]. For 6=0, one finds 
errors as listed in Table I. 


or 


CHANDRASEKHAR’S COMPUTATIONS 


The problem of multiple scattering without energy 
loss has already had considerable attention from 


: 


T 


C-hRLBUaANDWS 














Fic. 6. g(r) vs 7, plane slab case [see Eq. (21)]. 
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astrophysicists, to whom it is of interest in connection 
with problems of radiative equilibrium in stellar and 
planetary atmospheres. Chandrasekhar’* has shown 
that the total scattering (all orders) for plane-slab 
scatterers with isotropic cross section is determined by 
two functions satisfying integral equations which, 
though nonlinear, are adapted to numerical computa- 
tion. He and co-workers have recently published tabula- 
tions of these basic functions.’ 

Within the realm covered by the published tabula- 
tions, and after justification of the quasi-isotropic ap- 
proximation, this work is clearly superior to an analysis 
in terms of orders of scattering. Its advantages are 
especially great for cases of thick scatterers. There is the 
disadvantage that the scattered intensity appears as the 
ratio of certain differences of the tabulated functions 
and the quantity cos#)— cos@, where 4» and @ are incident 
and emergent angles, respectively. For the case most 























Fic. 7. Multiple scattering, 2,22” Jn, from Chandrasekhar. 
eer Te eel [dotted lines give J2, (Eq. (14)]. 


5S. Chandrasekhar, Radiative Transfer (Clarendon Press, 
Oxford, 1950), Chap. IX. 

*A multiple-scattering treatment somewhat similar to that 
pam here, but not carried beyond the abstract stage, has also 
»een given by H. C. van de Hulst, Astrophys. J. 107, 220 (1948). 

’ fy ae te Bg Elbert, and Franklin, Astrophys. J. 115, 244, 
269 (1952). 
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Fic. 8. Multiple scattering, 2,-2" Jn, from Chandrasekhar. 
o/oa7=0.5 [dotted lines give Je, Eq. (14)]. 


important in neutron diffraction [our case (a)] this 
ratio is 0/0, and the limit as 6 approaches 4 cannot be 
found with accuracy from the tabulated values.® 

We have employed Chandrasekhar’s tables to com- 
pute multiple scattering in our case (b), where, for the 
parameter ranges tabulated they are superior to our 
Eq. (14). Computing J; from Eqs. (4) and (8), we 
subtract this from the Chandrasekhar values (which 
give > nmi” J,,), and present the results in Figs. 7 and 8. 
Again the approximate isotropy for angles which are not 
too large can be seen, particularly for thin samples. 

Also plotted in Figs. 7 and 8 are curves of J, com- 
puted from Eq. (14) for r=0.1 and r=0.5. Quali- 
tatively, the second-order curves are entirely similar to 
the curves which include all higher orders. For r=0.5, 
a/or=1, the quantitative agreement is poor, for the 
other cases it is fair to good, as has been predicted by the 
foregoing considerations. 
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® Chandrasekhar has also given analytic approximations to his 
two functions (reference 5, pages 202-207), and from these one can 
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— work. The formulas seem to be more cumbersome, 
owever. 
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Indirect Exchange Coupling of Nuclear Magnetic Moments by Conduction Electrons* 


M. A. RUDERMAN AND C. KITTEL 
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(Received June 17, 1954) 


A calculation is given of the indirect exchange I;-1; type coupling of nuclear magnetic moments in a metal 
by means of the hyperfine interaction with the conduction electrons. The interaction appears to account 
qualitatively for the broad nuclear spin resonance lines observed in natural metallic silver. It is expected that 
the interaction may sharpen the resonances in pure isotopic specimens. The line shape of the minority isotope 
in a binary mixture may tend to be Gaussian, while that of the majority isotope may tend to be Lorentzian, if 


the indirect exchange interaction is dominant. 


INTRODUCTION 


“EVERAL recent measurements suggest that the 
width of nuclear-spin resonance lines in the heavier 
metals may be greater than expected from magnetic 
dipolar interactions alone. The additional broadening 
for nuclei with spin 7>4 might be caused in part by the 
interaction of the nuclear electric quadrupole moment 
with lattice imperfections, but nuclei with J=4 have 
zero quadrupole moment, so that here other broadening 
mechanisms must be effective. Among nuclei with / =}, 
Bloembergen and Rowland!’ report anomalous line 
widths in tin and thallium ; the widths are of the order of 
five times the calculated dipolar widths. Sogo and 
Jeffries* find that the width peak-to-peak of the absorp- 
tion derivative of the Ag’ resonance in natural silver is 
approximately 115-15 cps, whereas the corresponding 
calculated dipolar width is only about 50 cps. While 
some of the examples might be explained by spin-lattice 
relaxation or the possible presence of paramagnetic 
impurities, we would like to suggest a more general 
mechanism. 

There will exist in metals a coupling between the 
magnetic moments of two nuclei via their hyperfine 
interaction with the conduction electrons. Ramsey and 
others’ have shown that a similar interaction exists 
between nuclear spins in molecules. Let us consider a 
metal crystal in which all but two of the nucleons are 
nonmagnetic. The electron wave functions of the per- 
fectly periodic problem will be scattered by the hyperfine 
interaction with each of the magnetic nucleons. The 
total wave function seen by one magnetic nucleon will 
depend on the spin orientation of the other, thus 
establishing an indirect spin-dependent coupling be- 
tween the two nucleons. We proceed to calculate the 
interaction by second-order perturbation theory. The 
interaction will be shown to have the form I,-I, of an 
exchange operator, suggesting that the interaction may 


* Assisted in part by the National Science Foundation. 

1'N. Bloembergen and T. J. Rowland, Acta Metallurgica 1, 731 
(1953). 

2P, B. Sogo and C. D. Jeffries (private communication) the 
shape is approximately Gaussian. 

3N. F. Ramsey, Phys. Rev. 91, 303 (1953); N. F. Ramsey and 
E. M. Purcell, Phys. Rev. 85, 143 (1952); E. L. Hahn and D. E. 
Maxwell, Phys. Rev. 88, 1070 (1952); also work by Gutowsky, 
McCall, and Slichter, Phys. Rev. 84, 589 (1951). 
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sharpen‘ the line in pure isotopic specimens, while 
broadening the line in isotopic mixtures. The observed 
line width in natural silver appears to be in qualitative 
agreement with our calculations. We assume through- 
out that the contact part of the hyperfine interaction is 
dominant, and that the dipolar part of this interaction 
may be neglected. 


CALCULATION 


We consider first an electron moving in an exactly 
periodic lattice; interactions with nuclear spins and 
lattice vibrations are neglected. The electron can be 
described by the Bloch function $y (r) =e" ''u,(r), where 
u(r) is periodic in the lattice. It is convenient to 
normalize @ so that for large volumes, 


vf f fart. 


The interaction between nuclear and electron spins is 
manifest in hyperfine structure. This same interaction 
will of course couple Bloch functions of different k, i.e., 
scatter conduction electrons. The matrix element for the 
scattering from k to k’ by the moment u on the nucleus 
atr= R, is 


(1) 


S-TAxyee*-©? Bs, (2a) 


nwt f f f droy*(t)Adx(t)=Aun*. (2b) 


Here S and I are the spin operators for the electron and 
nucleus; 4 is the hyperfine interaction. Since the 
interaction (2) is so weak compared to the electron- 
lattice coupling it is sufficient to treat it as a small 
perturbation. We assume the conduction band is filled in 
both spin states from k=0 to k». Then the interaction 
between the spins of nuclei i and j at r= R, and Ry, via 
the double scattering of an electron (k-+k’—k), is 


bm dk 
H(Ry)= = (S-1)8-1) f a 


a) 


4C. J. Gorter and J. H. Van Vleck, Phys. Rev. 72, 1128 (1947), 


= dk’ Ann Ay peter) Ris 


a (3) 
» (2m)? E(k’) —E(k) 
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The restriction k’>k» is dictated by the exclusion 
principle. However, it will be evident that the exclusion 
principle can be neglected in the intermediate states k’. 

The hyperfine interaction does not depend strongly on 
k. Since the largest contributions to Eq. (3) come when 
k'~k~km, we approximate 


Ann Ane by | Akiko | ?. 


Summing over the electron spins and performing all 
angular integrations we obtain for (3): 


1° 1;| Akmkm|? po 
Satncintiore ~f kdkei*Rsi 
—km 


(2r)*Ri;* 
2 -km et*’ Risk’ dk’ 
x| f +f | (4) 
» Y_ E(K)-E(h) 
In deriving (4) it has been assumed that E(k) depends 
only upon the magnitude of k. 
It is perhaps of some interest to show how the ex- 


clusion principle plays no real role in the k’ integration. 
The bracket in (4) may be written: 


~ ik’ RR dk! km git’ RR/dk’ - 
| f —_—__— -f — | (5) 
~«o E(k’)— E(k) km E(k’) — E(k) 
Putting the second integral of (5) into (4), we have a 
constant times 


km km 
pp. f ak f dk’ ei *+ RRR E(k’) —E(k)}. (6) 
—kn Y— bes 


Expression (6) vanishes because the integrand is anti- 
symmetric in k and k’. Therefore we may replace the 
bracket in (4) by the first integral of (5) which is the 
result which would have obtained if the exclusion 
principle had been neglected in intermediate states in 
(3). This, of course, must be quite generally true since 
the conduction band could have been “filled” before or 
after introducing the perturbation (3). 

If it is assumed that the effective mass does not vary 
appreciably for k in the neighborhood of k,, we may put 
E(k) =h*k®/2m*. Then (4) becomes 
1 ,- 1; | Akmkm | 2m* 

—— —————[ 2h wR ij CoS(2RmR ij) — Sin(2kmR 5) J. 
4 (2n)*Ri fh? (7) 


The quantity Akm*m can be simply related to the ob- 
served atomic hyperfine structure splitting v.. From 
Eqs. (1) and (2) the hyperfine splitting for a conduction 
electron with wave number & is given by 


[ (27+ 1)/20 JAca= 2rhvnts(). (8) 


{2 is the atomic volume which enters because of the 
normalization (1). The observed hyperfine interaction in 
the free atom and crystal are comparable, differing be- 
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cause of the changed electron density in the vicinity of 
r=0, ie., 


vnte(k)/va~2-'g,7(0)/¥?(0) SE; (9) 
£ is generally less than but of order one. 


APPLICATIONS 


We see that the interaction energy between nucleon 
spins in a metal is of the form 


K= DL Asli, 


>i i 


(10) 
where 
om eeatae( 1 ) 


0 We(2T +1) (20+) \Riy 


X[kmRij COS(2kmRij)—sin(2kmR is) ]. (11) 


This interaction is in addition to the usual dipolar and 
quadrupolar interactions. We note that A,;; depends on 
the product wy; of the nucleon magnetic moments. A 
qualitative estimate suggests that the new interaction 
will be of the same order of magnitude as the magnetic 
dipolar interaction when the electron density at the 
nucleon in the metal is of the order of a few hundred 
times greater than the density of a uniform distribution 
of charge, as in a plane wave. Using atomic hyperfine 
separations (with =1), we estimate the following 
density ratios: 


Li Na K Ag Rb Cs 
35 200 550 1100 1600 3100 





We now consider the effect of a strong I,- I; interaction 
on the width and shape of nuclear resonance lines. 
That the interaction is of the form Eq. (10) follows from 
the matrix element (2) and is independent of any of the 
subsequent approximations. This interaction is of the 
same type as the electron exchange interaction S,-S,, of 
which the properties with respect to electron resonance 
experiments have been studied in particular detail by 
Van Vleck, whose results we use here. In a metal con- 
sisting entirely of one isotope the nuclear exchange 
interaction tends to sharpen the resonance line. The 
second moment ((Av)*) is not affected by the exchange 
interaction, while the fourth moment ((Av)*) is increased. 
As the line sharpens the shape is said approximately to 
go from Gaussian to Lorentzian. We have been unable 
to find accounts of nuclear resonance experiments in 
metals carried out under conditions which would provide 
a critical test of the predicted sharpening, although the 
corresponding effect is well known in electron spin 
resonance. When the line width is reduced, the reduction 
is roughly in the ratio of the dipolar interaction to the 
exchange interaction. 

5 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948); see also P. W. 
Anderson and P. R. Weiss, Revs. Modern Phys. 25, 269 (1953), 


t Note added in proof.—In a private communication N. Bloem- 
bergen reports that he has observed effects of this nature in 





NUCLEAR MAGNETIC 


An interesting situation arises when the crystal con- 
sists of two magnetic ingredients with gyromagnetic 
factors sufficiently different that the resonances for the 
two varieties of nuclei do not overlap. Here the nuclear 
exchange interaction between unlike nucleons tends to 
broaden each resonance line. We shall apply the results 
of Van Vleck to the nuclear resonance in natural silver, 
which consists of roughly equal parts Ag’? and Ag™, 
both isotopes having /=}. The nuclear magnetic mo- 


ments are® 
H107> —0,.113 nm, 


Mioo= — 0.130 nm; 


the atomic ground-state hyperfine splittings are’ 
vio7= 1713 Mc/sec, 


vio9= 1977 Mc/sec. 


The expression for ((Av)*), Van Vleck’s Equation (29), is 
formidable. We shall evaluate it approximately for silver 
under three simplifying assumptions: (a) the dipolar 
interaction is neglected; (b) only nearest neighbor ex- 
change interactions are considered; (c) all nearest 
neighbor nuclear exchange interactions are taken to be 
equal, independent of the isotopes involved. Thus 
A jp= A jy = A je = A 5x = A, for nearest neighbors, where 
the sites 7, k may be occupied by primed or unprimed 
nuclear varieties. 

We consider the moments of the resonance line of the 
unprimed nucleons, with J=J’=4. From Van Vleck’s 
Equation (28), 


h (Av)?)= (4N) Dj De Ase’, 


where NV is the number of unprimed nucleons in the 
specimen. We calculate for a face-centered cubic lattice, 
for which each site has 12 nearest neighbor sites. We let 
f be the fraction of sites occupied by the primed variety 
and (1—/) the fraction of sites occupied by the un- 
primed variety, the two varieties being distributed 
entirely at random. It is readily seen that the value of 
the double summation is 12N fA*, so that 


h((Av)*)=3fA?. 


(12) 


(13) 


We have for the fourth moment, from Van Vleck’s 
Equation (29), letting 2’ denote a sum over indices 
larger than those in the preceding summation, 


hX(Av)*)= (8N) pa a’ A j'(Ajy?+Anv’? 
~ 24 Aw) + (8N)" pp 3 By 
[AeA je A yy? —2A yd yr) 
+3402 wet} (16N)"E E Apt. (14) 


thallium metal specimens as the isotope ratio Tl™*/T!™ is varied. 
He suggests that the dipolar part of the hyperfine interaction 
may make a contribution here. 
6 Brun, Oeser, Staub, and Telschow, Phys. Rev. 93, 172 (1954). 
7G. Wessel and H. Lew, Phys. Rev. 91, 476 (1953). 
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We discuss on the foregoing assumptions the several 
summations, letting }> denote the appropriate multiple 
summation : 


¥ Ant v2=Z Ap*Awy'=66N (f— fA; 
¥ Ajit vA =24N(f— fas; 

E Avyv?A jp? =E Apy®A jv? =66N PAs; 
¥ Ap? jyA jv = IAN PAS; 

¥ AjeA jv?=O6N frAas; 

¥ Ajet=12fNA* 


(15) 


We have then 
h*( (Av)*) = (9/4) (Sf+11f?) A‘. 


For equal proportions of the two varieties, as is ap- 
proximately true of natural silver, #*((Av)*)=11.8A‘, 
while /?((Av)*)=1.5A?. We have 


((Av)*)#/((Av)*)'= 1.51, 


while with a Gaussian distribution the ratio would be 
1.32. For small f the fourth moment tends to dominate 
the square of the second moment, and the line may 
approach an approximate Lorentzian distribution, just 
as in the dilution problem considered earlier.® 

We now estimate the nearest neighbor nuclear ex- 
change constant A for silver, taking m*=1 and §=1. 
We find A=2.5X10-* erg or A/h&=40 cps. The rms 
width in natural silver from nearest neighbor exchange 
interactions alone is then 50 cps. This may be increased 
by about 20 percent when the exchange type interactions 
of more distant neighbors is taken into account. This 
estimated rms exchange width of ~60 cps is to be 
compared with a calculated rms width from the dipolar 
interaction of order 25 cps; the dipolar interaction will 
increase the over-all calculated width slightly. Taking 
the line shape to be Gaussian, as is observed, the experi- 
mental rms value is Ayv=55+8 cps.’ Of course any 
agreement would be certainly accidental; it is not 
necessarily true that m= m* and = 1. Interpretation of 
the Knight shift’ in silver on the assumption m*=m 
leads to the value 0.7. An estimate of the spin- 
lattice relaxation time using the observed Knight shift 
and the Korringa" relation leads to 7,;0.02 sec, so that 
this might contribute ~10 cps to the width. It appears 
that our interpretation of the silver line width would 
lead to £ near 0.8. 

If the nuclear spins are aligned the energy levels of the 
conduction electrons are split by the hyperfine inter- 
action: those electrons whose moment is parallel to the 
nuclear magnetization have their energy lowered by 
IA(2Q). This is of order kT for temperatures around 

*C. Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953), 

* For a Gaussian, the rms width is one-half of the peak-to-peak 
absorption deviation. 


% P. B. Sogo and C. D. Jeffries, Phys. Rev. 93, 174 (1954). 
"J. Korringa, Physica 16, 601 (1950). 


(16) 
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10~* °K. Frohlich and Nabarro” have investigated the 
behavior of the nuclear and electron spin systems below 
these temperatures including the slight change in popu- 
lation between the two electron spin stztes but neg- 
lecting the interaction Eq. (10). They conclude that 
below 10-* °K the system of nuclear moments has 
ferromagnetic behavior. However, we see from Eq. (11) 
that the inclusion of the exchange interaction (which is 
essentially independent of the relative population of the 
electron spin states) makes the situation obscure. For 
nearest neighbors A,; is positive and therefore gives a 
higher energy when spins are parallel than when anti- 
parallel. This interaction energy is comparable to that 


i H. Frohlich and F. R. N. Nabarro, Proc. Roy. Soc, (London) 
A175, 382 (1940). 
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from the Fréhlich-Nabarro effect. The exchange inter- 
action varies at large distance as R~* cos(k»R), so that 
when the nuclear spins are ordered a nearest neighbor 
approximation is inadequate. We have made no attempt 
to calculate the nature cf the lowest-energy state of the 
coupled-spin systems. 

We are happy to thank E. Teller for contributing a 
number of pertinent questions and answers. We wish to 
express our appreciation to W. D. Knight for many 
helpful discussions of the experimental data. We are 
grateful to C. D. Jeffries and P. B. Sogo for permission 
to refer to their unpublished measurements on silver 
and to N. Bloembergen for communication of his results 
on metallic thallium. John Walsh has kindly checked 
our calculations. 
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Identification of Gadolinium and Terbium Radioisotopes as Fission Products of U?** 


E. C. Freminc, L. R. Bunney, AND N. E. BALLou 
U.S. Naval Radiological Defense Laboratory, San Francisco, California 


(Received June 14, 1954) 


The identification of Gd‘ and Tb'*' as products of the neutron-induced fission of U*** has been confirmed. 
By a comparison of counting rates with Mo™, the fission yields have been estimated to be 1.110~* and 


8X10~* percent, respectively. 


HE radionuclides, Gd'® and Tb'", have been 
found to be among the products of nuclear fission 
in numerous cation exchange resin separations! of rare 
earth fission products done over the past year. As ex- 
pected from an extrapolation of the fission yield curve,’ 
the fission yields of these radionuclides are rather low; 
however, development of quite efficient rare earth 
separation procedures! has made possible the ready 
identification of them among the other rare earth 
fission product radionuclides. Described below are sum- 
maries of experimental techniques used and preliminary 
estimates of yields of Gd‘ and Tb'* formed in thermal 
neutron fission of U™*. 
TABLE I, Fission yields of Gd‘ and Tb'* relative to Mo”. 


Fission yields 
Gas Thiet 
Experiment (in percent X 10*) (in percent X 105) 
la . 8.1 
1b ; (12.8)* 
2a 1 7.6 


2b 9.3 
1.14+0.13% 8.340.9 


Average 








* Not included in average. 
> Standard deviation. 


 E. C. Freiling and L. R. Bunney, J. Am. Chem. Soc. 76, 1021 
(1954). 

2C. D. Coryell and N. Sugarman, Editors, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, Inc., 


New York, 1951), National Nuclear Energy Series, Plutonium 


Project Record, Vol. 9, Div. IV, p. 537. 


Samples of both normal uranium and of uranium 
enriched in U** were rigorously purified of rare earth 
impurities. (Gadolinium is of major concern here since 
neutron capture reactions in it lead to formation of the 
radionuclides being studied.) Purification was based on 
elution of uranium from a strongly acidic cation ex- 
change resin with 1.0M ammonium lactate at pH 3.0. 
The uranium was eluted much ahead of any rare earth 
impurities. 

The highly purified uranium samples were irradiated 
for one hour in the Materials Testing Reactor,’ following 
which radiochemical analyses for rare earth radio- 
nuclides and Mo” was performed. In addition to the 
previously known fission product radionuclides Nd, 
Pm", Sm’, Eu’, and Y, the radioisotopes of 
gadolinium and terbium, Gd! and Tb'®, were also 
identified. Estimates of the fission yields of the latter 
were made by comparisons to Mo”, whose fission yield 
was taken as 6.2 percent.? The values obtained in 
duplicate determinations on two different irradiated 
samples of uranium are given in Table I. 

The fission yields of Gd'® and Tb'® lie on a smooth 
extrapolation of the previously established fission yield 
curve.? Although the standard error is about 10 per- 
cent, the absolute accuracy of the indicated fission 
yields may be no better than about 30 percent. Improve- 
ments in the absolute beta-ray counting measurements 
will materially improve the accuracy. 


*J. R. Huffman, Nucleonics 12, No. 4, 21-26 (1954). 
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Sodium and titanium targets were bombarded with 10-Mev deuterons, and angular distributions of 
protons from the stripping reaction were observed with arrays of nuclear emulsions. Absorbing foils in 
front of each emulsion were arranged so that the integrated flux of protons in a limited energy range could 
be determined. Distributions were found for each of the four most energetic proton groups from sodium, 
corresponding to Q values of 4.731 (ground state), 4.259, 4.167, and 3.390 Mev. The data were compared 
with the Butler theory, and /, values of 2, 2, 0, and 0, respectively, were necessary to fit theory to data. 
With Ti*’ targets, /, values of 3, 1 (and 3?), 1, and 1, respectively, were determined for proton groups 
corresponding to Q values of 8.14, 6.81, 5.83, and 4.83 Mev. With Ti* targets, J, values of 3, 1, 1, and 
either 1 or 2 were determined for proton groups corresponding to Q values of 5.81 (ground state), 4.46, 4.11, 
and 3.40 Mev, respectively. From these data, parity and possible spin values for the various states of 


Na*™, Ti**, and Ti are deduced. 


INTRODUCTION 


T has been shown by Butler! that stripping reactions, 
produced by deuterons of moderate energy, can be 
used to obtain information about the spins and parities 
of the initial and final nuclei involved. The angular 
distribution of the protons or neutrons shows a strong 
general preference for emission in the forward direction, 
which is characteristic of stripping reactions. In the 
small-angle region, however, the yield fluctuates vio- 
lently as a function of the angle, and has a prominent 
maximum at or near the forward direction as well as 
subsidiary maxima at larger angles. The angular posi- 
tions of these maxima depend rather sensitively on the 
orbital angular momentum, /,h or /,h, carried into the 
nucleus by the captured nucleon. It is usually possible 
to determine /, or /, experimentally by locating the 
angular position of the prominent first maximum, and 
this information is sufficient (a) to decide whether or 
not the parity of the residual nucleus is the same as that 
of the target, and (b) to indicate possible values for 
the spin of one of the two nuclei if that of the other is 
known. The theory involves a radius parameter ro which 
is approximately the sum of the deuteron and nuclear 
radii. In our work we have used ro= (2.06+1.2244)10-" 
cm, where A is the mass number of the target nucleus. 
Since the publication of Butler’s results, a consider- 
able amount of experimental work has been done on 
angular distributions for stripping reactions. The (d,p) 
process has received the most attention because fast 
protons are much easier to study than fast neutrons. 
Two principal experimental methods have been in- 
voked. In one, nuclear emulsions are used to detect 
the protons, whose energies are determined by track- 
length measurements. In the other, one or more pro- 
portional counters serve as detector, and energy meas- 


t Supported by the U. S. Air Force through the Office of 
Scientific Research of the Air Force Research and Development 
Command. The construction of some of the apparatus used, 
notably the magnetic lenses for focusing the deuteron beam, was 
supported by contract N6ori-11701 from the U. S. Office of Naval 
Research. 

1S. T. Butler, Proc. Roy. Soc. (London) 208, 559 (1951). 


urements are made by determining the range of the 
protons in suitable absorbers. The former method has 
also been used to investigate (d,n) reactions, by study- 
ing the head-on recoil protons produced in the emul- 
sions. A survey of all published reports shows that 
(d,p) angular distributions have been investigated for 
targets of just about every abundant stable isotopic 
species in the mass range from A=6 to A=40, with 
occasional forays into even higher masses. ‘This pre- 
occupation with low-mass targets is owing to Butler’s 
neglect of Coulombic effects in the interests of sim- 
plicity, so that his results as originally presented are 
expected to become increasingly less valid as the atomic 
number of the target rises. 

It is the purpose of this paper to describe a slightly 
different experimental approach to this problem. The 
technique, which is outlined in detail in the next 
section, is a kind of hybrid in the sense that it combines 
some features from each of the methods previously 
mentioned. Nuclear plates are used as detectors, but 
proton energies are determined by range measurements 
with suitable absorbers. The new method has been 
used to investigate proton angular distributions from 
stripping reactions with targets of Na™, Ti’, and Ti**. 


EXPERIMENTAL PROCEDURE 


The principal features of our experimental arrange- 
ments are outlined in Fig. 1. A portion of the 10-Mev 
deuteron beam from the Washington University cyclo- 
tron is concentrated by a pair of strong-focusing 
magnetic lenses* and is conducted through evacuated 
tubing to a circular scattering chamber of conventional 
design. The chamber is approximately five meters from 
the nearest corner of the cyclotron, and is shielded by 
32 inches of concrete. 

The target material is supported on a 0.2-mil poly- 
ethylene foil which is mounted perpendicular to the 
beam at the center of the chamber. A series of 13 nuclear 
plates in holders is arranged in a circular pattern around 


* Shull, MacFarland, and Bretscher, Rev. Sci. Instr. 25, 364 
(1954). 
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Fic, 1. Outline drawings of experimental arrangements. 


the target and 20 cm from it; seven on one side of the 
beam cover the angular range 7.5° to 67.5° at 10° 
intervals; six on the other side similarly cover the 12.5° 
to 62.5° range. Each plate holder is machined with two 
pairs of slots. One pair accommodates a set of absorbing 
foils interposed between target and plate; the other 
pair supports the plate in a tilted position such that 
protons from the target enter the emulsion at approxi- 
mately 20° from perpendicular (see Fig. 1). 

The absorbing foils perform two functions: (1) they 
screen out deuterons, tritons, alpha particles, and low- 
energy protons, and (2) they act as a differential dis- 
criminator. The latter purpose is realized by assembling 
the upper and lower halves of each absorber set with 
different thicknesses, which cover different parts of a 
single nuclear plate one inch wide and 1.5 inches high. 
If the thinner half passes protons of incident energy E 
or higher, while the thicker half passes protons of 
energy E+dE or higher, the difference between the 
fluxes of protons through the two halves is the flux of 
protons with energy between E and E+4dE. Since only 
high-energy protons from the target can reach the 
emulsion, the microscopic analysis of the data is re- 
duced to the very simple problem of counting the 
number of tracks per unit area in each half of each plate. 
This task is further simplified by the steep dip angle of 
the tracks, since a relatively dense concentration of 
tracks can be counted without undue confusion caused 
by overlapping. 

With this technique, a prior knowledge of Q values 
for the reaction is necessary. The laboratory energy of 
each proton group must be computed for each angle of 
observation, and the absorber thicknesses must be 
selected accordingly. It is evident that only limited 
resolution of proton groups is possible; in view of the 
straggling of protons in the absorber, it seems unlikely 
that complete resolution can be obtained by this method 
if two adjacent proton groups differ in energy by less 
than 400 kev. A separate exposure is required to 
determine the angular distribution for each of the 
several proton groups from any target. Moreover, the 
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method can be applied reliably only to the three or 
four most energetic proton groups, since at still lower 
energies one quickly encounters the difficulty of meas- 
uring the rather small difference between two com- 
paratively large numbers. In spite of these drawbacks, 
the technique is an attractive one because of the 
enormously increased simplicity of the microscopic 
analysis required. It is not necessary to identify and 
reject the tracks of deuterons, alphas, and low-energy 
protons, and it is not necessary to measure track 
lengths. Moreover, the advantage of simultaneous col- 
lection of data at all angles is preserved, thus avoiding 
normalization difficulties. 

By way of developing confidence in the method, it 
was first applied to a study of the C"(d,p)C™ reaction. 
Carbon was chosen because of the ease of preparing 
targets with polyethylene foil and because excellent 
earlier studies of this reaction have been made by 
Rotblat® using the conventional nuclear plate method, 
so that comparisons could be made. Our results were in 
excellent agreement with those of Rotblat for both the 
ground state and first excited state of C¥. The /, values 
required for a good fit with Butler’s theory are 1 and 0 
respectively. 

During the carbon experiments, it became apparent 
that the use of aluminum absorbers introduces a dis- 
crepancy at very small angles owing to bombardment 
of the aluminum foils by elastically scattered deuterons 
from the target. At very small angles, the flux of such 
deuterons is fairly high, and Al?’(d,p) reactions in the 
absorbers lead to an extra component of protons appear- 
ing in the emulsions, over and above what comes di- 
rectly from the target. To reduce this effect, we switched 


no""(4, p) No** 
Q* 4.731 Mev 


differentia! cross section (arbitrary units) 
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Fic. 2. Observed angular distribution of protons from deu- 
teron bombardment of sodium, with Na™ formed in its ground 
state. 


* J. Rotblat, Nature 167, 1027 (1951). 





ANGULAR DISTRIBUTIONS OF PROTONS 


to the use of Pb foil for the front layer of absorber in 
each set, the remainder being aluminum as before. The 
Pb layer was made thick enough to stop the scattered 
deuterons. This minimizes the extra proton component 
because of the relatively small cross section and high 
threshold for the (d,p) reaction in Pb. With this modifi- 
cation of technique, we then proceeded with the investi- 
gation of protons from sodium and titanium targets. 


RESULTS 
Na**(d,p)Na*4 


Targets were prepared for most runs by evaporating 
a solution of NazCO; to dryness on a polyethylene foil, 
although NaOH was similarly used in a few instances. 
The residual deposit was crystalline and hygroscopic, 
and tended to be crusty around the edges. The deposi- 
tion area was made large so that the area of intersection 
with the beam would be clear of the crusty edges. New 
targets were prepared just before each bombardment, 
so that hygroscopic action would have minimal effect. 
Target thicknesses were about one or two milligrams 
per square centimeter. 

Absorber thicknesses were computed at each angle 
for each state of Na™ using Q values reported by 
Sperduto and Buechner.‘ We limited our investigations 
to the four lowest states of Na™, corresponding to 
Q values of 4.731 (ground state), 4.259, 4.167, and 
3.390 Mev. The presence of abundant amounts of 
carbon and oxygen in our target and its supporting foil 
precluded any examination of more highly excited 
states. Since the first and second excited states are 
separated by only 92 kev, we lumped them together as 
if they were a single state, in the hope that their super- 
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Fic. 3. Observed angular distribution of protons from deuteron 
bombardment of sodium, with Na™ formed in its first and second 
excited states. 


4A. Sperduto and W. W. Buechner, Phys. Rev. 88, 574 (1952). 
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Fic. 4. Observed angular distribution of protons from deuteron 
bombardment of sodium, with Na™ formed in the third excited 
state. 


imposed angular distributions could be disentangled 
later. 

The data are illustrated in Figs. 2-4, along with 
appropriate theoretical curves computed from Butler’s 
theory. For the ground state and third excited state of 
Na™ the distributions can be unambiguously fitted by 
theoretical curves for /,,= 2 and /,=0, respectively. The 
lumped data for the first and second excited states in 
Fig. 3 show an abrupt rise near 0°, which indicates a 
strong /,=0 component. The prominent subsidiary 
maximum at about 30° is probably a superposed com- 
ponent with higher /,. We tried various combinations 
of 1,=0 with higher /,, and conclude that the most 
promising combination is with /,=2. We assume that 
the two /, values are attributable to the two inter- 
mingled proton groups. 

Kinsey, Bartholomew, and Walker’ have measured 
the energies of gamma rays from Na” which follow the 
capture of thermal neutrons by Na™. Sperduto and 
Buechner* have fitted these gamma rays into a system 
of Na™ levels as determined from the Na™(d,p)Na™ 
reaction. No capture gamma-ray transitions directly to 
the ground state are observed; presumably this is 
because of the high spin (J =4) of the Na™ ground state 
compared with the initial capture state. In fact, the 
most energetic capture transition appears to go to 
the second excited state instead of to either the ground 
or first excited states. This suggests that the first 
excited state and the ground state are similar in that 
both have high spin, or at least that both have spins 
which differ by at least two units from that of the 
initial capture state. Moreover, the capture transitions 
to the second and third excited states occur with an 8 


5 Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 
(1951). 
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Fic. 5. Observed angular distribution of protons from deuteron 
bombardment of enriched Ti’ targets, with Ti‘ formed in its 
ground (first excited?) state. The “background” represents the 
corresponding distribution of protons for which Q exceeds 8.35 
Mev egos ) 


to 3 intensity ratio. This would be more or less con- 
sistent with the transition energies involved if both 
gammas were of the same multipole order and type. 
This behavior suggests that the second and third ex- 
cited states of Na™ are quite similar, and may even 
have the same spin and parity. Combining these con- 
siderations with our own data leads us to conclude that 
the mixed /,=0 and /,=2 components in Fig. 3 are 
best identified with reactions leading to the second 
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Fic. 6, Observed angular distribution of protons from deuteron 
bombardment of enriched Ti” targets, with Ti formed in its 
first (second?) excited state. The data suggest that two different 
proton groups are involved, having similar Q values. 
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excited state (9=4.167 Mev) and first excited state 
(0=4.259 Mev), respectively, of Na™. 

The results for sodium targets are summarized in 
Table I, together with the parity and possible spin 
values for each corresponding level in Na™. The spin of 
Na®* is $, and we assume that its parity is even, as pre- 
dicted by the shell model. All of our conclusions are in 
agreement with those previously reported by Shapiro® 
and by Takemoto, Dazai, and Chiba.’ 


Ti*7-48(d,p)Ti**:*° 


Three types of TiO. targets were used during this 
investigation : 


(1) Those in natural form, in which the percentage 
abundances of the various titanium isotopes are 7.95 
percent Ti**, 7.75 percent Ti*’, 73.45 percent Ti**, 5.51 
percent Ti®, and 5.34 percent Ti. 

(2) Those enriched® in Ti*’, in which the percentage 
abundances of the titanium isotopes were 1.83 percent 

TaBLe I, Summary of /, values, together with the parity and 


possible spins for each level of the residual nuclei. The known 
ground-state spins are italicized. 








Excit. energy 
fi Spin and parity of 
final nucleus 


0 in 

Reaction Mev 
Na™(d,p)Na™ 4.731 
4.259 

4.167 





n 
nucleus (Mev) la 
3,4 even 

, 2,3, 4 even 
even 

even 


ground 2 
0.472 2 
0.564 0 
1.341 0 


ground? 1.27? 3 
1.33? 2.60? 1 (and 3?) 
2.31? 3.58? 1 
3.31? 4.58? 1 


3,4,5,6 even 
3,4 even 
,3,4 even 
4 even 


Ti* (d,p)Ti® 


Ti*(d,p)Ti® ground 3 
1.35 1 

1.70 1 

2.41 (1 or 2) 


»7/2 odd 
3/2 odd 


; : 3/2 odd 


Ti**, 82.05 percent Ti’, 14.62 percent Ti**, 0.81 percent 
Ti®, and 0.69 percent Ti”. 

(3) Those enriched* in Ti**, in which the percentage 
abundances of the titanium isotopes were 0.16 percent 
Ti‘, 0.32 percent Tit’, 98.90 percent Ti**, 0.48 percent 
Ti®, and 0.14 percent Ti™. 


The oxide was finely ground to form a semisuspension 
in amyl acetate, and a trace of a commercial coil dope 
was added to the liquid. The suspended oxide was 
allowed to settle out onto the supporting foil, after 
which the excess liquid was allowed to evaporate slowly. 
The trace of coil dope helped to hold the powdery oxide 
on the foil. 

Absorber thicknesses were computed from Q values 
reported by Pieper® from a study of the (d,p) reactions. 
Again, only the more energetic proton groups were 
studied, so that the presence of carbon and oxygen in 

* P. Shapiro, Phys. Rev. 93, 290 (1954). 

7 Takemoto, Dazai, and Chiba, Phys. Rev. 91, 1024 (1953). 

§ Enriched samples were loaned through the courtesy of the 


Isotopes Division of the U. S. Atomic Energy Commission. 
°G. F. Pieper, Phys. Rev. 88, 1299 (1952). 
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Fic. 7. Observed angular distribution of protons from deuteron 
bombardment of enriched Ti targets, with Ti formed in its 
second (third?) excited state. The presence of 14.6 percent Ti* 
in the target is responsible for the /,=3 contribution (compare 
with Fig. 9). 
the target offered no difficulty. With the Ti target, 
proton groups for V=8.14, 6.81, 5.83, and 4.83 Mev 
were investigated. With the natural titanium and 
enriched Ti* targets, proton groups for 0= 5.81 (ground 
state), 4.46, 4.11, and 3.40 Mev were investigated. The 
data are displayed in Figs. 5 through 12, together with 
appropriate Butler curves. In all but two cases, which 
are discussed below, the decision as to the value of /, 
seems reasonably clear-cut. The results are tabulated 
in Table I, together with such deductions as can be 
made concerning parity and possible spin values for 
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Fic. 8. Observed angular distribution of protons from deuteron 
bombardment of enriched Ti targets, with Ti** formed in its 
third (fourth?) excited state. 
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Fic, 9, Observed angular distribution of protons from deuteron 
bombardment of natural titanium and enriched Ti* targets, with 
Ti® formed in its ground state. The presence of 7.75 percent Ti" 
in natural titanium is responsible for an J, =1 contribution 
(compare with Fig. 7) 


each state of a residual nucleus. The spins!’ of Ti‘? and 
Ti® are 5/2 and 7/2, respectively, while that of Ti** is 
presumed to be zero because it is an even-even nuclide. 
The parity of Ti‘ is assumed to be even for the same 
reason, while our own data on the Ti’(d,p)Ti** re- 
actions indicate that the Ti’ parity is odd, as expected 
from the shell model. 

In Ti‘’(d,p)Ti**, the proton groups for Q values of 
8.14 and 4.83 Mev show angular distributions for which 
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Fic. 10. Observed angular distribution of protons from deuteron 
»ombardment of natural titanium targets, with Ti” formed in its 
first excited state. 


C, D. Jeffries, Phys. Rev. 92, 1262 (1953). 
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Fic, 11. Observed angular distribution of protons from deuteron 
bombardment of natural titanium, with Ti® formed in its second 
excited state. 


1, values of 3 and 1 respectively can be identified un- 
ambiguously. The same is true also with the group for 
Q=5.83 Mev, for which /,=1, but this appears with a 
small admixture of an /,=3 component owing to the 
ground-state reaction with Ti** in the target. When 


natural titanium is used, the two superposed groups 
show up with their relative intensities roughly reversed 
(see Figs. 7 and 9). The distribution for Q=6.81 Mev 
can be fitted by an /,=1 curve, but in this case the 
unusually strong secondary component, which may also 
be fitted with /,= 3, cannot be attributed to the presence 
of other isotopes in the target. This may indicate 
another excited state in Ti** with about the same excita- 
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Fic. 12. Observed angular distribution of protons from deuteron 
bombardment of enriched Ti targets, with Ti® formed in its 
third excited state. 
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tion energy. If so, the new state probably has a Q value 
somewhat less than 6.81 Mev, since we specifically 
looked for a proton group having slightly higher Q with 
completely negative results. 

In Ti**(d,p)Ti®, the first three groups have distribu- 
tions which can be interpreted unambiguously. It should 
be pointed out, however, that the close spacing between 
the 0=4.46 and 4.11-Mev groups taxes the resolving 
power of our method. It is undoubtedly true that the 
latter group in particular is contaminated by degraded 
protons from the former. There is no indication of any 
component other than /,=1 in either group, and we 
believe that our conclusions are correct in spite of the 
possible overlap. The yield of protons in the fourth 
group (0=3.40 Mev) is relatively small, and our results 
are correspondingly unsatisfactory because of poor 
statistics. Figure 12 combines data from two separate 
trials, neither of which gave satisfactory data by itself. 
A peak at low angles is evident but it falls about halfway 
between the theoretical curves for /,=1 and /,=2. For 
this reason, we have listed no conclusions with respect 
to this state. For almost every other group, however, 
the experimental data seem to be shifted slightly toward 
larger angles relative to the Butler curve. For this 
reason it seems more likely that /,=1 should be assigned 
in this questionable case. This opinion is strengthened 
by a comparison of the data points in Fig. 12 with the 
data points in Figs. 8, 10, and 11, where the assignments 
of /,=1 seem to be correct. 

There is some evidence, summarized by Pieper,’ 
which indicates that Q=8.14 Mev does not correspond 
to the ground-state reaction in Ti*’(d,p)Ti**. Collins, 
Nier, and Johnson" have measured the atomic masses 
of Ti? and Ti** with considerable precision, and the 
mass difference leads to an expected ground-state Q of 
9.41 Mev. Moreover, their mass differences for Ti**-Ti*’, 
Ti**-Ti®, and Ti*®-Ti® all lead to expected Q values 
which agree satisfactorily with Pieper’s conclusions for 
the related (d,p) reactions. In Fig. 5, where our data 
for Q=8.14 Mev are displayed, the “background” 
curve is a plot of the proton flux which passed the 
thicker halves of the absorber sets; it represents the 
yield of protons from the target with Q greater than 
about 8.35 Mev. We do not believe that the general 
shape of the “background” curve has any connection 
with the Butler theory. It seems more likely that the 
high “background” near 0° is the result of scattered 
deuterons which initiate (d,p) reactions in the absorber 
foils, an effect which we attempted to minimize by our 
use of Pb foil for the front layer in each set. If Q=8.14 
Mev is not the ground-state transition, then the true 
ground-state group must be included in the “back- 
ground”; moreover, its angular distribution should 
correspond to /,=3 and thus resemble the Q=8.14-Mev 
distribution, because Ti*’ and Ti** (ground states) have 
different parities and their spins differ by 5/2. When we 


4 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 
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try to visualize an /,=3 distribution buried in the 
“background” of Fig. 5, we conclude that, at best, this 
hypothetical proton group cannot amount to more 
than about 3 percent of the Q=8.14-Mev group in 
intensity. Even so, this may represent the proper 
identification of the proton groups from Ti*’, since it is 
difficult to gainsay the evidence for a ground-state Q 
greater than 8.14 Mev. We can find no reason to distrust 
the mass data, and so, in Table I, two alternatives 
have been listed in the column headed “excitation 
energy of final nucleus,” one of which assumes 0= 8.14 
Mev is the ground state while the other assumes that 
it is the first excited state, with a very uncertain excita- 
tion energy of about 1.27 Mev. If 0=8.14 Mev is not 
the ground-state transition, we can only speculate about 
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the failure to observe the true ground-state reaction. 
One argument, which can lead only to qualitative con- 
clusions, has to do with the peculiar nature of Tit’. By 
the’ independent-particle shell model, the Ti’ spin 
should be 7/2 instead of 5/2. Presumably spin 5/2 is 
the result of an unusual coupling of five neutrons in f72 
orbits. If another neutron is to be captured directly into 
an fx orbit to form ground state Ti*® with six fr 
neutrons and zero spin, some rearrangement of the 
angular momenta of the five original neutrons will be 
necessary in order to conserve total angular momentum. 
It is undoubtedly true that this necessity for rearrange- 
ment will reduce the cross section for the reaction, but 
it is not obvious that it can account for our complete 
failure to observe the corresponding proton group. 
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Two-Step Cascades in Chlorine-36 and Cadmium-114 Neutron-Capture 
Gamma-Ray Spectra* 
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(Received June 23, 1954) 


Two NalI(TI) crystals were used in conjunction with a twenty- and a single-channel pulse-height analyzer 
and a 5-microsecond coincidence circuit to determine cascade branches in the neutron-capture gamma-ray 
emission from Cl** and Cd", Several two-step cascades in Cl** and one in Cd" have been verified by the 


present methods. 


INTRODUCTION 


HE use of NaI(T]) crystals has provided a method 

of measuring photon energy values in the lower 

range of neutron-capture gamma-ray energies. The 

most prominent capture gamma energies in several ele- 

ments have been determined by the use of such crys- 

tals.! Higher-energy photons have been measured ac- 
curately by the use of a pair spectrometer.” 

A single neutron capture by an element X4 forms 
the isotope X4*! in an excited state corresponding to 
the neutron binding energy for the element. In decaying 
to the ground state, intermediate states may be in- 
volved and the energy difference between each state 
then corresponds to the energy of the capture gamma 
rays emitted by the isotope. In a time on the order of 
10- second the new nucleus is at the ground state 
unless an isomer is formed. In chlorine-36 several two- 
step cascades had been predicted according to the 
data collected by the use of NaI(TI) crystals by Hamer- 
mesh and Hummel, and a pair spectrometer by Kinsey 

* Part of a thesis submitted by A. L. Recksiedler as a require- 
ment for the Master’s Degree in Engineering Physics from the 
Michigan College of Mining and Technology. Work performed 
under the Participating Institution Program of the Argonne 
National Laboratory. 

1B. Hamermesh and V. Hummel, Phys. Rev. 88, 916 (1952). 


* Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 1012 
(1952). 


et al. The sum of the two gamma rays constituting each 
supposed cascade branch is in agreement with the 
neutron binding energy as shown in Table I. 

The cadmium high-energy spectrum has been in- 
vestigated by Kinsey ef al., and the neutron binding 
energy reported as corresponding to the highest-energy 
gamma ray of 9.046+0.008 Mev. Several other gamma 
rays have been determined including one at 8.48 Mev. 
The lower (50 kev to 5 Mev) energy range of the spec- 
trum has been investigated in noncoincident runs with 
the NalI(TI) crystal. The spectrum was found to be 
complicated and no lines other than the 0.558-Mev 
gamma ray were resolved. The sum of the 8.48-Mev 
and 0.558-Mev gamma rays equals the neutron binding 
energy, and a two-step cascade branch was also pre- 
dicted here. 


TABLE I. Combined pair-spectrometer and scintillation-spec- 
trometer data on the capture y rays from chlorine-36. Energies 
in Mev. 





Sum 
Hamermesh (Neutron binding energy) 


8.56+0.03 
8.55+0.03 
8.5740.03 
8.57+40.03 
8.62+-0.06 


Kinsey 
A 8.56+0.03 
B 7.7740.03 
C 7.42+0.03 
D 6.98+0.03 
E 6.62+0.06 





0.784+0.010 
1.15 +0.010 
1.59 +0.013 
2.00 +0.025 
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Fic. 1. Schematic diagram of coincident capture 
gamma-ray detectors (top view). 


APPARATUS 


The reactor CP3 at the Argonne National Laboratory 
was used as a source from which a collimated neutron 
beam was taken. The sample was placed in the beam 
approximately 100 inches from the reactor face. For 
the chlorine runs, a sample of CyCle¢ (hexachlorethane) 
was used as target material. Although there was no 
attempt made to separate isotopes, chlorine-35 is 
present to 75 percent in natural chlorine, with a neutron 
capture cross section of 32 barns. The remaining 25 
percent is chlorine-37 with a cross section of 0.14 barn. 
Carbon in the sample also has a low capture cross sec- 
tion, so that the spectrum found is chiefly due to neu- 
tron capture processes by Cl** nuclei. A target of me- 
tallic cadmium was placed in the beam to obtain the 
cadmium-114 spectrum. Although present to only 12.3 
percent, the large capture cross section, on the order of 
several thousand barns, is sufficient to effectively 
minimize the contributions to the spectrum of the other 
cadmium isotopes. 

A large NalI(T1) crystal (34X34 inch right circular 
cylinder) was placed 90° from the direct beam in a 
horizontal plane while a similar smaller crystal (1-inch 
height by 1}-inch diameter) was placed approximately 
2? inches apart from and opposing the larger crystal as 
shown in Fig. 1. Two-inch bismuth blocks were used 
as lining around the crystals and lead blocks were used 
for further shielding. Cadmium sheets were then placed 
over the lead shielding. The smallest shielding thickness 
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Fic. 2. Cadmium capture arate A histograms; 
0.558-8.48 Mev cascade; Method A. 
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was 4 inches, except at the face of the crystals. Only a 
sheet of cadmium separated the probe face from the 
sample. Background was further cut by means of cad- 
mium and lead jaws placed about 18 inches from the 
crystals. The crystals were packaged by a method de- 
vised by Swank and Moenich.’ The crystal arrange- 
ment was chosen for the best geometry available with 
a minimum of loss in effective shielding and in resolution. 

A bank of three RCA 5819 photomultipliers was 
placed behind the large crystal with the output fed to a 
two-stage preamplifier. The small crystal was backed 
by a single 5819 and a similar preamplifier. The output 
from either probe could be connected to a single- or 
twenty-channel pulse-height analyzer. A coincidence 
circuit with a resolving time of 5 microseconds was 
connected so that the pulses from the single-channel 
analyzer would trigger the gate and the twenty-channel 
coincident pulses would be recorded. All single-channel 
pulses would also be recorded. Noncoincident trials 
were necessary to determine the noncoincident 20- 
channel counting rates. 


METHOD 


Increased background at lower energies combined 
with a greater crystal efficiency determined that the 
large crystal be used only in the high-energy region 
being investigated. At approximately 4 Mev the back- 
ground represented 40 percent of the noncoincident 
counting rates. The large crystal was placed on the 
high-energy region while the smaller crystal recorded 
the low-energy region of the spectrum. The background 
did not arise as a major problem with the smaller 
crystal. The ratio of true coincident counts to acci- 
dental counts was between 1} and 2 at the expected 
coincident energies. True coincident counts are con- 
sidered to be the total recorded counts less the acci- 
dental counts. Calibration was obtained from known 
gamma-ray energies in Au'®® (0.411 Mev), Cs” (0.662 
Mev), Na™ (1.38 Mev and 2.76 Mev), and a PoBe 
source (4.5 Mev). 

By exchanging the large and small crystal probes 
between the single- and twenty-channel analyzers, two 
methods of obtaining data were available. The first, 
Method A, was to set the twenty-channel analyzer on 
the low-energy range containing the full-energy peak 
and its maximum Compton energy. The range was 
varied on repeated trials to account for any individual 
channel variations. A channel width of approximately 
20 kev was used below 1 Mev and 50 kev above 1 Mev. 
The single-channel analyzer was then varied over the 
energy range corresponding to the high-energy step in 
the cascade in widths of 200 kev. Due to the effects of 
pair production, it is possible for the high-energy 
gamma-ray to produce pulses in an energy range corre- 
sponding to approximately 1.2 Mev. Thus, six 200-kev 
intervals cover the energy range in which coincident 


8 R. K. Swank and J. S. Moenich, Rev. Sci. Instr. 23, 512 (1952). 





Cis AND Cd!*¢ 
pulses caused by the cascade can be expected. ‘The high- 
energy counting rate decreased gradually with increas- 
ing energy, and no actual peaking effects were observed. 
A series of histograms may be made showing the true 
coincidence counts in each energy interval for the 
length of the run (15 minutes per interval), as shown for 
cadmium in Fig. 2. The low photoelectric peak is shown 
to appear as the high-energy ranges corresponding to 
the high-energy gamma-ray minus one and two annihi- 
lation quanta appear in the single-channel analyzer. 
The peak dies out after the full high-energy peak is 
passed. By adding the actual counts in the proper energy 
range and subtracting accidental counts, a curve of the 
low-energy region in coincidence with a high-energy 
range is obtained with fair statistics. 
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Fic. 3. Cadmium capture gamma-ray spectra, Method A; 
0.558-8.48 Mev cascade, 7.4-8.6 Mev coincident range; calibra- 
tion 9.62 kev/v. 


Method B consisted of placing the large crystal’s 
pulses on the twenty-channel analyzer and the small 
crystal’s output on the single-channel analyzer. The 
low-energy range was then covered in successive 20- 
or 50-kev intervals. Due to the multiplicity of cascade 
possibilities the direct results of the run provided little 
useful information. As the full low-energy peak appeared 
in the single-channel analyzer, increased counts in the 
proper range seemed to appear in coincidence counting, 
but results were indefinite. Assuming the low-energy 
peak is sitting on a background of Compton distribu- 
tions from slightly higher-energy gamma rays, which 
also form cascades within the high-energy range, the 
energy interval containing the low-energy photopeak 
will provide coincidences over a greater range than the 
1.2-Mev range of the cascade being checked. To evalu- 
ate the Compton background on which the low-energy 
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Fic. 4. Cadmium capture gamma-ray spectrum, Method B, 
0.558-8.48 Mev cascade; calibration 91 kev/v. 


gamma ray is sitting, an average was taken of the true 
coincident rates on either side of the photopeak, and 
the result was then divided into the true coincidences 
at the photopeak. Lines actually forming cascades 
should then have large ratios, while all other ratios are 
essentially one. The method, although yielding poor 
statistics, essentially has confirmed the results of 
Method A. 
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Fis. 5. Chlorine-36 capture gamma-ray spectra, Method A, 
0.784-7.77 Mev cascade, 6.6-7.8 Mev coincident range; calibra 
tion 9.60 kev/v. 
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RESULTS 


The coincident curve obtained by Method A on the 
cadmium cascade (Fig. 3) indicates the full-energy 
peak and the Compton maximum energy of 0.385 Mev. 
There is also a rise in the curve corresponding to an 
energy of 0.510 Mev, or the annihilation quantum, 
and this is coincident with the entire high-energy range. 
That the coincident curve does not reach zero in the 
other energy regions is attributed largely to Compton 
distributions from other cascades in the energy ranges 
considered. The noncoincident energy distribution with- 
out a background correction is also shown in the figures 
of data obtained by Method A. 

The ratios obtained by Method B on the cadmium 
0.558-8.48 Mev cascade (Fig. 4) indicate that the 
full 8.5-Mev energy peak along with the peak minus 
one and two annihilation quanta have ratios above two, 
while all other ratios are within statistics equal to the 
value of one. From the curve it is concluded that no 
other gamma rays down to 5.00 Mev are in coincidence 
with the 0.558-Mev gamma ray. 

In chlorine the 0.784-7.77-Mev cascade curve ob- 
tained by Method A (Fig. 5) indicated another possible 
coincident gamma ray at 0.735 Mev, along with the 
expected photopeak at 0.784 Mev and its Compton 
edge (C,). The Compton maximum (C2) of the second 
gamma ray should also appear, but is obscured by the 
0.510-Mev annihilation radiation. The extra peak has 
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Fic. 6. Chlorine-36 capture gamma-ray spectrum, Method B, 
0.784-7.77 Mev cascade; calibration 100 kev/v. 
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Fic. 7. Level scheme, chlorine-36 capture gamma-ray spectrum. 


been found on repeated coincident runs, but non- 
coincident trials have failed to separate two distinct 
lines. 

In the curve obtained by Method B (Fig. 6), the 
7.77-Mev full energy peak appears along with the 
peak minus one annihilation quantum. The third peak 
definitely does not appear, and the reason for this is 
unclear. In trials on the other predicted cascades, the 
region around 6.5 Mev has shown lower ratios than 
would be expected for the method. There are also three 
peaks which seem to indicate the gamma ray of 6.12 
Mev, reported by Kinsey et al., also forms a cascade 
with the 0.784-Mev gamma-ray. The energy discrep- 
ancy between the neutron binding energy and the sum 
of these gamma rays is about 1.58 Mev, which could be 
emitted in one or more steps. The present information 
indicates the two gamma rays mentioned are a portion 
of a more complex cascade branch. 

The curves on the other cascade branches in chlorine 
indicate only the predicted results, i.e., that the 1.15- 
Mev and 7.42-Mev gamma rays form a two-step cas- 
cade branch, and that the 1.59-Mev with the 6.98-Mev, 
and the 2.00-Mev with the 6.62-Mev gamma rays form 
similar two-step cascades. 


CONCLUSIONS 


The cascade branches of chlorine-36 which have been 
confirmed by the present study are indicated in the 
capture gamma-ray level scheme as shown in Fig. 7. 
There is yet to be resolved the significance of the 0.735- 
Mev gamma ray, and the reason for the apparent inter- 
ference in the present methods of determining coincident 
energies around 6.5 Mev. A portion of a more complex 
cascade branch containing the 0.784-Mev and 6.12- 
Mev branch has also been found by the present methods. 
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Ratio of r,’/D for Slow Neutron Resonances* 


R. S. Carter, J. A. Harvey, D. J. HuGues, Ann V. E. Pircuert 
Brookhaven National Laboratory, Upton, New York 


(Received June 28, 1954) 


Asurvey has been made of resonance parameters of the heavy elements which have been measured recently. 
The variation of the ratio f',°/D with atomic weight has been compared with theoretical predictions. A 
maximum was found in the ratio ',°/D at atomic weight of approximately 160 in fair agreement with the 
more recent theories of neutron scattering by nuclei. The experimental data, however, are not sufficiently 
accurate to make a choice between the new theories which have been proposed. 


HE extreme compound nucleus models proposed 

by Feshbach, Peaslee, and Weisskopf,' Feshbach 

and Weisskopf,? and Teichmann and Wigner* predicted 
that the ratio I’,°/D would be constant, independent of 
atomic weight. In the black-nucleus model! T,°/D 
equals 2ko/K, where I’, is the average reduced neutron 
width, D is the average level spacing for the spin state, 
ky is the wave number of a 1-ev neutron, and K is the 
wave number of the neutron inside the nucleus. The 
reduced neutron width of a resonance, I’,°, is defined by 
T,.°=I',/\/Eo, where I’, is the neutron width of the 
resonance and Ep is the kinetic energy of the incident 
neutron at resonance expressed in electron volts. The 
value of I',°/D depends on the nuclear well depth, Vo, 
and is 1.4X10~ or 1.0X10~ for well depths of 19 or 
42 Mev, respectively. Recently, however, theories have 
been proposed by Feshbach, Porter, and Weisskopf,‘ 
Bohr and Mottelson,® and Thomas® which predict a 
variation of the I’,°/D ratio with atomic weight. The 
cloudy crystal-ball model‘ assumes a complex nuclear 
potential well with V=Vo(1+7é) and a nuclear radius 
equal to roA'(ro=1.45X10-" cm). A well depth of 42 
Mev was found by Adair’ to best fit the low-energy neu- 
tron cross-section data. For this well depth, the model 
predicts maxima in I’,.”/D for S-wave neutrons at atomic 
weights 11, 55, and 155. A fit of the theory to measured 
total neutron cross sections in the Mev energy region® 
requires £ to have the value 0.03,‘ for Vp=42 Mev. With 
this choice of parameters the peak in the ratio [',°/D at 
atomic weight 155 is 6 times the black-nucleus value. 
Between maxima the value is about } the black-nucleus 
value. In the cloudy crystal-ball model, I’,°/D is inde- 
pendent of the distribution of the reduced neutron 
widths and is equal to (>-I’,°)/AZ, where AE is the 


* Work carried out under contract with U. S. Atomic Energy 
Commission. 

¢ Doctoral candidate from North Carolina State College, 
Raleigh, North Carolina. 

1 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

2H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949), 

*T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

*Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953); 
their extensive treatment of this model for a 42-Mev well depth 
will be published in the Physical Review. 

5 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab 
Mat.-fys. Medd. 27, 159 (1953). 

*R. G. Thomas (private communication). 

7R. K. Adair, Phys. Rev. 94, 737 (1954). 

® H. H. Barschall, Phys. Rev. 86, 431 (1952). 


energy interval over which the I’,"’s for a single spin 
state are summed. 

During the past year the energy resolution of the 
instruments available for the measurement of low- 
energy neutron resonances has been greatly improved. 
It is now possible to obtain Breit-Wigner’ resonance 
parameters (gI’,, Eo, I, and oo) from transmission 
measurements for many resonances of the heavier 
nuclei. The quantity gl’, is the neutron width multiplied 
by the statistical weight factor g, Eo is the energy of the 
resonance, I" is the total width, and a» is the peak cross 
section. The factor g equals }[1+1/(2/+-1) ]; for the 
zero spin target nuclei (J=0), g equals unity; for target 
nuclei of high spin, g is approximately 4. Since gl’, 
=al'/4Xo*, where 27Xo is the de Broglie wavelength of 
a neutron of energy Eo, ool’ is a direct measure of gI',. 
The product ool" is obtained directly from the area above 
a transmission curve for a thin sample. When it is 
necessary to use thick samples the quantity ool” is 
obtained. It is then necessary to know I to obtain gI’,,. 
A detailed discussion of the area method is given in the 
paper by Seidl ef al. and Melkonian ef al. (references a 
and k of Table I). 

We have made a critical survey of resonance param- 
eters for nuclei above atomic weight 100 which have 
been measured in the past year. The compilation of the 
evaluated parameters I',°/D, D, and Tf,” is given in 
Table I. The table is based on data from the Brook- 
haven fast chopper, supplemented by data from the 
Brookhaven crystal spectrometer, the Argonne fast 
chopper, and the Columbia pulsed cyclotron. Param- 
eters have been tabulated only when more than 3 
resonances have been measured per element. The num- 
ber of resonances measured per element varies from 4 to 
30. The average spacing for each spin state, D, is deter- 
mined at low energies where it is believed that no 
resonances have been missed. For example, 16 resonances 
were found in @Tm'® up to 160 ev, but only the first 9 
resonances up to 65 ev were used to determine the ob- 
served level spacing. For zero spin-target nuclei, D is just 
the observed level spacing; for nonzero spin-target 
nuclei, D is taken to be twice the observed level spacing. 
In the case of s;Eu and of 7sRe where the resonances 
have not been assigned to the individual isotopes, the 


*G. Breit and E. P. Wigner, Phys. Rev. 49, 519 (1936). 
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level spacing was assumed to be the same for the 2 
isotopes. In the original formulation, I,°/D=(XI’,)/ 
AE, the summation is taken over a single spin state. If, 
however, I’,.°/D is assumed to be the same for both spin 
states, it can be shown that I,°/D=(SogI’,°)/AE 
where the summation is taken over both spin states. 
The summation can extend to a higher energy than was 
used to calculate D because small resonances which 
might be missed at higher energies contribute very little 
to the sum of gl’,°’s. For elements containing two iso- 
topes it can also be shown that if T',°/D has the same 
value for each isotope and spin state, then I’,°/D 
= (> fgl’,°)/SE where f is the fractional abundance of 
the isotope. It was necessary to make this assumption to 
determine I°,.°/D for ¢;Eu and 75Re. In the case of s0Sn 
where only one or two resonances are present in each 
isotope below 180 volts, the ratio I’,.°/D given in Table I 
is the average for the isotopes. The probable errors on 


Tas L. Compilation of l’,°/D ratio for slow neutron resonances 


D per spin state 
per isotope 
(ev) 


=) 
(0-%ev) Reference 


Isotope (Pn®/D) K108 
0.540.2 40+ 10 
1,040.3 31+6 
0.5540.12 1542 
0.20+0.05 1643 
0.20+0.10 200+ 100 
0,4540.12 2845 
0.640.2 55415 
1.2+0.4 2545 
0.740.2 50+ 10 
1.940.2 2.4+0.3 
1.8+0.4 10.5+1.0 
2.940.5 12.0+1.0 
1.8+0.3 15+2 
1.7+0.2 8+2 
2.7+0.7 9.0+1.0 
1.64+0.4 1142 
1.0+0.4 12+3 
0.9+0.3 7+3 
0.840,2 60+10 
0.820.2 22+4 


2.0+0.9 a 
3.14+0.9 a 
0.8+0.2 b,c 
0.32+0.10 
4+2 
1.34+0.4 
3.3414 
3.041.0 
3.541.2 
0.46+0.08 
1.9+0.5 
3.54+0.6 
2.740.5 
1.4+0.5 
2.4+0.7 
1.8+0.6 
1.2+0.5 
0.6+0.3 
4.84+1.3 
1.8+0.5 
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Fic. 1. Comparison of experimental values of [',°/D vs atomic 
weight of the target nucleus with the theoretical predictions of 
black and cloudy crystal-ball models of the nuclear scattering. 
The symbols [0 odd Z-odd N, @ even Z-even N, A even Z-odd 
N, and *% the average for even Z-even N and even Z-odd N} 
refer to the compound nucleus, The errors represent the probable 
errors of the experimental points. 


parameters listed in Table I are calculated from the 
deviation of the individual values from the mean. 
Figure 1 shows a plot of the experimental [,°/D 
points as a function of atomic weight. The theoretical 
curves for a 42-Mev well depth are shown for the black 
nucleus model and for the cloudy crystal-ball model with 
£=0.03 and £=0.05." The experimental points exhibit 
a maximum, in disagreement with the black nucleus 
picture. The experimental peak at about mass 160 is 
lower than the theoretical curve for £=0.03 which is the 
value of & giving the best fit for the total neutron cross 
sections in the Mev-region.‘ The experimental values 
off the peak are somewhat larger than predicted. 
Preliminary calculations by Choudhury" including the 
influence of the coupling to the nuclear rotational mo- 
tion have shown that the maximum predicted in refer- 
ence 4 at mass 155 would be depressed by a factor of 
about 2 and a secondary maximum would occur at 
approximately mass 120. In conclusion, the experi- 
mental data are in fair agreement with the recent 
theories*~* of neutron scattering; however, the present 
data are insufficient to select the best model. The 
authors wish to thank Dr. C. E. Porter, Dr. V. F. 
Weisskopf, Dr. H. Feshbach, Dr. B. R. Mottelson, and 
Dr. R. G. Thomas for many stimulating discussions. 


1 The two theoretical curves for §£=0.03 and §=0.05 were ob 
tained from Dr. C. E. Porter (private communication). 

4D, C. Choudhury (private communication from B. R. Mottel 
son, and A. Bohr (July, 1954). 





PHYSICAL REVIEW VOLUME 


96, 


NUMBER 1 OCTOBER 1, 1954 


Total Cross Sections of Liquefied Gases for High-Energy Neutrons* 


Peter Hitiman,f R. H. Stant,t ann N. F. Rumsey 
Harvard University, Cambridge, Massachusetts 


(Received June 9, 1954) 


Total neutron cross sections of liquid H, He, N, O, A, and several solid elements have been measured at 
effective energies of 884-2 and 47.5+2 Mev. A liquid scintillation neutron counter was used. Results are in 
good agreement with previous experiments, where applicable. 


1, INTRODUCTION 


HE total neutron cross sections of many elements 
at neutron energies of about 100 Mev have been 
measured in the past.' No measurement exists, however, 
for helium or argon, nor for hydrogen except in the form 
of compounds. In order to obtain appreciable attenua- 
tion for pure helium or hydrogen, it is necessary to use 
these elements in the liquid state; 70 cm of either liquid 
constituting a 25-percent neutron attenuator at ap- 
proximately 90 Mev. Such short attenuators are sta- 
tistically disadvantageous, so that many counts are 
required in an accurate cross section measurement. This 
must be done in a short time, moreover, since a liquid 
helium target will keep for no more than 15 hours. It is 
therefore desirable to use an efficient neutron detector. 
A simple liquid scintillation counter has been con- 
structed and has been used to count neutrons with an 
efficiency of 15 percent. Although it has rather poor 
energy discrimination, it is possible to narrow the 
counted neutron spectrum by passing the cyclotron 
neutron beam? through “hardening” material which 
preferentially scatters low-energy neutrons. Two neu- 
tron beams have been used, with effective energies of 
88+2 Mev and 47.542 Mev, 25 and 20 Mev wide, 
respectively, at half-height. The effects of y-ray and 
low-energy neutron contamination of the beams are 
discussed below, and have been found to be small. 


2. EXPERIMENTAL EQUIPMENT 


A diagram of the geometry of the experiment is given 
in Fig. 1. The source of neutrons is a }-in. thick Be 
target bombarded by the circulating proton beam. 
Neutrons emitted at angles of 0° and 2° to the proton 
direction are collimated by lead and by 1-in. diameter 
tubes in the water shielding tank. Polyethylene rods 
inserted in the beam near the cyclotron tank harden the 


” —e by the joint program of the U. S. Office of Naval 


Research and the U. S$. Atomic Energy Commission. 

t Now at the Atomic Energy Research Establishment, Harwell, 
England. 

t Now at the University of California Radiation Laboratory, 
Livermore, California. 

‘Summarized Neutron Cross Sections, Atomic Energy Com- 
mission Report AECU-2040 (Technical Information Division, 
Department of Commerce, Washington, D. C., 1952), Supplement 
2, (1953); also A. E. Taylor and E. Wood, Phil. Mag. 44, 95 
(1953); W. I. Linlor and B. Ragent, Phys. Rev. 92, 835 (1953). 

2 J. A, Hofmann and K. Strauch, Phys. Rev. 90, 449 (1953); J. 
A. Hofmann, thesis, Harvard University, 1952 (unpublished). 


beam by scattering out preferentially the low-energy 
component (see Sec. 3). Identical neutron detectors are 
inserted into the beams; the ‘monitor’ in the 2° beam 
close to the collimator, and the ‘‘counter” in the 0° beam 
behind another collimator. Attenuators are inserted 
roughly halfway from the neutron source to the 
counter. 

Each neutron counter—Fig. 2-—-consists of an RCA 
5819 photomultiplier sealed in a polished aluminum tube 
filled with scintillation solution (5 g/l terphenyl in 
reagent grade xylene). ‘Teflon-wrapped 0 rings make a 
satisfactory glass to metal seal. Pulses from the photo- 
multiplier are fed by a cathode follower to the control 
room, and there pass through an Atomic Instrument 
Company amplifier and discriminator into a scaler. 
Phototube high voltage is stabilized to better than 
fo percent® to reduce drift in gain. 

The liquid helium and hydrogen attenuators consist 
of cylinders 30 and 70 cm long held in the target cryostat 
shown in Fig. 3, The attenuator container H is a 1}-in. 
diameter tube soft-soldered from 0,005-in. shim stock 
with 4-in. flat brass end plates (also soft-soldered). It is 
attached through tube G to a 24-liter reservoir ABE, 
and filled through 1-in. stainless steel access tube D. The 
cold parts are surrounded by a vacuum space and a 
radiation shield /KNOP maintained at approximately 
liquid nitrogen temperature by conduction from the 
liquid nitrogen reservoir III. A guard vacuum for the 
liquid nitrogen completes the structure, the outer tube 
Q being a 10-in. diameter stainless steel tube 40-in. long. 
In the beam direction, windows are 0.005-in. Al (R) for 
the vacuum wal) and 0.001-in. Al (P) for the radiation 
shield. The cryostat with its vacuum system and a gas- 
handling system for the target are mounted on a 
movable carriage positioned from the control room. Also 
mounted on this carriage is a dummy target assembly, 
experimentally normalized to the empty target tube, 
and used during the run to subtract the effects of that 
tube. Finally, there is provision on the carriage for 
mounting two 2-in. diameter solid targets. 

Pure liquid helium was obtained from a Collins helium 
liquefier. Owing to the size of the target cryostat, it was 
necessary to use intermediate transfer vessels. In pre- 
paring the target and transfer bottles, in the siphoning, 
and in storage, care was taken to prevent contamination 
of the liquid by air. Hydrogen was supplied by A. D. 


*R. L. Smith (private communication). 
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Little, Inc., from a new liquefier under test and handled 
the same way. For this run the carriage was placed 
inside a timber and canvas house connected to an ex- 
ternal exhaust fan to vent explosive gas from the 
cyclotron room. 

Purity of the liquid target materials was checked by 
collecting the gas remaining after most of the liquid had 
boiled off, and measuring its density. The total con- 
tamination, if assumed to be air and uniformly dis- 
tributed in the attenuator container, would introduce an 
error of } percent in the hydrogen cross section, and 3 
or 4 percent in that of helium. However, most of the 
impurity should be trapped in the reservoir, and much 
of the rest should settle out below the beam line, so that 
the actual effect on the cross section is believed much 
smaller—not more than 1 percent on the helium resuit. 
The absence of heaps reaching into the beam line from 
the bottom of the target was confirmed by taking a 
cross section of the rather dense He gas remaining with 
the liquid He level below the beam line. This agreed 
within statistics with the cross section of the liquid. 

Liquid nitrogen and oxygen were obtained with high 
nominal purity from the Linde Air Products Company, 
and handled carefully. These liquids are much less likely 
to become contaminated than hydrogen or helium, and 
the neutron cross sections less sensitive to the presence 
of foreign matter. Argon was liquefied from high purity 
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bottled gas under pressure in thermal contact with 
liquid oxygen. 

The effect of bubbling on the liquid helium density 
has been investigated by cooling to produce He II, 
which does not bubble. The resultant cross section 
showed a bubbling effect of (0.32.0) percent. The 
evaporation rate is about 150 cm* per hour for liquid 
helium, 40 cm’ per hour for hydrogen, and much less for 
other liquids, so that the bubble effect should be greatest 
for helium. 

Various lengths of solid 2-in. diameter attenuators 
were cut from nominally pure CH», C, Al, Cu, and Pb 
stock. C absorbers were cut down to beam diameter 
after use to test uniformity of density. 


3. EFFECTIVE ENERGY DETERMINATION: BEAM 
AND COUNTER PROPERTIES 


The determination of the exact composition of the 
counted beam and the effective energy of the measure- 
ments is made difficult by the characteristics of the 
neutron counter used. It has a very broad energy- 
sensitivity curve for neutrons, as well as high sensitivity 
to gammas and protons. The original cyclotron neutron 
beam has an unknown component of protons, gammas, 
and low-energy neutrons in addition to a large spread of 
neutron energies above 40 Mev.” The protons are easily 
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Fic. 2. Liquid scintillation counter. 
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Fic. 3, Schematic diagram of low-temperature attenuator. 


removed by a lead beam cleaner, but the other com- 
ponents require greater care. 

A straightforward calculation shows that the true 
total cross section for pure material A will be 


oa(E’)=(—1/ma){In[(1+-Xv+X)T a 
—XyT4(En’)—X,T a (E,') ] 
—In(i+a4K)}, (1) 


where ma is the number of A atoms per cm’, T, is the 
experimental transmission, and 7'4(Ew’) and T4‘”(E,’) 
are the transmissions for neutrons and gammas of 
energies Ey’ and E,’, respectively. Ey’, E,’, and E’ are 


the effective energies of the neutron and gamma con- 
taminations and main beam respectively; Xy and X,, 
the fractional amounts of neutron and gamma con- 
tamination. K and a, are defined by the following: 


f F(E)Ty(E)S(E) (E— E/E" WE =0, 


f Fy(E)Tn(E)S(E)((E— En’)/En’ \dE=0, 
0 


f F,(E)T a? (E)S,(E)[(E— E,’)/ Ey! dE=0, 
0 
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Fic. 4. Neutron flux from }-in. Be target before and 
after hardening. 


XwB= f Fy(b)Ty(b)S(4E\dE, 


0 


X,B= f F,(E)T y(B)S,(E)dE, 
0 


KB= f F(E)Ty(E)S( EL (E- E/E’ FE, 
0 


T(E) =T (Eo) {+04 (E—Eo)/Ev 
+a,” (E— Eo)?/ Ee: ee 


where 


p= f F(E)Tn(E)S(E)dE. 
0 


F(E), Fw(£), and F,(£), are the flux functions of the 
known high- and low-energy neutrons with energy E 
and the gammas with energy E, respectively ; 7(£) and 
Tu‘? (E) are the transmissions of the hardeners, de- 
scribed below, for neutrons and gammas; and S(£) and 
S,(E) are the counter-sensitivity functions for neutrons 
and gammas. The determination of n4, the number of 
nuciei/cm? has been discussed in the previous section. 
T is the experimentally measured transmission. The 
remaining relevant quantities are E’, Xv, X,, Ey’, Ey’, 
and K. From these, and from known cross-section 
curves, it is possible to determine 74(Ey’) and 
TaM(E,’). 

The high efficiency of the neutron counters used in 
this experiment made it possible to harden the beam 
with some three mean free paths of polyethylene at each 
energy. Rods 121 cm and 72 cm long were used at the 
two energies. This greatly reduced the neutron energy 
spread and hence the correction term (1+-a4X). Since 
the hardened flux, F(£)7(£), has too low an intensity 
for direct determination, the unhardened flux F(Z) is 
measured, and the hardening effect 7'(F) calculated 
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from existing total cross section data, including the 
present. A neglisible number of neutrons scattered in 
the hardener should be counted. A seven-crystal proton- 
recoil range telescope‘ is used to determine F(Z), by the 
method described in reference 2. The resultant points 
and extrapolated curves for F(Z) and F(E)T,(E), the 
unhardened and hardened fluxes, are shown for the two 
cases in Fig. 4. These curves were measured during one 
run only, and the assumption was made that the general 
shapes of the curves remained the same from run to run 
while the peak energy may vary as much as +2 Mev. 
Then all cross sections were normalized to the energies 
of these runs by noting any variations in the carbon 
cross sections taken intermittently throughout each 
run, and by using the adequately known energy varia- 
tion of each cross section. 

Two points on the counter-sensitivity curve S(£) 
were measured, using hardened beams similar to the 
two experimental beams. The seven-crystal telescope 
with a radiator larger than the beam and placed im- 
mediately in front of the neutron counter was used to 
monitor the total neutron flux. The counter is always 
reset to the same bias level by adjustment to a standard 
counting rate with a radium source held in a standard 
geometry. The only corrections that have then to be 
made to get the relative efficiencies are for neutrons 
below the telescope threshold (using the now sufficiently 
well-known neutron spectra) and for the energy varia- 
tion of the differential n—p cross section at 20°, the 
telescope angle, calculated as in reference 2. The curve 
is filled in and extrapolated to lower energies by a rough 
theoretical analysis of the counters’ properties, and the 
result is shown in Fig. 5. The final results are inde- 
pendent of the absolute value of S(Z) (about 15 percent 
at the higher energy) and quite insensitive even to the 
shape. The effective energy F’, and then K, may now be 
calculated numerically from F(£), and S(£). It is im- 
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Fic. 5. Variation of counter sensitivity with energy. 


4 Kindly lent by K. Strauch and W. Titus. 
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portant to note that Z’ and K are functions of the beam 
only and are the same for all attenuators. 

In order to measure the fractional gamma contami- 
nation X,, we choose a material whose neutron cross 
section is roughly the same for the low-energy neutron 
contamination (if any) as for neutrons of the experi- 
mental energies, namely lead. If we then let 7'4(Ew’) 
=T,4(E’) in Eq. (1), we get 


X,~C(14+-X,+04K)T4(E’) 
—(1—Xwy)Ta/Ta—Ta (Ey’) 
~[(1+-an?K)T4(E’)— Ta /Ta— Ta (Ey) (2) 


if Xy is small. If we measure the experimental trans- 
mission 74 for two thicknesses of lead, chosen as 
2 in. and 6 in., we can eliminate 74,;(B’) and T42(E’) 
=T4,(E’)"4/"41 from the resulting Eqs. (2). EZ,’ is 
difficult to determine for small contaminations, but is 
estimated as follows. 

A carbon cyclotron target was found to give a much 
higher proportion of gammas than the beryllium, 
enabling a determination of the apparent lead cross 
section with counter bias and with hardener length. The 
former indicated an average gamma energy of less than 
about 10 Mev, the latter an energy of well above 5 Mev. 
(The hardener is too long for the observed increase of 
lead cross section with hardener length to be due to 
gammas originating in the hardener.) E,’ is therefore 
estimated at 9+3 Mev for the higher and 9+5 Mev for 
the lower energy beryllium beams, giving X,=0.007 
+0.009 and 0.02+0.02 for the two beams, respectively. 

Two polyethylene attenuators 14 in. and 36 in. long 
are now used to eliminate 7'4,(Z’) and 7'42(E’) from 
similar equations for the neutron contamination, 


Xv={(itan?K ]TaA(E’)—-Ta 
+X,[Ts (E,’) be T4}} T ise T 4 (Ey’). 


If we then assume Ey to be between 5 Mev, the ap- 
proximate counter proton threshold, and 20 Mev, a 
reasonable maximum in view of the observed neutron 
spectra, we get Xv =0.000+0.007 for the high-energy 
beam. The fact that this figure did not increase de- 
tectably when the hardener at both energies was 
radically shortened, however, indicates very strongly 
that the contamination is in fact zero. Multiple or 
inelastic scattering in the hardener should yield a 
negligible contamination, and a check made by means of 
a “total absorber” of copper showed that within 0.3 
percent statistics all of the counted beam passed through 
the hardeners. The error (giving a 3 percent error on the 
final high-energy hydrogen cross section) was therefore 
neglected for both energies. 

The determination of a4 is the only one that relies 
at all sensitively on outside data. A smooth variation of 
a,” both with energy and with atomic number seems 
indicated by the existing data but is also explicitly 
assumed. Fairly comprehensive curves exist for six 
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materials,’ and are used directly to calculate any 
corresponding a,®’s, choosing Ey= E’. From this data a 
curve of a,” versus atomic number is drawn, with 
attenuations used equal to that of each desired attenu- 
ator. All plots were smooth except for breaks at points 
corresponding to the fine structure first observed at 
Harwell,® and the unknown a,”s are read directly off 
them, with appropriate errors attached, Corrections 
were of the order of 3 percent on the cross sections, with 
errors of the order of 1 percent. The contribution of 
terms in a4 and higher cannot be accurately estimated 
but seems to be very small. 


4. CALCULATION OF EXPERIMENTAL 
TRANSMISSIONS 


The counters used in this experiment have of course 
no gain plateaus. Over a period of hours during runs of 
several days, counting rate variations of up to +0.4 
percent were noted (corresponding to gain variations of 
about +1} percent). Liquid and dummy runs of up to 
20 minutes each were, therefore, always taken in 
opposite order. The scatter of resulting ratios has with a 
few explainable exceptions always appeared random 
with magnitude not appreciable greater than that 
statistically expected. Dummy counting rates averaged 
100 and 200 counts per second for the counter and 
monitor at the higher energy, and half that at the lower. 

Counter noise averaged 3 counts per second and was 
measured regularly throughout a run. It was plotted 
against time and a smooth curve through the points 
(usually approximating a straight line) used for sub- 
tracting “noise” from all other data with appropriate 
error. All data was then corrected for electronic dead- 
time losses of up to 2 percent, determined by the 
standard two-source technique. 

The cyclotron duty cycle was estimated visually from 
the neutron pulses displayed on an oscilloscope. An 
analysis of the pulse-height spectrum and amplifier 
properties indicates that electronic pileup of pulses 
smaller than the discrimination level will contribute less 
than 0.3 percent to the counting rate. 

The leakage rate per monitor count is then determined 
and plotted, and a smooth curve used for subtraction. 
Leakage is the counting rate (typically 2 and 0.1 counts 
per second at the two energies) with a copper “total 
absorber” of the same diameter as the attenuators in the 
beam. The leakage flux consists predominantly of low- 
energy particles. 

The full-empty ratios are then the final experimental 
transmissions 7’, for the solid targets. For the liquid 
targets, the ratios are corrected for the experimental 
normalization of the dummy to the empty target per- 
formed before or after the run. 

The maximum correction for neutrons scattered by 
the attenuators into the counter was 0.1 percent. To 
investigate the possible existence of a delayed beam- 


5 See Taylor and Wood, reference 1. 
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TABLE I. Results of total cross-section measurements, 
in millibarns. 








Material. Energy 88 +2 Diev 47.542 Mev 


Liquid H 86.14 2 
CH,—C 84.54 2 
He + 6 
cS + 8 
N +10 
O +15 


Al +25 
A +20 
Cu +35 
Pb +40 





1962- 10 
377% 12 
984+ 20 
1110+ 25 
1220+ 25 


17504 35 
2080+ 45 
2810+ 70 
4460+ 100 








dependent counting rate due to radioactivation of the 
counter or surrounding bodies, the counter was bom- 
barded with the full beam and the decay of the noise 
rate determined. Only the 20-minute C"(n,2n)C" 
activity was observed, with an intensity corresponding 
to a negligible 0.03 counts per second for the hardened 
beam. 

In addition to these checks, no effect on the corrected 
cross sections of carbon and lead could be found when 
the second collimator was removed, or when the follow- 
ing were varied: (1) cyclotron beam strength, (2) 
counter bias level (except for a possible slight increase in 
the fractional gamma contamination at low bias), (3) 
attenuator and hardener position and diameter, and 
(4) counter size (a counter 3 in. long and 2 in. in diame- 
ter was used). 


5. RESULTS AND ERRORS 


Results of the experiment have been summarized on 
Table I. There is general agreement with previous ex- 
perimental results where they exist, or with smoothly 
interpolated values. At the higher energy, the cross 
sections are in good agreement with the optical model,® 
notably including helium, but of course not hydrogen. 
The lower-energy results should fit o4=22(R+A)? with 
R= R,A' according to the Feshbach-Weisskopf opaque 
model with sharp edges.” When this formula is used, the 


* Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949), 
using the parameters as for Cook’s data. 
7H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 
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experimental o’s yield a value for Ro of (1.50+0.06) 
<10-" cm for all elements except lead (1.3110~"), 
helium (1.12 1), and hydrogen (1.12 10~"). 

Errors listed are estimated ‘otal mean deviations 
arising from several sources. (1) Errors in the determi- 
nations of the experimental transmission: These are 
primarily counting statistics, less than 1 percent except 
for the hydrogen cross section from CH». An estimated 
25 percent uncertainty in the dead-time correction gives 
a small error—typically 0.3 percent. (2) Errors in the 
density and purity of targets: These are quite small, 
except for liquid helium where the lowering of the 
density due to bubbling is estimated at (0.3+2.0) 
percent and the error due to contamination about +1 
percent. (3) Errors in the effective beam energy and 
constitution. During the test run, the effective energies 
of measurement were determined to be 88+ 2 Mev and 
47.5+2 Mev. The errors quoted were determined using 
reasonable “extreme curves” of the neutron spectra and 
counter sensitivity. Results of other runs have been 
normalized to these energies, and the errors arising in 
these adjustments have been added to the cross section 
errors. 

The y contamination was measured to be X,= (0.7 
+0.9) percent for the 88-Mev neutron beam, with an 
estimated y energy of 9+3 Mev. For the 47.5-Mev 
neutron beam, the contamination is X ,= (2+:2) percent 
at 9+5 Mev. All results have been corrected for this 
effect. This is a major source of error in the lower-energy 
measurements. 
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Production of Nb**” by the Pile Irradiation of Niobium 


R. P. ScHuMAN 
Knolls Atomic Power Laboratory,* Schenectady, New York 
(Received June 7, 1954) 


Low-energy electrons and Nb K x-rays, believed to be due to the decay of the isomer Nb®", have been 
found in neutron-irradiated niobium. The electrons have energies of about 8.5 kev and 23 kev and are 
believed to be K and L conversion electrons from a 27-kev gamma ray. The half-life of the activity is about 


four years. 





DDITIONAL measurements have been made on 

the samples of niobium which had been irradiated 

for a long time in the Chalk River reactor and subse- 

quently carefully purified. These measurements have 

shown the presence of low-energy electrons and x-rays, 

in addition to the 0.50-Mev beta and 0.70-, 0.87-, and 
1.57-Mev gammas previously described.! 

When some of the niobium was counted with a 4r 
counter, it showed a much higher specific activity then 
could be attributed to the 0.50-Mev Nb™ beta. An 
absorption curve taken with a low absorption counter 
showed that the additional activity is a very weak 
electron activity with a half-thickness of about 0.36 
mg/cm? in aluminum. By using the top half of a 4x 
counter as a proportional counter spectrometer, the 
energy spectrum of the weak electrons was determined ; 
two peaks were found, the larger one at about 23 kev 
and the smaller one at about 8.5 kev. The energies 
were determined by comparison with the energy of the 
MnK x-ray from Fe®. 

An aluminum absorption curve of the niobium radia- 
tions taken through sufficient beryllium to absorb all 
the beta rays showed the presence of a photon of 
about 15-kev energy in addition to the gamma rays. 
A proportional counter spectrometer showed an x-ray 
peak at 16 kev as determined by comparison with MnK 


* Operated for the U. S. Atomic Energy Commission by the 
General Electric Company. 
1 Douglas, Newherter, and Schuman, Phys. Rev. 92, 369 (1953). 


x-rays. By the use of Rb, Sr, Y, Zr, Nb, and Mo 
critical absorbers, it was shown that the photons are 
niobium K x-rays. 

The niobium samples have been followed for decay 
on an internal sample counter for a period of eight 
months, and a half-life of about four years has been 
obtained for the weak electron activity. 

Since the x-rays are niobium x-rays, the electrons 
must be conversion electrons emitted during the iso- 
meric transition of a niobium isotope. The isomer de- 
cays by the emission of an almost completely converted 
(~27 kev) gamma with L conversion (~23-kev e~) 
more probable than K conversion (~8.5 kev e~). 

The isomer is most likely the 3.65-year isomer of 
Nb™ that has been reported by Glendenin and Stein- 
berg.? They found that the isomer is produced by the 
decay of Zr® and decays by the emission of conversion 
electrons with K/L=0.14 from a 29.2-kev gamma. 

We feel that the weak electron activity in the niobium 
samples is due to Nb”" which is produced from Nb” 
by the inelastic scattering of fast neutrons. If so, the 
Chalk River pile neutron cross section for its formation 
is about 0.8 millibarn. The author wishes to give spe- 
cial thanks to the Chalk River Laboratories for making 
possible the long-term irradiation of the niobium, and 
also to thank Mrs. A. C. Mewherter for her help with 
the preparation of the counting samples. 


2 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
520 (1953). 
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Excited States in B’’ and Be*t 


‘y. W. Bonner Anp C. *. 
The Rice Institute, 


Cook 
Houston, Texas 


(Received June 16, 1954) 


A new technique for detecting neutron thresholds by using a slow neutron counter and a conventional 
long counter is described. By means of this technique, neutron thresholds from the deuteron bombardment 


of Li’ have been studied at energies from 0.4 Mev to 4.7 Mev. 


Thresholds were observed at energies of 


1.34, 2.18, 3.37, 3.6, and 4.07 Mev. These thresholds indicate excitation levels in Be* at 16.06, 16.72, 17.65, 


17.8, and 18.19 Mev. 


By the same method, excited states of B” from the Be®(d,n)B" reaction were found at 4.78, 5.11, 5.17, 


5.93, 6.06, 6.16, 6.43, and 6.57 Mev. 





INTRODUCTION 


RECISE energy determinations of excited states of 

nuclei have been made by using magnetic and 
electrostatic analyzers, which measure the energies of 
charged particles such as protons, deuterons, and alpha 
particles. Similar measurements of the energies of fast 
neutrons with comparable accuracy are not possible. 
However, in experiments measuring the energies of 
“neutron thresholds,’’ Bonner and Butler' were able to 
obtain precise measurements of 2 values in a number of 
reactions of the (p,m) and (d,n) type. Extension of this 
method to other reactions depends on the sensitivity of 
detection of a relatively small number of “threshold 
neutrons” with energies of from 5 to 50 kev in the 
presence of neutrons with higher energies. 


APPARATUS 


Considerable improvements in the techniques have 
been possible in the new Nuclear Research Laboratory 
where a 6-Mev Van de Graaff accelerator, built by the 
High Voltage Engineering Corporation, has recently 
been installed. Improvements have been made in two 
ways. In our old laboratory the target which was bom- 
barded by protons or deuterons was only 4 feet above 
a thick concrete floor which moderated the fast neu- 
trons and scattered these back to our “threshold de- 
tector,’ which was a BF; proportional counter sur- 
rounded by approximately 4 cm of paraffin. A smaller 
thickness of paraffin gives a detector with a better 
discrimination for kev-neutrons relative to Mev-neu- 
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a arrangement of conventional long counter 
BF; counter for neutron-threshold detection. 


~f Supported i in part by the U. S. Atomic E anergy Commission. 
Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951). 


trons, but is only useful if relatively few scattered 
neutrons reach the counter. Our new laboratory was 
designed so that the target is 4 feet above a floor of 
}-in. aluminum which is relatively transparent to fast 
neutrons. There is a pit 8 feet deep below the aluminum 
floor and so the target is 12 feet from an effective neu- 
tron moderator. Another improvement is derived from 
placing the target 20 feet away from our analyzing 
magnet. Some neutrons are always made when the 
diatomic and triatomic beams strike materials, es- 
pecially when deuterons are accelerated. The inverse 
square law is especially helpful in reducing the effects 
of these background neutrons. Figure 1 shows the ex- 
perimental arrangement which has been used. A paraffin 
layer 1} in. long and in. thick covers the middle 
portion of a BF; counter which has a diameter of 1 in. 
This threshold counter C, is placed 2 in. from the target 
and so subtends a cone of half-angle 24°. A second 
counter C, is placed 14 in. from the target and subtends 
approximately the same solid angle as C;. This counter 
is the inner part of the usual “long counter’ which has 
about equal efficiency for detecting neutrons of all 
energies from 0 to 5 Mev. The ratio of the number of 
counts in C; and C2, taken at the same time, gives a 
measure of the relative number of slow neutrons to 
total neutrons. This ratio is independent of the beam 
current and of the uniformity of the target which is 
being bombarded. 


RESULTS 


Experiments have been carried out with this tech- 
nique when a thin lithium target is bombarded by 
protons. The results are shown in Fig. 2. The threshold 
for the nuclear reaction Li’(p~,m)Be’ is at 1.883 Mev. 
When protons with energies lower than this strike the 
lithium target no neutrons are produced and the count- 
ing rate in counters C; and C2 is very small. Above this 
threshold the counting rates in both counters increase 
rapidly; the ratio of the counting rates C,/C2 shows a 
threshold at 1.883 Mev and decreases as the bombarding 
energy is increased. The counting ratio decreases to } 
its maximum rate when the proton energy is increased 
to 50 kev above the threshold. The ratio continues to 
drop smoothly until it is ys the threshold value when 
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EXCITED 


the neutrons have energies of 0.6 Mev. The second 
curve shown in Fig. 2 is that of the counting rate in the 
long counter C2 as a function of proton energy. The 
long-counter yield curve shows the neutron threshold 
at 1.883 Mev followed by a decrease in the neutron flux 
through this counter as the cone of neutrons opens to 
180°. At a proton energy of 2.3 Mev, the known 
resonance caused by an excited state in the compound 
nucleus Be® is observed with the long counter. However, 
the ratio curve does not show any irregularity because 
of this resonance. This fact makes it possible to differ- 
entiate between neutron thresholds and resonances. 


Be*(d,n)B'** 


Experiments with the reaction Be*(d,n)B"* have 
been carried out by means of the same techniques as 
described above. The evaporated beryllium target was 
10 kev thick for 2-Mev deuterons. Threshold neutrons 
were investigated when the deuteron beam was in- 
creased from 0.45 Mev to 5.4 Mev. Data obtained 
below 3 Mev are shown in Fig. 3. Neutron thresholds 
observed are indicated in Fig. 3 at A, B, C, D, E, and F. 





Fic. 2. Neutrons from the 
reaction Li’(p,n)Be™*. The 
solid circles give the ratio 
of the number of slow neu 
trons to the total number of 
neutrons from the reaction 
as a function of proton 
energy. The open circles 
give the long-counter yield 
in arbitrary units as a func 
tion of proton energy. 
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There is also a small effect at 7 caused by a “wide 
threshold”’ and a weak threshold at G. 

Table I lists the thresholds shown in Fig. 3, the 
deuteron-bombarding energy at each threshold, the 
calculated Q values, the corresponding energies of the 
excited states of B", and the observed half-width. The 
last column of Table I lists excited states of B” from 
measurements of recoil protons in photographic plates 
obtained by Ajzenberg.? Data taken with deuteron 
energies of 3-5.4 Mev indicate no additional thresholds. 
The states at 5.11, 5.17, and 5.93 Mev were obtained 
by Bonner and Butler.! The results reported here are 
in agreement with the results of Ajzenberg,? except 
that we do not observe the weak lines at 5.58 and 6.77 
Mev and with higher-energy resolution we have re- 
solved the doublet at 5.11 and 5.17 Mev, and the 
triplet at 5.93, 6.06, and 6.16 Mev. 

All of the states of B* above 4.45 Mev can break up 
with a-particle emission, and so the widths of these 
states will be much greater than in the case of the lower 
states where y emission only takes place. The widths of 
the states will be expected to increase with excitation 


2 Fay Ajzenberg, Phys. Rev. 82, 43 (1951); 88, 298 (1952). 
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Fic. 3. Neutrons from the reaction Be®(d,n)B'*. The curve 
gives the ratio of the number of slow neutrons to the total number 
of neutrons from the reaction as a function of deuteron energy. 


because of the increased penetrability of the @ particle. 
Widths will also depend on the angular momentum 
carried away by the @ particles and the isotopic spin. 
The states near 6-Mev excitation are unstable for 
a emission by ~1.5 Mev and so would be expected to 
have widths ~100 kev if s a-particle decay is possible. 
Since their widths are less than 10 kev, this would indi- 
cate that the J values of these states are probably 
J=2 or greater. 

An energy-level diagram for B" is given in Fig. 4. 
Spin, parity, and isotopic spin assignments are shown 
where known. The two levels at 5.11 and 5.17 Mev 
appear to form a doublet, the splitting between them 
being only 60 kev while the distance to the next levels 
above and below are 760 kev and 330 kev, respectively ; 
the three levels at 5.93, 6.06, and 6.16 Mev appear to 
form a triplet with separations of 130 kev and 100 kev. 
Figure 3 also shows that the intensities of the two lines 
in the doublet at 5.11 Mev are nearly equal, also the 
three lines of the triplet at 6.06 Mev appears to have 
nearly equal intensities in the forward yield of low- 


TaBLe I. Neutron thresholds—excited states of B”. Energies of 


excited states are based on a Qo value of 4.360 Mev. 


Excitation 
Level energy B'° 
width Ajzenberg* 
Mev Mev 


Excitation 
Q value’ energy BY 
Mev ev 


Deuteron 
energy 
(Mev) 


0.52 
0.92 


Thresh- 
olds 
4.78 
5.11 


5.17 





4.78 


—0.42 
—0.75 


<0.010 
<0.010 

5.14 
0.99 —0.81 <0.010 
1.92 
2.08 


— 1.57 
— 1.70 


5.93 
6.06 


<0.010 
<0,010 


6.16 
6.43 
6.57 


2.20 
2.53 
2.70 


— 1.80 
— 2.07 
— 2.21 


<0.020 


~A).030 


* See reference 2. 
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Fic. 4. Energy level 
diagram of B". 
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energy neutrons. Inglis’ has pointed out that the two 
lines of the doublet may correspond to the two orienta- 
tions of an s-proton spin relative to another j or J,; 
however, the possibility seems to be at variance with 
the recent results of Wilkinson and Jones* which indi- 
cate that the 5.11-Mev level is 2(—) and the 5.17-Mev 
level is 2(+-) and T=1. Both levels would be expected 
to have odd parity and J’s of 1 and 2 when produced by 
s deuterons according to the suggestion of Inglis. The 
group of levels at 5.93, 6.06, and 6.16 Mev seem more 
likely to be physically significant instead of an acci- 
dental juxtaposition than does the doublet. 

The small relative yield of threshold neutrons from 
the 4.78-Mev state is expected if it has even parity, 
since s deuterons will be predominant at a bombarding 
energy of 0.5 Mev, and then s-neutron emission is 
forbidden, The fact that the ratio curve does not fall 
off rapidly above the 0.52-Mev threshold indicates that 
p-neutron emission is involved. 


Li’ (d,n)Be** 


Experiments with neutrons from the (d,n) reaction 
on normal lithium were carried out using metallic 
lithium evaporated onto the target in the vacuum 
system of the accelerator. From threshold measurements 
with the (p,#) reaction, the lithium target was found 
to be 20-kev thick at 2 Mev. Under similar conditions 
to the experiments already described, the counting rates 
in the two counters C; and C, were observed as deuteron 
energy was increased from 0.45 Mev to 4.8 Mev. 
Figure 5 shows the results of the yield of neutrons in 


*D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
*D. H. Wilkinson and G. A. Jones, Phys. Rev. 91, 1575 (1953). 


the long counter and the ratio of the counts in the two 
counters. The known resonances in the yield of neu- 
trons at deuteron energies 0.7 and 1.0 Mev were ob- 
served but are not shown. Above 1.5 Mev there is 
evidence for a broad resonance at 2.0 Mev, and another 
broad resonance at 3.2 Mev which correspond to wide 
states in Be’ at ~18.2 Mev and ~19.6 Mev. 

The ratio curve is flat from 0.45 to 0.80 Mev and 
then rises slowly until it becomes flat again at 1.5 Mev. 
This shape of curve is that expected from a broad 
state in Be**; in this case the yield of threshold neu- 
trons should follow the shape of the energy state. The 
maximum number of threshold neutrons from this 
level in Be® occurs at A. Another rise in the ratio curve 
begins at 1.7 Mev and reaches a peak value at B. The 
third rise in the curve at C indicates a neutron threshold 
at the same energy as an intense threshold in oxygen, 
so it seems probable that it is caused by a small amount 
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Fic. 5, Neutrons from the reaction Li’(d,n)Be**. The upper 
curve gives the ratio of the number of slow neutrons to the total 
number of neutrons from the reaction as a function of deuteron 
energy. The lower curve gives the long-counter yield in arbitrary 
units as a function of deuteron energy. 


of oxygen on the target. Other thresholds are indicated 
at D, E, and F in Fig. 5. 

Table II lists the thresholds shown in Fig. 5, the 
deuteron-bombarding energy at each threshold, the 
calculated Q values, the corresponding energies of the 
excited states of Be®, and the observed half-width of 
each level. 

All of the thresholds found are wide except that at 
3.37 Mev, which has a width less than 20 kev. The Q 
value obtained for this narrow threshold agrees well 
with the known level in Be® at 17.63 Mev (width 12 
kev) made by 440-kev protons on Li’. The width of 
this neutron threshold is less than the target thickness 
of 20 kev, and so it seems very likely that the two levels 
are the same. The level at 18.19 Mev has also been 
observed’ in elastic scattering of protons on Li’; a level 

5 T. W. Bonner and J. E. Evans, Phys. Rev. 73, 666 (1948). 


* Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951). 
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width of 0.17 Mev was found. The state at 16.72 Mev 
can only emit a y ray or break up into two a particles; 
the observed width of 0.19 Mev indicates a «mission. 
The a particles have a total energy of 16.72 Mev and 
the level in Be* would be expected to show a width of 
~1 Mev unless the isotopic spin selection rule made 
the a emission considerably slower. A level in Be* with 
isotopic spin T= 1 is expected’ near 16.7 Mev. It seems 
likely that the level at 16.72 Mev with a width of 
0.19 Mev is the first 7=1 state in Be*. From the 0.6- 
Mev width of the level at 16.06 Mev, it seems probable 
that this level is a T7=0 state with J=2+ or 4+; this 
follows from the fact that the J=2+ level at 19.9 Mev 
has a width of 1 Mev. 

Wilkins and Goward* have presented evidence for 
states in Be® from the photo reactions C"(y,3a) which 
were observed in nuclear emulsions. They reported 
levels in Be’ at 16.8+0.2 Mev and 17.6+0.2 Mev with 
widths <0.3 Mev. From the angular distribution of the 
a particles, they were able to conclude that the 16.8- 
Mev state has J= 2. It seems likely that the level which 
we observed at 16.72+-0.01 Mev is the same as that 
observed by Wilkins and Goward. It seems improbable 


TABLE II. Neutron thresholds—excited states Be*. Energies of 
excited states are based on a Qo value of 15.02 Mev. 





Deuteron Excitation 
energy O value energy Be* Level width 
ev ev Mev ev 


1.34 — 1.04 
—1.70 





16.06 0.6 
16.72 0.19 
Oxygen contamination 
17.65 <0.02 

17.8 0.1 
18.19 0.17 


— 2.63 
—2.8 
—3.17 





that the level that we observe at 17.65 Mev is the same 
as reported by Wilkins and Goward at 17.6 Mev. They 
suggest that this level is J=4+ and T=1. Such a state 
would be expected to be narrower than the 16.72-Mev 
level (J=2+,T7=1), but a width less than 20 kev is 
unexpected. The threshold at D (17.65-Mev state) is 
sharp on the low-energy side but does not drop off as 
fast as expected on the high-energy side. The best 
explanation is that the threshold at D is a doublet 
including a sharp level at 17.65 Mev and a wider one 


7T. Lauritsen, Ann. Revs. Nuclear Sci. 1, 67 (1952). 
8 J. J. Wilkins and F. K. Goward, Proc. Phys. Soc. (London) 
66, 661 (1953). 
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Fic. 6. Energy level 
diagram of Be®. 
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at 17.8 Mev (2) with a width of approximately 
0.1 Mev. 

An energy-level diagram for Be® is given in Fig. 6. 
A number of the previously reported levels between 
3 and 7 Mev are omitted. Evidence for the non- 
existence of several of these levels comes from several 
sources.’ There is still some question about levels at 
4.05 and 5.3 Mev.” The experimental levels fit in very 
well with the intermediate coupling calculations of 
Inglis, except for the unpredicted levels at 7.75 and 
16.06 Mev. 


*R. F. Sinclair, Phys. Rev. 93, 1082 (1954); R. Malm and 
D. R. Inglis, Phys. Rev. 92, 1326 (1953); Kunz, Moak, and Good, 
Phys. Rev. 91, 676 (1953); C. C. Trail and C. H. Johnson, Phys. 
Rev. 95, 640A (1954); F. E. Steigert and M. B. Sampson, Phys. 
Rev. 92, 660 (1953). 

” E, W. Titterton, Phys. Rev. 94, 206 (1954). 
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Neutron-deficient isotopes of xenon have been produced by (p,xn) reactions with high-energy protons on 
potassium iodide targets. The xenon activities were deposited on foils by the glow discharge technique and 
their radioactive properties were measured. Nineteen-hour Xe! decays by electron capture to 3.5-minute ['™. 
Gamma rays of 182 and 235 kev accompany this decay. I'* decays by emission of 3.12-Mev positrons. 
Xe! decays with a 1.8-hour half-life into 13-hour I’. Positrons of 1.7+0.1 Mev, 150-kev gamma rays, and 
x-rays are associated with this decay. Xe! has a half-life of 404.10 minutes for decay into 1.6-hour ['*'. 


I. INTRODUCTION 


HE bombardment of iodine with high-energy 

protons produces xenon isotopes of mass number 
127 and lower. This report is concerned with the 
properties of Xe, Xe™, and Xe", and the iodine 
isotopes formed by their decay. Isolation and study of 
these iodine isotopes revealed the presence of the known 
iodine isotopes of mass 123, 122, and 121. Timed 
separations established the genetic relationship of these 
to 19-hour Xe’, 1.8-hour Xe’, and an ~40-minute 
Xe™, Since our results agree with the published ab- 
stracts of work done independently and simultaneously 
by Tilley' at McGill University and of Dropesky and 
Wiig? at the University of Rochester, we shall not give 
complete details of this part of our work. 

The purpose of this paper is to record some unpub- 
lished observations on the radiations of these isotopes 
carried out with a scintillation spectrometer and a 
beta-ray spectrometer. In these studies we took ad- 
vantage of a novel method for the deposition of xenon 
activity on thin metallic foils suitable for beta-ray 
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Fic, 1, Fermi-Kurie plot of positron — of I'™ obtained on 


Xe'™.[® sample. [Data by T. O. Passell (unpublished). ] 

* This work was supported by the U. S. Atomic Energy Com- 
mission. 

t On leave of absence from the Department of Chemistry, 
University of Delhi, Delhi, India. 

'D. E. Tilley, Abstract 77, June Meeting of the Royal Society 
of Canada, 1952 (unpublished). 

* B. Dropesky and E. O. Wiig, Phys. Rev. 88, 683 (1952). 


spectroscopy. This method and the spectrometers are 
briefly discussed at the end of the paper. 


Il. EXPERIMENTAL RESULTS 
Xe!22 and ['22 


Potassium iodide targets were bombarded for 1 hour 
with 100-Mev protons. The xenon fraction was isolated 
24 hours later and deposited on aluminum foil as de- 
scribed below. At this time the xenon activity was 
virtually pure Xe. Decay curves showed a straight- 
line decay of 190.5 hours over more than 5 half-lives. 
The amount of 18-hour Xe'® is slight because the 
(p,3n) reaction cross section is down at this high proton 
energy. Separation of iodine activity at this time showed 
only the 3.5-minute I'™ activity originally reported by 
Marquez and Perlman* and studied more completely 
by Young, Pool, and Kundu.‘ 

The positron spectrum of the Xe'”-I'” mixture 
mounted on 0.1-mil aluminum foil was studied in the 
double-focusing beta-ray spectrometer by T. O. Passell. 

Figure 1 is the Fermi-Kurie plot of this spectrum 
showing a single component with an end-point energy of 
3.124-0.04 Mev. The calibration of the spectrometer 
was checked with the 1.97-Mev positron of Cs!*.5 
Xe! decays by K capture and the 3.12-Mev positron 
group is assigned to the 3.5 minute I'” in equilibrium 
with it. Our positron energy agrees with the 3.08+0.1- 
Mev value determined by Young, Pool, and Kundu‘ 
who used absorption methods. 

Figure 2 shows the gamma spectrum taken with the 
sodium iodide scintillation spectrometer. The only 
prominent peaks are a 182-kev gamma peak, a smaller 
gamma peak at 235 kev, and the annihilation gamma 
ray peak resulting from the positrons of I'”. No gamma 
rays of higher energy were observed. The 182- and 235- 
kev gamma peaks may be assigned to the decay of Xe’ 
as proved by the curves of Fig. 3. The upper curve 
taken on the Xe'-I'” mixture shows these two peaks 
while the lower curve taken on a pure sample of I'™ 
shows only the Compton smear of the Compton- 


3 L. Marquez and I. Perlman, Phys. Rev. 78, 189 (1950). 
4 Young, Pool, and Kundu, Phys. Rev. 83, 1060 (1951). 
5 Smith, Mitchell, and Caird, Phys. Rev. 87, 454 (1952). 
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scattered annihilation radiation. This result is not sur- 
prising since Te'’ is an even-even nuclide with an 
excited state at 568 kev® which in all likelihood is the 
first excited state, according to the systematics of the 
excited states of even-even nuclei as discussed by 
Scharff-Goldhaber.’? The conversion electrons of the 
182-kev gamma ray were observed (see below). 


Xe!23 J[)23 


When the xenon fraction was separated from the 
potassium iodide target about 4 hours after the end of 
the bombardment 1.8-hour Xe! and 19-hour Xe! 
accounted for the greater part of the activity. It was 
possible to study the radiations of Xe' in such mix- 
tures, but samples which were much purer, although 
less intense, could be isolated by an alternate method; 
namely, isolation of Xe daughter activity from the 
decay of Cs, 

In a previous publication’ it was shown that 6-minute 
Cs! is produced by the bombardment of calcium iodide 
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Fic. 2, Gamma spectrum of Xe™ taken on 
scintillation spectrometer. 


with 130-Mev helium ions. From cesium fractions 
isolated quickly immediately after bombardment it is 
possible to separate Xe! activity >90 percent pure by 
radioactivity. Some 18-hour Xe!” is present from the 
decay of 45-minute Cs!° also produced in the bom- 
bardment. 

The decay of the activity as followed in a GM tube 
showed the 1.8-hour decay of Xe! superimposed on 
the growth and decay of the 13-hour I'* daughter. 

The gamma spectrum of Xe! shows a major peak 
of K x-rays from the electron capture decay of Xe!, 
a gamma ray of 150-kev energy, and a small peak of 
annihilation radiation (not shown) (see Fig. 4). Repeat 
runs on the gamma spectrum over a period of 24 hours 
showed the emergence of the 159-kev gamma peak® of 


°M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

7G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

*H. B. Mathur and E. K. Hyde, Phys. Rev. 95, 708 (1954). 

® Mitchell, Mei, Maienschein, and Peacock, Phys. Rev. 76, 
1450 (1950). 
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Fic. 3. Gamma spectrum of Xe™-I' mixture and on pure ['* 
showing assignment of 180-kev gamma radiation to Xe™, Tri- 
angular points represent pure I, The 28-kev peak is K x-radi- 
ation. 


I'3 as the 150-kev gamma radiation of Xe™ decayed. 
The conversion electrons of these two gamma rays were 
also observed (see below). 

A beryllium absorption curve on the positron activity 
gave a value of 1.8 Mev as the end-point energy of the 
positron. The energy of the positron as determined by 
the anthracene crystal spectrometer is 1.7+0.1 Mev. 


Xe!”! and yp 


Xenon samples isolated immediately after bombard- 
ment contained a high proportion of 40-minute Xe", 
Iodine daughter activity isolated from the xenon frac- 
tion within 1 hour of the end of bombardment con- 
tained 3.5-minute I, 1.5-hour I”', and 13-hour I', 
but after the rapid decay of the I' the principal ac- 
tivity was I', A gamma spectrum of such an iodine 
sample is shown in Fig. 5. In addition to the annihila- 
tion radiation a gamma ray of 210 kev is observed; the 
conversion electrons of the gamma ray were also ob- 
served as reported below. Marquez and Perlman® had 
reported conversion electrons of this gamma ray in the 
original report on the properties of I’. 

It was determined that Xe”! emits positrons by 
plotting the decay of the annihilation peak of gamma 
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Fic. 4. Gamma spectrum of Xe! sample isolated from Cs. 
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Fic. 5. Gamma spectrum of I", 


spectra determined on xenon samples isolated within 
1 hour of the end of the bombardment. A 40+10 
minute component was resolved from this curve. 


Conversion Electrons of Xe'”'Xe'**Xe'2* Mixture 


The conversion electrons of several of the gamma 
rays mentioned above were measured in the beta-ray 
spectrometer using a xenon sample collected on a 
4-mil aluminum foil 1 hour after the finish of a 1-hour 
bombardment of potassium iodide with 100-Mev pro- 
tons. The conversion electron spectrum was determined 
about 2 hours after the end of the bombardment 
(see Fig. 6) and this determination was repeated 5 times 
over the next 24-hour period. The numbered peaks of 
Fig. 6 are listed in Table I. The observed half-life and 
the probable assignment of the isotopes and conversion 
shell are listed in Table I. 


Ill. EXPERIMENTAL METHODS 
Deposition of Xenon on Counting Foils 


Samples of xenon radioactivity were deposited on thin 
metallic foils by the method developed and used ex- 
tensively by Momyer and Hyde for the study of 
isotopes of emanation." This method makes use of a 
glow discharge tube of the type shown in Fig. 7. 

Figure 8 shows the glass vacuum system used to 
isolate the xenon from the cyclotron targets. The base 
pressure in the manifold was reduced to 10-° mm Hg 
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Fic. 6. Conversion electron spectrum in Xe, Xe, Xe! mixture. 
The numbered peaks are listed in Table I. 


 F. F. Momyer, University of California Radiation Laboratory 
Report UCRL-2060, 1953 (unpublished). 
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by a mercury diffusion pump and Cenco Hyvac me- 
chanical forepump. The potassium iodide was dissolved 
in the closed dissolver flask A by introducing water 
from the dropping funnel. The off gases were pumped 
through trap C cooled with a dry ice-acetone cooling 
bath which removes water vapor and through traps 
D, E, and F cooled with liquid nitrogen which con- 
densed the xenon. After 2 or 3 minutes stopcock B was 
closed and the total pressure in the entire system in- 
cluding the glow discharge tube was reduced to 10-+- 
10-* mm Hg. Then that part of the system including 
traps D, E, F, and the discharge tube were isolated from 
the rest of the system by suitable manipulation of the 
stopcocks and the xenon activity was distilled into the 
discharge tube by placing a liquid nitrogen cooling 
bath on the freeze down tip and by warming traps 
D, E, and F to room temperature. Then stopcock G 
was closed and the xenon and other condensed material 
was allowed to vaporize in the glow discharge tube. 
Usually enough inert vapors were condensed during 


TABLE I. Conversion electrons of Xe!*!-Xe!-Xe!™ mixture. 





Gamma- 
ray energy 
from scin- 

tillation 
spectrom- 
eter (kev) 


Gamma- 
Conver- ray 
sion energy 
shell (kev) 


Assign- 
ment 
of parent 
isotope 


Approxi- 

mate 
Peak Energy observed 
No. (kev) half-life 


22.2 
27.0 
31.0 
34.5 
63.2 
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115.5 2.5 hr} e 148 
i Xe 150 

144 2hr } 3 147 
128 20 hr [1s 160 160 
155 14 hr c 187 182 
180 4 212 210 


Auger 
electrons 


mixture 


® The limited number of points taken and the imperfect resolution of 
the electron peaks made it impossible to observe the growth of this peak 
from its 1.8-hour parent. 


this crude fractionation that the total pressure in the 
tube rose to the region 100-400 microns mercury. 
When this was not true, air was bled in until the pres- 
sure rose to this value as read on a thermocouple gauge, 
not shown. A dc potential of 300-800 volts with a 
limiting resistor of 50 000 ohms was placed across the 
electrodes (see Fig. 7) to initiate and maintain a glow 
discharge in the tube. The xenon atoms were ionized 
and collected on aluminum foils of 0.1-mil thickness 
clipped to the negative electrode. A collection time of 
5 minutes served to affix a variable percentage (2-10 
percent) of the xenon activity to both sides of this foil. 
The excess activity was pumped back into trap F and 
condensed with liquid nitrogen. The glow discharge 
tube was then removed from the line and opened. The 
xenon activity on the foil remained affixed indefinitely 
unless the foil was warmed above room temperature. 
It is believed that proper redesign of this method to 
allow better cooling of the electrodes during deposition 
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Fic. 7. Glow discharge tube used to deposit 
xenon on aluminum foils. 
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would make possible near quantitative collection’ of 
tracer xenon activity. 


Beta-Ray Spectrometer 


The spectrometer used in this research was one of 
the double-focusing type proposed by Svartholm and 
Siegbahn" and by Shull and Dennison.” A side window 
GM tube with a thin vinyl plastic window filled with 
an argon-ethylene mixture was used as a detector. 
A more complete description of the instrument is given 
by O’Kelley.“ We are indebted to Dr. Thomas O. 
Passell for major assistance in obtaining the data on 
this instrument. 


Scintillation Spectrometer 


The gamma-ray scintillation spectrometer was as- 
sembled by Ghiorso and Larsh of this laboratory. The 
initial gamma detection occurred in a 1.5-inch diameter 
by 1-inch thick crystal of sodium iodide mounted below 


tN. Svartholm and K. Siegbahn, Arkiv Mat. Astron. Fysik 
A33, No. 21 (1946); see also Hedgran, Siegbahn, and Svartholm, 
Proc. Phys. Soc. (London) A63 (1950). 
12 ; Shull and D. Dennison, Phys. Rev. 71, 681 (1947); 72, 256 
1947). 
. D. O’Kelley, University of California Radiation Labora- 
tory Report UCRL-1243, March 15, 1951 (unpublished). 
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Fic. 8. Glass vacuum system used to isolate xenon activity. 








a Dumont 6292 photomultiplier tube by the methods 
of Borkowski.“ The crystal photomultiplier assembly 
was mounted above a 5-position shelf assembly and 
encased in an aluminum-lined lead shield. 

The photomultiplier output was amplified in a pre- 
amplifier and linear amplifier and then introduced to 
a 50-channel differential pulse-height analyzer. This 
analyzer is of a new design of Ghiorso and Larsh. The 
channel-width stability was better than 1 percent 
operating at a 5-volt channel width and remained so 
for periods of weeks. Gain and bias controls permitted 
the inspection of any desired energy interval with the 
full 50 channels. Energy calibrations were carried out 
with known radiations from Na™, Cs'87, Am™!, Cd), 
U™*, and other isotopes. Further details on the spec- 
trometer and pulse-height analyzer will be given later 
by Ghiorso and Larsh." 
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The cross sections and energy spectra of pions produced in the reactions P+P—2*++D and P+P-—xt 
+N-+P have been measured at three angles using 440-Mev protons. Both reactions contribute about 
equally to the total cross section. The total cross section is (4+-1) mb and the angular distribution is pro- 


portional to (0.154-0,06+-cos*#). 


The energy spectra of x* and x~ produced in a carbon target at 90° in the laboratory system has also 
been measured. We find (do,*/dQ) = (0.834-0.11) mb sterad™ per C nucleus and a r+/x™~ ratio of 7.2+1.5, 





I, INTRODUCTION 


HE total production of pions in P-P collisions 

has been studied up to 50 Mev above threshold 

in the c.m. system.’ It is of interest to extend the range 

of these measurements in order to get more information 

on the excitation function and also to allow direct 

comparison with the reactions N+ P-—>rt—° which are 

currently being studied using beams from the Chicago 
synchrocyclotron. 

The importance of this excitation function and of this 
comparison is discussed in reference 1, in which an 
attempt is made to describe all the cross sections for 
pion production in nucleon-nucleon collisions in terms 
of the Watson-Brueckner® phenomenological treatment. 
This treatment assumes the conservation of isotopic 
spin, which by now has a sound experimental basis. 

We have studied pion production 63.7 Mev above 
threshold in the c.m. system using nuclear emulsions 
exposed to targets of polyethylene and carbon bom- 
barded by the internal 440-Mev beam-of the Chicago 
synchrocyclotron. The pion energy spectrum and 
absolute cross section have been measured at three 
angles. The spectrum consists of a continuum associ- 
ated with the reaction 


P+P-9rt+N+P (A’) 
and in addition, just above the high-energy cutoff of 
the continuum, a line associated with 


P+ P—9rt+D. (B) 


Our results show that reactions (A’) and (B) con- 
tribute about equally to the cross section and that the 
pion angular distribution is proportional to 0.15+-cos’#. 
Our total cross section is (41) mb. Within the large 
experimental error this agrees with a reasonable extra- 
polation of the available data, which are compiled and 
discussed in reference 1. 

For the purpose of making the polyethylene-carbon 
subtraction it is necessary to study the production of 
m+ in proton-carbon collisions. It was relatively easy 
to extend the scanning to cover the entire r+ and 2~ 

* Work supported in part by the U. S. Atomic Energy Commis- 
sion and the U. S. Office of Naval Research. 

' References may be found in Table IIT of the following paper 


[A. H. Rosenfeld, Phys. Rev. 95, 139 (1954) ]. 
2K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 


spectra at an angle of 90° in the laboratory system. 
Our results are compared with similar data for lower 
energies. We attempt to interpret the cross section in 
terms of a model which assumes that pions are produced 
in collisions between a beam proton and an individual 
nucleon in carbon. This approach gives agreement with 
experiment within about 30 percent for the lower half 
of the spectrum, but fails at higher energy. 


II. EXPERIMENTAL ARRANGEMENT 


This experiment was undertaken before a high- 
intensity proton beam was extracted from the Chicago 
synchrocyclotron. The low intensity of the scattered 
external beam made it necessary to work with the 
circulating beam inside the vacuum chamber, despite 
difficulties that will be discussed. 

The target is a $-inch rod of polyethylene or carbon. 
The total flux of protons through the target is deter- 
mined by counting the 20.5-min C" activity produced 
in the target. Pions emitted at three downward angles 
from the target are slowed down in absorber and come 
to rest in a well-shielded nuclear emulsion. 

Immediately after the irradiation the film must be 
withdrawn from the vacuum chamber so that it will not 
be fogged by gamma radiation and the target must be 
withdrawn so that it can be counted. Even after the 
cyclotron has been standing idle for several hours the 
general radiation level at the tank walls is ~} r/hr, 
so that photographic emulsions cannot be kept there 
more than a few minutes. 

The over-all physical design of the experiment was 
determined by the largest air-lock available, which was 
8 in. long and designed to permit the passage of a 
4-inch diameter probe. 

Figure 1 shows the target and absorber-emulsion 
holder. The hinged holder lies horizontal while tra- 
versing the air-lock and then falls into the vertical 
position shown. The absorber was made of “pseudite,” 
a material designed to have the same linear stopping 
power and “scattering power” as emulsion (see sub- 
section D). 


A. Proton Beam 


The energy spectrum under study will be meaningful 
only if the bombarding proton beam is nearly mono- 
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energetic. We shall describe the Chicago proton beam 
and how its energy spread was reduced. 

A proton spiraling out in an orbit which is almost a 
perfect circle will hit the target at 754-in. radius when 
it attains an energy of 444+14 Mev. The energy is 
calculated from magnetic field measurements, and the 
uncertainty in this energy arises from the uncertainty 
as to how well the beam is centered about the axis of 
the pole faces. 

Actually, most protons do not simply spiral out 
slowly, but rather they oscillate radially and vertically 
about their stable orbit. At 75}-in. radius in our cyclo- 
tron the average amplitude of the vertical oscillations 
is about 0.6 in., and some of the radia] amplitudes are 
greater than 4 in. The vertical oscillations are not 
serious, but the radial oscillations cause the energy of 
the protons hitting a target to be decreased by as much 
as 35 Mev. This comes about because a proton can hit 
the target when its instantaneous radius is greater than 
that of its stable orbit. 

These radial oscillations were suppressed by placing 
a vertical 0.1-in. tungsten rod along the magnetic center 
of the cyclotron, bathed by the ion beam emerging from 
the arc source. This rod, suggested by R. H. Hildebrand, 
reduced the radial oscillation to <1 in. (9 Mev);} it 
also reduced the beam intensity by a factor of ~1000. 
This reduction is no disadvantage for photographic 
work, since even with this low intensity our exposures 
took only a few seconds. 

During the exposures, oscillograms were taken of the 
time at which protons hit the target. Since there is an 
almost unique correspondence between time and proton 
kinetic energy, these oscillograms can be interpreted to 
show that all but 8 percent of the protons hitting the 
target had oscillations corresponding to <8 Mev; the 
remainder had energy deficiencies rather uniformly 
distributed between 8 and 32 Mev. These figures apply 
to the 90° exposures. At the time the irradiations were 
performed for the other two angles the vacuum was 
poor and the radial oscillations larger, resulting in an 
energy spread of 12 Mev. 

A proton may make repeated traversals through the 
target before it is multiply scattered enough to collide 
with the dee. The proton loses some energy with each 
traversal, so that unless precautions are taken the beam 
energy will be degraded over about 20 Mev. We reduced 
this spread to about 1.5 Mev by placing a “clipper” 
0.7 in. below the median plane. About one third of the 
protons had such large vertical oscillations that they 
hit the clipper before they ever hit the target, but we 
were willing to take a 30 percent increase in background 
in the interest of energy resolution. 

The beam was also clipped 4 in. out radially from 
the tip of the target. This kept protons from hitting 
the brass probe tip and making background pions and 
protons. It also helped reduce multiple traversals, but 


3A. H. Rosenfeld and S. D. Warshaw, Rev. Sci. Instr. (to be 
published). 
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Fic. 1. Target and absorber, side view, looking into the proton 
beam. The energy of a pion is determined by the distance it goes 
through absorber before coming to rest in nuclear emulsion. As 
shown, the absorber will stop pions with energy up to 100 Mev. 
To investigate higher energies, the pieces of absorber labelled B 
and U, and the emulsion between them, were replaced with solid 
pieces of brass and uranium. 


radial clipping is rather ineffective for this purpose 
when there are radial oscillations. 


B. Shielding 


The emulsion holder was shielded on three sides by 
8 in. of nonradioactive lead. This primary shielding 
was entirely inadequate protection from protons coming 
from the beam direction; it was necessary to add 
another 8 in. of secondary shielding, extending 4 in. 
nearer the median plane, so as completely to shield the 
primary shielding. 

C. Emulsions 


The choice of emulsion was governed by several 
rather severe requirements. It had to be insensitive to 
unavoidable gamma exposure of about 0.1 r, and yet 
the meson tracks had to be heavy enough and the 
variation in grain density near the end of the track 
rapid enough to produce distinctive m-u decays. It was 
also necessary that the processed emulsion be quite 
transparent, since a thickness of 1800 u was desired. 

The gamma background ruled out the possibility of 
using Ilford G5 emulsion, and thick layers of processed 
C2 or B2 emulsion are often not very transparent. 
Mr. C. Waller, of Ilford, Ltd., was kind enough to 
supply us with a new emulsion, G-special, which is 
similar to G5 except that it has a sensitivity only 
slightly higher than that of C2. The processed emulsion 
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was sufficiently clear that mm graph paper could easily 
be read through it. The variation of grain density near 
the end of a meson track is sufficiently rapid that a 
w- decay is easily recognizable; the tracks are heavy 
enough to allow scanning for m-~ decays with a 12X 
oil-immersion objective. 

Our scanning technique is most efficient with emul- 
sions about 2 mm thick. We used pellicles (emulsion 
stripped from glass backing) for two reasons—first, 
1800-y plates are difficult to process if the solutions can 
penetrate from only one side; secondly, we wished to 
use the pellicles themselves as part of the absorber; 
hence the presence of the glass, with its different 
stopping power for charged particles, was undesirable 
in an otherwise homogeneous absorber. 


D. Absorber 


We wish first to show that the energy of a pion cannot 
be accurately determined if there is a significant differ- 
ence between the linear stopping power of the absorber 
and that of the emulsion. In order to demonstrate this 
we must consider the multiple scattering of a pion as 
it slows down. 

The pion will deviate from its original line of flight. 
The root mean square of the deviation projected on a 
plane which passes through the original line of flight is 
given by 

Veme= 0.180% = 0,18R, 


where R is the range, and all distances are measured in 
cm. The formula applies for energy <100 Mev. This 
effect is illustrated in Fig. 2, where the shaded area is 
a triangle with half-angle 0.18 radian and represents 
the projection of a cone through which most pions of 
90 Mev pass as they slow down. The half-angle is 
comparable with the angle between the plane of the 
emulsion and the original pion direction. It is therefore 
inevitable that some of the pions coming to rest in a 
thick emulsion will have travelled some considerable 
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Fic. 2. Scattering of a 
90-Mev pion as it comes to 
rest in emulsion. The shaded 
area indicates the region 
most probably traversed by 
the pion. 
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distance through the emulsion rather than through the 
absorber proper. The thicker the emulsion used, the 
more stringent is the requirement that the linear 
stopping power of the absorber be matched to that of 
emulsion. 

The absorber should also be chosen with Coulomb 
scattering properties close to those of emulsion. This 
minimizes preferential in- or out-scattering from the 
emulsion to the absorber. This effect is not quite 
negligible. For example, a crude estimate shows that 
if the average Z of the absorber were 13, even though 
its stopping powers were equal to that of the emulsion, 
the density of endings in the emulsion would be reduced 
by about 5 percent. This correction is uncertain and 
hard to estimate, and would vary rapidly with position 
in the emulsion. We preferred to make an absorber, 
“pseudite,” which matches emulsion both in linear 
stopping power and in radiation length. 


Pseudite 


This is a machinable moulded mixture of fine copper, 
tin, and Lucite powders, 150 mesh or smaller. Each cc 
of the sample used contains 1.28 g Cu, 1.94 g Sn, and 
0.71 g Lucite, and has a total density of 3.9342 percent. 
This is actually about 2.5 percent greater than was 
desired for a perfect match, so that the linear stopping 
power is 2.5 percent higher than that of emulsion of 
density 3.83. Pion ranges in pseudite were obtained by 
using Aron’s' range-energy tables for Cu, assuming 
that Cu and pseudite (and emulsion) have the same 
mass stopping power. This recipe is accurate to 1 per- 
cent for pions with energy >10 Mev. It was arrived 
at by using the average ionization potentials of 
Mather and Segré® and ignoring multiple scattering, 
which will be discussed separately in Sec. II-H. 


E. Nuclear Absorption of Pions 


We next consider the errors introduced by attenuation 
of the pions while they are being brought to rest. While 
traversing the absorber some pions will collide with 
nuclei and be absorbed. Others will be scattered, and if 
this scattering angle is >40° they will probably never be 
seen during scanning, and if seen they will be discarded. 

The top part of Fig. 3 displays a collection of data on 
the total cross section for r* in nuclear emulsion. At 
high energy the x~ cross section approaches about 1.3 
times geometrical cross section, whereas attenuation 
cross sections determined using scintillation counters 
seem to approach geometrical. This discrepancy need 
not concern us because of our large statistical error for 
mx (we found only 2527). The solid curves which 
merge with the geometrical cross section at high energy 
represent the cross sections assumed for the purpose of 
computing attenuation. 


*W. A. Aron, University of California Radiation Laboratory 
Report UCRL-1325, 1951 (unpublished). 
*R. Mather and E. Segré, Phys. Rev. 84, 191 (1951). 
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The bottom part of the figure shows the computed 
attenuation. The corrections for losses are small (5.5 
percent for the highest energy pion which can come 
from hydrogen at 90°, and less than 30 percent for the 
55° case) so some error in the assumed cross section 
produces a negligible error in our final result. 


F. Irradiation and Monitoring 


The number of protons hitting the carbon and CH, 
targets was determined by counting the C" nuclei 
formed in the target. The cross section for the reaction 
C"(p,pn)C", (4143) mb at 440 Mev as measured by 
Rosenfeld, Swanson, and Warshaw,® was adopted. 

The targets were monitored by slipping them into a 
positron-to-gamma converter with wall thickness just 
sufficient to stop the 0.95-Mev positrons from C". The 
annihilation radiation escaping from the converter was 
counted with a Geiger counter. An absolute (+1 
percent) 4-2 flow counter, kindly lent by V. L. Telegdi, 
was used to determine the efficiency of monitoring; 
this was 1.70X10~* with a precision of 1 percent. 


TABLE I. Effect upon pion energy resolution of multiple scattering, 
spread in beam energy, and straggling. 


Laboratory angle $s° 
Spread* due to 
Imperfect angular resolution 
Spread in proton beam energy 
Straggling 
Multiple scattering 


3.0 

1.42 
0.76 
1.25 


3.63 


0.67 
1.73 


Total spread 


® Standard deviation, measured in Mev, of a Gaussian in the laboratory 
system. 


A suitable exposure produced from 5X 10° to 130 10 
C" nuclei and took only a few seconds. The statistical 
error in monitoring was ~1 percent, which is smaller 
than the other errors of about 2 percent introduced by 
uncertainties in time measurements, geometry, etc. 


G. Energy Resolution 

The theoretical energy spectrum for P+ Pt is 
sketched at the bottom of Fig. 6. It consists of a 
continuum populated mainly at the high-energy end 
and then, a few Mev above the high-energy cutoff, a 
line associated with the production of bound deuterons 
[reaction (B) }. We wish to discuss in order of decreasing 
importance three experimental effects which will 
broaden the line so that it overlaps the continuum. 


1. Angular Resolution 


Because of the multiple scattering illustrated in Fig. 
2, a pion coming to rest on a line making a given angle 
with the proton beam may have been emitted at a 
slightly different angle. The angular spreads are as 


6 Rosenfeld, Swanson, and Warshaw (to be published). 
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Fic. 3. Total cross section and attenuation of pions in emulsion. 
The crosses represent observed total cross sections in nuclear 
emulsion; the smooth curves are the cross sections assumed for 
computing the attenuation. The curves A, and A_ at the bottom 
give the computed attenuation for #* and x. 

References : 
*G. Bernardini, Booth, and Lederman, Phys. Rev. 83, 1075 
(1951) ; 84, 610 (1951). 

> H. Bradner and B. Rankin, Phys. Rev. 87, 547 (1952). 

°D. H. Stork, Phys. Rev. 92, 538 (1953). 

4G. Bernardini (private communication), 


follows: for the exposure at 55°, half-width 5.15°; for 
90°, 3.2°; for 124°, 1.3°. In the laboratory system the 
energy of a pion emitted in reaction (B) is a sensitive 
function of the angle at which it is observed. The first 
row of Table I gives the energy spread arising from the 
angular spread. This spread could be reduced if it were 
possible to place the absorber farther from the target, 
but this was ruled out by the 8-in.-long air-lock. 


2. Spread in the Initial Proton Energy 


A spread in the energy of the proton beam causes 
spread in pion energy which depends upon the angle at 
which the pion is observed. This latter spread is given 
in the second row of Table I. 
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3. Scattering and Straggling 


These last sources of energy spread are inherent to 
the process of slowing down; they would be present 
even if it were possible to run the experiment with a 
monochromatic external proton beam. 

For pions, straggling is not as important as the loss 
in resolution due to multiple scattering. Measured 
ranges are shortened 5 percent on the average because 
they are only projections of longer paths with wiggles 
in them. The value 5 percent applies for pion energies 
up to 100 Mev, and for emulsion. The distribution of 
shortened ranges is not Gaussian,’ but we treat it as 
such. The loss in energy resolution resulting from the 
spread in range is shown in Table I. We used a range- 
energy relation which was corrected to take into account 
the average 5 percent shortening of the measured 
range as compared with the true range. 


III. CALCULATION OF THE CROSS SECTION 


The number of pions of energy T observed coming to 
rest in a volume ds-dx is 


d’a ds dT 
dn=0.982N y»J——- — —-dx 
dT x? dx 


X[1—A(T)](1+6)(I-«). (1) 


The factor 0.982 is the probability that a pion shall not 
decay in flight. For our geometry this probability is 
remarkably independent of pion energy. Ny is the 
effective target thickness in atoms of H per cm’. J is 
the number of protons passing through the target; 
x(T) is the distance from the target at which the pion 
comes to rest in emulsion; ds is an element of area 
perpendicular to the pion orbit; A(7) is the fractional 
attenuation of pions as they pass through the absorber, 
as given in Fig. 3; 6 is a small correction arising from 
the focussing of orbits in the magnetic field of the 
cyclotron; it is almost independent of 7; € is the 


Mev 
§ 24 M 7 42 46 50 s¢ 
— a ee 
POSITION AND CALCUL — r 
SPREAD OF PEAK 


EVENTS PER ae 











Fic. 4. x* endings per mm range at 90° lab. The solid histogram 
represents pions from polyethylene; the dashed one, which has 
been smoothed by grouping the data, represents the contribution 
from carbon. The calculated position and experimental spread of 
the line associated with deuterium formation is taken from Table I. 


™M. F. Cartwright, Richman, Whitehead, and Wilcox,”Phys. 
Rev. 91, 677 (1953). 


difference of the scanning efficiency from unity (it is 
small; see Sec. IV). 

For pions produced by P-P collisions in polyethylene, 
(CHs)n, NuJ can be re-expressed as 2N3;/o1;. Here Ni 
is the number of C" nuclei produced during the bom- 
bardment and o,;=41 mb is the cross section for C™ 
production. 

Equation (1) may now be written 


d’e sin: fale 
——= (1-8) —(x), (2) 
dQdT NiiK (x) do 


RP 
K (x) =0.982-—--—-—-(1—A), 
O11 x? dx 
and dx-ds has been called dv. 
555°= 0.0425, 590°= 0.0146, 


The functions d7/dx and x(T) were computed assuming 
a 5 percent shortening of range by projection. 


6324°= 0.047. 


IV. SCANNING 


The emulsions were scanned for the endings of both 
pions and muons using either 12 or 22X oil-immersion 
objectives. Our microscopes were adapted so that it 
was easy to confine scanning to the middle third of an 
emulsion originally 1800, thick. This insured that 
whenever a 7-4 decay was found it was possible to 
follow the muon to the end of its range, (597+28)u, 
and thus identify the event unambiguously in less than 
a minute. 

Scanning Efficiency 

Another advantage of scanning a thick layer is that 
it permits a truly objective test of scanning efficiency. 
If a w-~ decay is found in the layer of emulsion com- 
prising the middle third of the pellicle, there is about a 
50 percent probability that the associated muon will 
also end in the layer, though not necessarily in the strip 
currently being scanned. Similarly about one-half of 
the muon endings observed should lead back to pions 
in the same layer. Thus pions are found in two inde- 
pendent ways—by direct scanning and via muons; the 
same applies to muons. If the scanning efficiency were 
100 percent it should never happen that a pion is seen 
only by tracking the corresponding muon, and is 
missed by direct search. The scanning efficiency for 
pions found by direct scanning is then given by 1—e 
=1—Nmissea/Ntrackea, Where Nmissea is the number of 
pions missed by direct observation but found by 
tracking, and Virackea is the total number of pions found 
by tracking. We also kept a similar check on scanning 
efficiency for muons. As an example we give the result 
for the 90° exposures. About 200 pions and 200 muons 
were tracked; Nimissea Was 3 pions and 5 muons. We 
conclude that the scanning efficiency is 98} percent for 
pions, 974 percent for muons. 

The greatest advantage to this running efficiency 
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TABLE ITI. Cross section in mb/sterad for pion with c.m. kinetic 
energy between 50 and 75 Mev. Errors are statistical standard 
deviations. 








152° 

124° 
0.16+0.03 
0.48+0.09 


Oe. m 90° 
Diab 55° 
(da/d2)ia» 0.12+0.04 
(da/dQ)e.m. 0.08-+0.03 


127° 

90° 
0.21+0.02 
0.30+0.03 











check is that one can learn to scan rapidly at an effici- 
ency very slightly less than unity and not waste time 
scanning too carefully. 


Scanning Rate 


Near the peaks in the range distribution corre- 
sponding to deuterium formations, the number of pions 
and proton endings is comparable. An experienced 
scanner can find and identify an ending in 10 minutes. 


V. PION PRODUCTION FROM HYDROGEN— 
EXPERIMENTAL RESULTS 


The results are most interesting after transformation 
to the c.m. system, but we first present the data in the 
laboratory system. Three angles were studied. 


90° Lab 


Figure 4 is a histogram of the data. It shows that the 
carbon subtraction introduces no serious complication, 
particularly at the high-energy end of the spectrum, 
which contributes most to the cross section. Figure 4 
also illustrates an internal check on the validity of the 
subtraction. This check is based on consideration that 
it is kinematically impossible for the hydrogen in 
polyethylene to contribute to the production of pions 
with a range of more than 30 mm. At greater ranges 
the histogram from polyethylene and carbon should 
agree within experimental error. In the range from 30 
to 55 mm we indeed found 50 w+ from polyethylene, 
59 from carbon. 

Only 15 percent of the cross section from hydrogen 
lies below 25 Mev, which corresponds to about 12-mm 
range. At ranges smaller than 12 mm a reduced area of 
emulsion was scanned, so that only about two-thirds 
as many events were actually found as are indicated. 
The statistical errors shown have been appropriately 
corrected. 

Figure 5 (top) gives the data converted to d’a/(dQdT). 


124° Lab 

No histogram is shown, but Fig. 5 (bottom) gives the 
cross section per steradian-Mev. 
55° Lab 


The cross section is small at this angle, which corre- 
sponds to 90° c.m. Moreover the peak in the hydrogen 
spectrum falls at an energy where the carbon spectrum 
is a maximum. No attempt was made to obtain a 
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meaningful energy distribution. However, enough pions 
were found to establish the cross section per steradian 


given in Table IT. 


Transformation to the c.m. System 


The transformation from lab. angle to c.m. angle 
does not depend strongly upon pion energy. Thus at 
90° lab. the energy of the high-energy pions associated 
with deuteron production is 45 Mev, and the corre- 
sponding c.m. angle is 127°; for 30-Mev pions, 90° lab. 
corresponds to 131°; for 10 Mev, 144°. It can be seen 
that the pion-energy dependence of the transformation 
can be neglected, particularly since most of the cross 
section is concentrated in a peak at the high-energy 
end of the pion spectrum and there are experimental 
angular spreads of a few degrees arising from multiple 
scattering and from the fact that a finite volume of 
emulsion was scanned. The conversion from laboratory 
angle to c.m. angle was therefore taken to be that for 
pions of energy corresponding to the deuteron peak. 

In Fig. 6 the lab. cross sections of Figs. 5 are trans- 
formed to the c.m. system. This transformation is 
easily calculated by making use of the fact that the 
quantity (1/p)(d’e/dQdT) is an invariant. Here p 
stands for the meson momentum. 

It can be seen that about half the endings are found 
in the region where we would expect to find the experi- 
mentally spread line spectrum associated with deuteron 
formation. This is also true of the third angle. 

In Sec. VI we shall estimate what fraction of the 
spectrum is really a line, but first we discuss the results 
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Fic. 6. Pion energy spectra in the c.m. system. These are the 
data of Figs. 5 converted to the c.m, system. The continuum and 
line spectrum at the bottom of the figure is the theoretical spec- 
trum for pions accompanied by *S nucleons. The dashed line 
plotted along with the 90° lab. data is this theoretical spectrum 
folded in with the experimental resolution at 90°. (See Sec. VI.) 


strictly empirically. At each angle there is a definite 
peak in the observed pion spectrum in the c.m. energy 
range 50 to 75 Mev; moreover this peak seems to 
represent roughly the same fraction of the cross section 
at that angle, independent of angle. In the peak there 
is relatively little error introduced by the need for 
subtracting the pions originating from carbon rather 
than from hydrogen, whereas this is not true for the 
rest of the spectrum. For these reasons above we 
discuss the peak alone. Table II gives the cross section 
per steradian for pions with c.m. energy between 50 
and 75 Mev. 


Angular Distribution 


We are describing the collision of identical particles, 
so the c.m. angular distribution of the pions produced 
must be symmetric about 90°. With at most 65.4 Mev 
available to the pion, we assume that only s and final 
states are important. 

The angular distribution must then be of the simple 
form 

(da/d)..m.= B(A+cos*6). 


A least-squares fit of this function to the*data in Table 
II gives A=0.15+0.06, B= (0.56+0.09) mb/sterad. 
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These errors are still only statistical. The fit is shown 
in Fig. 7. 

Most of the experimental errors already discussed 
increase the uncertainty in B much more than in A. 
The 8 percent error in the C" cross section is the largest 
single error, but we have assumed that all experi- 
mental errors amount to 10 percent. Combining these 
errors we find for pions with c.m. kinetic energy be- 
tween 50 and 75 Mev, 


(da/dQ)¢.m. 
= (0.63+0.12)(0.15+0.06+-cos’@) mb/sterad. 


Integration over solid angle yields 


750-75 Mev (3.4+0.5) mb, (3) 


VI. ANALYSIS OF THE SPECTRUM 


We return to the problem of estimating the total 
cross section knowing only the partial cross section 
from 50 to 75 Mev c.m. We had hoped also to estimate 
the cross section corresponding to the deuteron line, 
but our conclusions are too ambiguous to be of value. 

We shall use the phenomenological considerations 
described in reference 1. There it is shown that at the 
energy of our experiment the final nucleons are usually 
in S states, with 8S about 10 times more probable than 
1§ (in the notation of reference 1, 049+ 100;; at n=1). 
It is further shown that the formation of unbound *S 
nucleons relative to bound *S nucleons (deuterons) 
should be in the ratio 4:6 almost independent of angle. 
We have plotted at the bottom of Fig. 6 the predicted 
spectrum (continuum+line) for pions accompanied by 
*§ nucleons. This spectrum, along with a similar spec- 
trum representing the small '§ contribution, has been 
folded into the calculated experimental! resolution, and 
the result is plotted as a dashed line along with the 
90° lab. data of Fig. 6. We have attempted to fit only 
the 90° data since this is the exposure that was most 
thoroughly scanned. In folding we took into account 
that during the exposure 92 percent of the protons 
were in the nominal energy interval (440+4) Mev, but 
that the remaining 8 percent had energies from 408 to 
436 Mev, spread about evenly. 





o7 


Fic. 7. Cross section 
per steradian vs cos’. 
The solid line is a least- 
squares fit. 
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The height of the folded curve has been adjusted so 
that in the c.m. energy interval 50 to 75 Mev the area 
under the curve agrees with the experimental cross 
section. The agreement between the experimental 
spectrum and the folded curve is within statistical 
error, although #f the continuum-to-line ratio had been 
arbitrary we would have chosen a somewhat larger 
fraction for the continuum, (50+16) percent of the 
total cross section rather than the value 40 percent 
obtained from phenomenological considerations. 

If we assume that the theoretical spectrum is correct, 
we can calculate that the total cross section (including 
the pions associated with 'S nucleons) is (4.00.8) mb, 
and the cross section for deuteron formation is (2.0 
+0.5) mb. 

These results may be compared with similar results 
at other energies, which are displayed in Fig. 3 of 
reference 1. It can be seen that our total cross section 
(4.0+0.8) mb is in agreement with other results, but 
the value of 2 mb for deuterium formation does not 
agree with the other cross sections, which show that the 
correct value can hardly be more than 1.4 mb at our 
energy (n= 1.06). We conclude that if there is no gross 
error in our experiment then the ratio of unbound to 
bound nucleons formed must be considerably greater 
than suggested by the phenomenological treatment; 
our data would suggest almost a factor two. 

In reference 1 we show that other experiments do 
indeed indicate that the unbound-to-bound ratio is 
higher than predicted; but it is not clear from the 
evidence presented there whether the phenomenological 
treatment is inadequate, or whether the extra unbound 
nucleons are simply nucleons formed in P states, which 
we have neglected. P-state nucleons will be associated 
with low energy pions, and in our experiment the 
unexpected pions all have energy greater than 50 Mev, 
leaving less than 15 Mev for the nucleons. Hence we 
do not believe that the discrepancy can be fully resolved 
by invoking P-state nucleons. 

In the light of the discussion above, we cannot state 
a cross section for the production of pions associated 
with deuterons, but our value of (4.0+-0.8) mb for the 
total cross sections is still meaningful. The fraction of 
pions with energy less than 50 Mev certainly depends 
upon the ratio of unbound-to-bound nucleons formed, 
but we have assumed that this fraction is only 23 
percent (see Fig. 6) so that even a fairly serious error 
in the unbound-to-bound ratio will not seriously affect 
our estimate for the total cross section. 

We must increase the uncertainty in our value for 
the total cross section to allow for errors in going from 
the partial cross section above 50-Mev pion energy to 
the total cross section; we then find 


o(P+P—xt+nucleons) = (4+1) mb, 


where nucleons may be either bound or unbound and 
may be in any angular momentum state. 
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Fic. 8, Energy spectrum of + from carbon at 90° lab. A 
smooth solid line has been drawn through the data. The scale at 
the top of the figure and the dashed curve refer to the discussion 
of Sec. VITT. 


VII. PION PRODUCTION FROM CARBON— 
EXPERIMENTAL RESULTS 


The cross section per Mev per steradian for * 
production per C nucleus is shown in Fig. 8. No energy 
spectrum is given for m~ production. We scanned for 
mw endings, but in a volume containing 250 x* endings 
we found only 25 m~ stars. Their energy distribution 
seems qualitatively to be similar to that for w*. In 
order to state the total cross section for #~ production, 
the number of x~ stars found with one or more prongs 
was multiplied by 1.37 to account for zero-prong stars.® 

It was necessary to correct the data for pions which 
did not originate in the target. Below 100 Mev this 
background amounted to less than 5 percent, but 
above 100 Mev its relative importance increases with 
energy and it becomes as large as the production from 
the target by 135 Mev. If we were to repeat the experi- 
ment we would use a larger target which could increase 
the signal-to-background ratio by perhaps four and 
still impair the energy resolution very little. 

Including a 10 percent uncertainty for systematic 
error, we find, for x* production at 90° lab., 


da/dQ= (0.83+0.11) mb/sterad per C nucleus. 
Production of r~ is lower by a factor 7.2+1.5, so that 


da/dQ= (0.1140.03) mb/sterad per C nucleus. 


VIII. PION PRODUCTION FROM CARBON, 
DISCUSSION 


Figure 9 gives the available data (including our own) 
on the production of pions from carbon as a function of 
bombarding proton energy. It is of interest to compare 
this with the analogous excitation functions for the 
production of pions in nucleon-nucleon collisions; these 
are given in Fig. 3 of the accompanying paper.' 

8 F. 1. Adelman and S. B. Jones, Phys. Rev. 75, 1468 (1949). 
An independent determination of the fraction of 0-prong stars 


was made by W. F. Fry and the author. This corroborated 
Adelman et al. 
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The nucleons in carbon have internal kinetic energy, 
and this raises the cross section at low bombarding 
energy,’ so that. the carbon excitation function is less 
steep than that for hydrogen. The general features 
illustrated in reference 1 are still present, however, 
in the sense that the cross section for x~ production is 
much smaller than that for r+ and probably increases 
more rapidly with energy. 

The authors who report the carbon data of Fig. 9 
also report on the production of pions in nucleon- 
nucleon collisions under the same conditions. The cross 
sections are combined in Table III to give carbon-to- 
hydrogen and r*+/x~ ratios, 


Analysis in Terms of Nucleon-Nucleon Collisions 


This model is similar to that used by Passman, Block, 
and Havens.” It assumes that the bombarding proton 
interacts with only one nucleon in the target nucleus 
and that the main effect of the other nucleons is to 
have given the struck nucleon a momentum distri- 
bution. Of course the other nucleons may scatter the 
incoming proton" and the outgoing pion. 

We have computed the dashed curve of Fig. 8 using 
this model with the following assumptions. 


1. The momentum distribution of the nucleons is 
Gaussian, and the mean kinetic energy is 24 Mev.” 

2. Provided that the maximum energy 7, available 
to the pion in the appropriate c.m. system is less than 
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Fic. 9. Excitation function for pions produced at 90° lab. 
from carbon bombarded with protons. References: (a) G. Richman 
and H, A. Wilcox, Phys. Rev. 78, 496 (1950); (b) Passman, 
Block, and Havens, Phys. Rev. 88, 1247 (1952); (c) W. E. 
Crandall and B. J. Moyer, Phys. Rev. 92, 749 (1953). 


*W. McMillan and E. Teller, Phys. Rev. 72, 1 (1947). 

® Passman, Block, and Havens, Phys. Rev. 88, 1247 (1952). 
" §, Gasiorowicz, Phys. Rev. 93, 843 (1954). 

12 Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952). 
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TABLE LIT. Carbon-to-hydrogen and positive-to-negative ratios 
for pions produced in proton-carbon collisions as a function of 
Sombarding energy. T¢.m. would be the c.m. energy of a pion 
produced in the reaction p-+p—>x*+d if thé target nucleon were 
stationary. 








To.m., Mev 63.7 


dac*/dQ 


doy /dQ 
da*/dQ 


do~ /d0 





3.6 +0.7 


5.11.0 10+3 7.2541.5 











100 Mev, then o(P+P-—>n") is given by the dashed 
line in Fig. 3 of reference 1. We ignore P-N collisions. 
For simplicity we make the entirely unjustified assump- 
tion that each pion is created with energy 0.87,,. The 
angular distribution is proportional to 0.2+cos*..m. 
(see reference 1). 

3. If a pion is scattered or absorbed as it leaves the 
nucleus it will not be seen at 90° lab. We used the 
interaction cross sections reported by Stork." 


Although about one-half of the incoming protons will 
be scattered by carbon, we ignored this possibility, but 
we did take into account the suppression of r+ produc- 
tion by Coulomb repulsion. 

It can be seen that the computed curve falls below 
the experimental results at low energy, and above for 
T»>80 Mev. There appear to be two main reasons for 
this: 


1. The reduction of energy of incident protons due 
to scattering will tend to reduce high-energy and 
increase low-energy pion production. 

2. Our approximation of representing the pion spec- 
trum in the reaction (P+P-—>rt+nucleon) by a 6 
function obviously underestimates the number of low- 
energy pions. 


We have not attempted to extend the calculation 
beyond 100 Mev because the extrapolation from lower 
energies of both the cross section ¢(P+-P—>n*) and the 
pion absorption mean free path becomes quite dubious. 

It might be noted that when data on P+P-nt* at 
high energies become available one might be able to 
solve for the absorption mean free path, a quantity 
which is not easily accessible to direct measurement. 


IX. CONCLUSIONS AND ACKNOWLEDGMENTS 


In 440-Mev P-P collisions, pions are produced with 
a differential and total cross section which is in fair 
agreement with extrapolation of the lower-energy 
results. Both the lower-energy data and ours indicate 
that the fraction of pions produced along with bound 


deuterons is lower than predicted by the phenomeno- 


8D. H. Stork, Phys. Rev. 93, 868 (1954). 
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logical theory of Brueckner and Watson. This is dis- 
cussed in reference 1. 
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Production of Pions in Nucleon-Nucleon Collisions at Cyclotron Energies 


A. H. ROSENFELD 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received June 7, 1954) 


All available data on the production of pions in nucleon-nucleon collisions at cyclotron energies are com- 
piled and are compared with the phenomenological theory of Watson and Brueckner. The principle of 
conservation of isotopic spin allows all these cross sections to be written in terms of only three independent 
cross sections, whose excitation functions are predicted by the phenomenological model. The theory repre- 
sents satisfactorily the excitation functions and the angular distributions that are known experimentally; 
however the experimental ratio o(P+P-—>1t+N-+P)/o(P+P—1*+D) appears to be about a factor 2 


larger than predicted. 


Using a notation for total cross section in which the first subscript indicates the isotopic spin of the initial 
state, and the second that of the final state of the two nucleons, and expressing all cross sections in milli- 


barns, we find: 
ai0(D) 


=o(P+P-+4t+D) 


o10(N+P) =0(P+P—9t+N+P) —o1~ 1.50}, 


Fo 


v1 =0(P+P-7°) 


=2¢(N+P-2r*) —o1; 


<0.3n', 
=(),2n'. 


n is the maximum c.m, momentum available to the pion, measured in units of yc. 


I. INTRODUCTION 


N 1951 several authors'~* succeeded in interpreting 
satisfactorily the data then available on the produc- 
tion of pions near threshold. The only reaction that had 
been studied extensively was P+P-—2t+D, mainly 
using 340-Mev protons, corresponding to a pion energy 
of 22 Mev in the c.m. system. By assuming that the 
pions are created mainly in p states and by treating the 
nucleon-nucleon interaction phenomenologically it was 
possible to explain the energy spectrum and angular 
distribution of the pions, and to predict the excitation 
function for the reaction. 

Since 1951 the information available on pion produc- 
tion has been greatly extended.‘ There are now data on 
N-P as well as P-P collisions; the energy range studied 
has been extended downwards to 10 Mev above thresh- 
old (where s-state production of pions should become 
relatively important) and cross sections have been 
published up to 50 Mev above threshold. Currently the 
Pittsburgh and Chicago synchrocyclotrons are being 
used to study the energy region 46 to 92 Mev. At 
Chicago eight experiments either are in progress or else 
have been recently completed. 


1K. Brueckner, Phys. Rev. 82, 598 (1951). 

2? Chew, Goldberger, Steinberger, and Yang, Phys. Rev. 84, 
581 (1951). 

3K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 

4 References to all experiments are given in Table IIT. 


There is by now some experimental confirmation of 
the principle of conservation of isotopic spin in pion 
production.*~’ According to this principle it is possible 
to express all pion production data for each energy in 
terms of only three independent differential cross sec- 
tions ;* moreover the phenomenological treatment makes 
certain predictions about the excitation functions for 
these cross sections. We mean “phenomenological” to 
include the assumption of charge independence and 
also all the selection rules that will be discussed below. 

We shall show that the new data are consistent 
with the phenomenological model, even when the pions 
are relativistic. The only appreciable discrepancy is 
that the experimental ratio o(P+P—9rt+N-+ P)/ 
o(P+P-—>rt+-D) seems to be about twice as large as 
predicted. 

We have compiled the available cross sections for 
pion production in nucleon-nucleon collisions at cyclo- 
tron energies, and we have adjusted unknown param- 
eters in the phenomenological treatment so as to give 
a best fit to the data. 

Several authors** have proposed that various reac- 
tions could be sorted out by polarization experiments. 


5R. H. Hildebrand, Phys. Rev. 89, 1090 (1953). 
®R. A. Schluter, Phys. Rev. 95, 639(A) (1954). 
7R. H. Hildebrand and A. H. Rosenfeld (to be published). 
8K. M. Watson and C. Richman, Phys. Rev. 83, 1256 (1951), 
po E. Marshak and A. M. L. Messiah, Nuovo cimento 11, 337 
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Inserting our parameters into their expressions we find 
how large a polarization effect can be expected and at 
what energy it can most easily be detected. We discuss 
the results of such experiments. 


II, SUMMARY OF THE THEORY 


The conservation of isotopic spin places severe re- 
strictions on the production of pions in nucleon-nucleon 
collisions. 

All the possible reactions can be expressed in terms 
of only three independent reactions, whose cross sec- 
tions we shall denote by o,0, 01, and o;;. The notation 
is the following: the first index represents the isotopic 
spin of the initial state, and the second that of the final 
state of the two nucleons. There is no goo, since this 
reaction cannot conserve isotopic spin. 

The simplest results are obtained for the total cross 
sections and are given in Table I. The word ‘“‘nucleons” 
indicates that the final nucleons may be either bound 
or unbound; the symbol D is reserved for a deuteron 
and we shall use V+ to indicate unbound nucleons; 
for example o( P+ P—>rt + nucleons) = (P+ P—rt+D) 
+a(P+ P-9t4+ N+ P)=a(D)+o0(N+P)+on. 

Exactly the same table applies to cross sections 
(integrated over angle) per unit pion energy. Thus the 
unbound part of reaction (A) can be written 

d dojo doy, 


(A’) 


o 
—(P+ Prt +N+P)=—+—, 
dT dT aT 


where 7 is the c.m. energy of the pion. 

By chance, none of the reactions listed in Table I 
involves more than two of the fundamental cross sec- 
tions. This fact simplifies the discussion. It may seem 
surprising that o;, does not contribute to reaction (£), 
but the appropriate Clebsch-Gordan coefficient is zero. 

Note that reactions (B) and (H) are experimentally 
accessible in two different ways; i.e., oi0(D) can be 
determined directly in a pion production experiment, 
but it can also be inferred from o(#++D-—>P+ P) using 
the principle of detailed balancing. 

A table equivalent to Table I can be constructed 
for cross sections per sleradian, but is slightly more 
complicated.” 


TABLE I. Pion production cross sections in terms of 
the three independent cross sections. 


o(P+ Prt +nucleons)=o+o11 
o(P+P-—>nt+D) =019(D) 
o(P+P—r") =O11 
o(N+P->r*) =4 sted bay 
o(N+P->r®+nucleons) = §| e10+-001 
a(N+P—>9°®+D) = $[.010(D)] 
o(N+N-—>n~ +nucleons)=o19+o11 
a(N+N—9r-+D) =010(D) 








” Van Hove, Marshak, and Pais, Phys. Rev. 88, 1211 (1952). 
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It should be noted that even if charge independence 
should be essentially valid, all the relations above are 
subject to correction because of Coulomb forces and 
the x*-2° and N-P mass differences. 


Selection Rules 


All of the experimental information available is at 
energies such that the pion has 65 Mev or less in the 
c.m. system, with the exception of Stadler’s work which 
exténds to 94 Mev. A 65-Mev pion has a momentum 9, 
measured in units of wc, of 1.1. Figure 6 of an accom- 
panying paper" gives the experimental pion spectrum 
when 63.7 Mev is available in the c.m. system; it 
shows that a typical pion carries away 50 Mev, leaving 
an internal energy of the residual two-nucleon system 
of only 10 to 15 Mev. Now we may imagine the phe- 
nomenon of pion production to take place at a character- 
istic distance R from the center of collision, where R 
must be of the order of h/uc. (Arguments based on the 
data in this paper in fact indicate that R is slightly less 
than 4h/yc.) Therefore, in the energy region under 
consideration, the product k,R or knuek is [1. We may 
suppose, then, that the pion will be emitted in an s 
or p state with respect to the two-nucleon system, and 
that the two nucleons will be in an S or P state relative 
to one another.” In the case of the nucleons the strong 
attractive force in the S state (as contrasted with the 
relatively weak interaction between P-state nucleons 
at low energies) will strongly favor S states as well as 
enhancing the preference for low nucleon energies. In 
the case of the pions, experiment indicates that the p 
state is preferred (except close to threshold). This is 
consistent with the large p-state interaction found for 
pion-proton scattering, and with the fact that the pion 
is a pseudoscalar particle. 

Let us adopt a shorthand notation for the final states 
in which the first letter stands for the orbital angular 
momentum of the two-nucleon system and the second 
for the orbital angular momentum of the pion. The 
discussion above can then be summarized as follows. 
If pion production near threshold is analyzed in terms 
of the angular momentum of the final states, angular 
momentum 2 or more may be neglected, and the re- 
maining partial waves can be classified in order of 
decreasing intensity Sp, Ss, Pp, and Ps. 

In Table IT, ali the allowed reactions of class Sp and 
Ss (and some others) are listed, grouped according to 
isotopic spin of the initial and final nucleons (see Table 
I) and then further grouped according to intensity 
class. The notation is defined in the caption. The con- 
struction of the table will be described by discussing 
the first few rows. We shall show below that the most 
important elementary cross section is oj0, so the reac- 
tions contributing to this cross section are taken first. 

"A. H. Rosenfeld, preceding paper [Phys. Rev. 95, 130 (1954)]. 

2 We use lower-case letters to indicate the angular momentum 


of the pion, capitals for the angular momentum of the two-nucleon 
system. 
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Among these we list first the most important intensity 
class Sp. The pion is a pseudoscalar particle, so this 
class will have even parity. If the final nucleons are to 
have isotopic spin 7=0, the S state must have spin 1 
and be a triplet with over-all angular momentum J=0, 
1, or 2. There is only one possible initial state (‘5So) 
that has T=1, J=0, and even parity. This feeds the 
*S1 po final state and is accordingly listed in front of it. 
There is no appropriate initial state with J=1, so this 
reaction is absent. Only 'D. can feed 4S; po. In the 
absence of interference between the various final states, 
any reaction with J=0 must be isotropic, and any 
reaction 'D,—>*S; p2 must have an angular distribution 
proportional to 4+-cos’*?. We may point out that this 
latter anisotropic reaction should dominate over the 
isotropic one because it is favored by a statistical factor 
2/+1=5. Experimentally this is found to be the case. 
So far the only assumptions incorporated into the table 
are that the pion is pseudoscalar and that isotopic spin 
is conserved. In calculating the total cross sections, 
however, excitation functions are derived taking into 
account nuclear forces, and undetermined parameters 
are then adjusted to fit the data of Sec. ITI. 

Table II shows that for o;, the intense reaction class 
Sp is absent. It turns out to be impossible to explain 
the experimental excitation function by invoking class 
Ss alone. Therefore, for 01; only, we must consider also 
reactions of class Pp and Ps. 


Angular Distributions 


Two or more of the reactions listed in Table II can 
interfere in the pion angular distribution only if the 
final nucleon states are identical. This immediately 
rules out the possibility of interference between o19 and 
the other two cross sections. Even if the final nucleons 
are in the same state, there can be no interference unless 
the initial nucleons are in the same spin state (for an 
unpolarized beam). These rules, applied to Table I, 
show that there can be interference between the reac- 
tions within a given intensity class, but the only possi- 
bility of interference between classes is between the Sp 
reaction contributing to oo; and the Ss reaction of 04). 
Only this interference can produce a forward-backward 
asymmetry, as is discussed below. 


Relative Intensities 


At the energies of interest here, a1) is found experi- 
mentally to be considerably larger than the other two 
cross sections. There are two reasons why this should 
be the case. First there is the possibility of the produc- 
tion of deuterons; this added possibility roughly doubles 
the cross section. Second there is the effect of the strong 
interaction between a pion and a nucleon when they 
are in a two-particle state characterized by isotopic spin 
% and angular momentum 3, the state which is known 
to have a large cross section for pion-proton scattering. 
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TABLE IT. Analysis of pion production near threshold in terms 
of the angular momentum (S or P) of the final two-nucleon system 
and the angular momentum (s or ~) of the pion. The spin and 
angular momentum of the two-nucleon system are indicated in 
the conventional way. The last subscript to the final-state symbols 
indicates the over-all angular momentum. The “Initial state” 
column gives all the two-nucleon states that have the same isotopic 
spin, angular momentum, and parity as a given final state. The 
angular distributions are those which would apply in the absence 
of interferences. The total cross sections are calculated in Secs. IT 
and III. Classes which are intensified by the (},}) pion-nucleon 
interaction are in boldface. 


Angular 
distri- 
bution 


Isotopic 
reac- 
tion Class 


Total cross 
section in mb 


Initial 
state 


(1.0m? for deuteron 
formation 
( 1.59‘ for N+P 


1So 5S1 po isotropic 
none 5S) pi coe 
IDs 5S1 pe }+cos¥” 
5P; aS1 si isotropic 
8S, 

or So pi 
sp, \4 +cos” J 


0.149 


( isotropic | 
S > O.3n' 


none 1So so eee 0 


none So pr vee 0 


5Po 1So So isotropic AOL n* 
Po 
§3Po1,2 or 4F 
8P iis or 5F a5 


5Po pi | 
‘Pi povr.e c+cos¥ 0.2n* 
5Ps pies j 


1So 5Po 80 


none Pisy 
Do 8Po se 


isotropic | 


isotropic f 


Although there are six possible reactions of class Sp 
or Ss the 'D.—>*S; pe reaction (associated with oy) is 
the only one in which this (3,3) state is represented. 
The (3,3) interaction can also enhance the reactions 
of class Pp and Ps which contribute to oj and 04). It 
does not affect a»; because a nucleon-pion state with 
isotopic spin } cannot combine with a nucleon to give 
overall isotopic spin 0. 

Using meson theory, Aitken ef al.'* have calculated 
the increase in cross section resulting from the (3,3) 
interaction. They assume that the effect is energy-inde- 
pendent, and find an enhancement of two or three. 
Experimentally we find a factor of about 5 (see the 
discussion following Eq. (27). 

In discussing Table II we pointed out that the 
'D,—'S, po reaction was already favored by a statistical 
factor 5. With the extra (3,3) enhancement it should 
be even more dominant. 


The Pion Spectrum and Excitation Function for a; 


We shall now discuss in greater detail the most 
important reaction, namely the production of p-state 
pions associated with *S nucleons. 

Watson" takes into account phenomenlogically the 
attraction between the final nucleons; neglecting terms 
of order 4/2M he finds a pion production cross section 


8 A. Aitken ef al., Phys. Rev. 93, 1349 (1954). 
4K. M. Watson, Phys. Rev. 88, 1163 (1952). 
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per unit pion energy, integrated over angle, 


da yo P*(T,- T)} 
——= byo(2u)- 1, (1) 
dT B+To—T 


where 5, is a constant, T and P are the c.m. kinetic 
energy and momentum of the pion, 7» is the kinematic 
maximum for 7 for the continuous part of the spectrum, 
and B is the binding energy of the deuteron. We have 
adopted the convention of writing a prime after cross 
sections derived from the phenomenological model. The 
numerator of (1) is the product of /* from the square 
of the matrix element for the production of a p-state 
pion and P(7>—T7)* which is the phase space available 
to the three final particles. The nuclear force introduces 
the denominator | B| +7 )—7. The spectrum is plotted 
at the bottom of Fig. 6 of the accompanying paper. 
Equation (1) can be integrated over pion energy to 
give a total cross section for the production of pions 
associated with unbound *S nucleons. Using the non- 
relativistic relation P*/24=T we get the simple result 


o\0 (N+ FP, p-state) = byrT PF (y), (2*) 
where 


F(y)=}—yi(1+y)!+9y+9’, (3) 


and y=|B|/T7»>. (An asterisk after the number of an 
equation means that it applies in the nonrelativistic 
limit.) Note that the nuclear force serves not only to 
raise the cross section, but also to change the form of 
the excitation function, which would otherwise be 
proportional to 7°. 

Exactly the same set of assumptions give a cross 
section for the formation of deuterons: 


o10' (D,p) = by0(2u) 129 BYP,,? = Bion’, (4) 


where P,, is the c.m. momentum of the pions and 7 is 
P,,/ uc. It should be emphasized that the ratio on, p/op 
is fixed by the theory without the introduction of any 
arbitrary parameters. Nonrelativistically, (4) can be 
better compared with (2*) by writing P,,?=2yu7,, 
= 2uTo(1+-y), so 


10 (D,p) = by2eT o*y*(1+y)}, 
o10 (N+P) F(y) 


ow (D) 2y*(1+y)! 

In writing (1) and (4) we have used Watson’s results, 
but have tried to write them in a form that applies to 
relativistic pions, i.e., to distinguish between P?/2u 
and 7. Phase space is treated relativistically, and we 
assume that the matrix element for the production of 
a p-state pion is p/\/w, where w is the pion energy (it 
enters because of the normalization of the wave func- 
tion), ~ comes from a gradient operator, and we have 
neglected terms in higher powers of p because we do not 
know what they are. Even the expression p/\/w, while 
reasonable, is only a guess. It has the virtue, however, 


and 


(5*) 
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that it fits the experimental results and leads to some 
particularly simple algebraic expressions. 

The approximations which are used to treat the S- 
wave nucleon-nucleon interaction also become worse if 
there is an appreciable probability that the nucleons 
may acquire more than about 20 Mev. Watson’s ex- 
pression (1) is derived on the assumption that the 
presence of the pion does not affect the nuclear force. 
It is then reasonable that the enhancement of the cross 
section by this force should be proportional to |¥(R)|°, 
where ¥(R) is the amplitude of the nucleon wave func- 
tion at the small distance R characteristic of pion pro- 
duction. The simple denominator | B|+7)—T of (1) 
comes from writing ¥(R) in terms of effective-range 
parameters and dropping terms involving the square of 
the nucleon energy. It can be shown that the approxi- 
mations used to obtain (1) result in an underestimate 
of the enhancement when the nucleon energies are large 
particularly if R is really much smaller than h/yc. To 
estimate the error, we computed |y(0)|? exactly (as- 
suming a square potential well of effective range 
1.7X10~" cm) and averaged it over the pion energy 
spectrum for a single representative high-energy case, 
T)=57.8 Mev (n=1). This calculation gives a branch- 
ing ratio o/(N+P)/o’(D) which is 20 percent larger 
than given by (5*). (The relatively good agreement 
arises from the cancellation of errors from several 
approximations.) We feel that an approximation that 
is good to 20 percent is adequate, particularly since 
there is probably a much larger error introduced by the 
assumption that the pion has no effect upon the nuclear 
force. This difficulty is discussed in Sec. ITI. 

Equation (1) can be integrated over pion energy to 
give the relativistic version of (2*), 


CA 
. 


(1-+-2/2)*, (6) 


ow (N+P, p)=burT | F(y)- 52 


3 2) 
where z= 7»/yc*, and F(y) is given by (3). This differs 
from the nonrelativistic expression (2*) by somewhat 
less than 50 percent at n=1. 

Using expressions (6) and (4), we calculate the frac- 
tion of unbound nucleons which should be formed at 
various energies. We find for 341-Mev protons (Berkeley) 
o' (N+P, p)/[o' (N+P, p)+0'(D,p) ]=17 percent; for 
400-Mev neutrons (Chicago) 32 percent; for 440-Mev 
protons (Chicago and Pittsburgh) 35 percent. 

We have so far considered only the production of 
pions in p states. The equivalent expressions for s-state 
production are obtained by replacing 7° by 7 in the 
expressions for the cross section since the matrix element 
involved is constant rather than proportional to P. 
We then have 

o10 (D,s) =ax0n, 
and 
o10 (N+P, s) G(y) 


ow'(D) — 2yl(1+y)" 
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where 


G(y)=$+y—yi(1+y)}, 


Because s-state production is relatively important 
only at low energy there is no point in treating (8) 
relativistically. The fraction (8) of unbound nucleons 
is higher for s- than for p-state production. From (8) 
we find for 341-Mev protons (Berkeley) the fraction is 
27 percent, for 440-Mev protons (Chicago), 47 percent. 

In Sec. III we shall determine the p-state parameter 
Bio by fitting (4) to the experimental cross sections, but 
the s-state parameter ajo has already been determined 
indirectly by Brueckner, Serber, and Watson.'® They 
make use of the known branching ratio between the 
two processes #~+D—2N and r-+D-—2N +7, follow- 
ing the capture (from an s state) of #~ by deuterium."® 
Using detailed balancing and taking the exclusion prin- 
ciple into account, they relate aj» to experimental infor- 
mation on photopion production near threshold. 
Taking the latest information available, o(y+D—7~) 
= (1.4+0.2)0(y+D—nt) 37 and o(y+P—1rt+.V) 
=0(0.14 mb Xz7,!* we find 


a\o= (0.14+-0.05) mb. 


y= |B|/To. (9) 


(10) 


The Angular Distribution for 0, (D) 


We now want to consider the addition and inter- 
ference of the three reactions which contribute to 
o10(D), i.€., 

J=0, 'So—'*S; po, (isotropic), amplitude yo«7 
J=2, ‘Dr *S; p2, $+c0s", amplitude p27 
J=1, *P,;>'S;s,, isotropic, amplitude u;«const. 


To each reaction has been assigned a complex transition 
amplitude uy. These amplitudes are understood to be 
proportional to S-matrix elements, so that the partial 
cross sections oy « (2/+1)|u,|*. Thus 


o10(D,s) 01 


a10(D,p) Miekige wol?+S|ue|® Bron? 


3| ys]? a10 


Angular distributions and polarization relations depend 
only upon ratios of transition amplitudes; to simplify 
the equations we define 


Ho (3) iyi 


io a ’ 
(5) au» 


n= ° 
(5) 47 ue 


Note that ro is independent of pion energy, but r; «97. 
The J=0 and J=2 reactions, which both arise from 
an initial singlet state, interfere to give an angular 


16 Brueckner, Serber, and Watson, Phys. Rev. 81, 575 (1951). 

16 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 

1” Beneventano, Lee, Stoppini, Hanson, Yamagata, and Ber- 
nardini, quoted by G. Bernardini at 1954 Rochester Conference 
on High-Energy Nuclear Physics (University of Rochester, 
Rochester). 

18G. Bernardini, 1954 Rochester Conference Report on High- 
Energy Nuclear Physics (University of Rochester, Rochester). 
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distribution of the form X-+ cos’, where 


\2—v2ro|? 1 
rae ay) 
1+v2r,| 


Equation (4), which describes the Sp contribution 
to o;0(D) can now be written in the form of an angular 
distribution, 


doo’ (D,p) 
4n——-— 
dQ 


X+cos*6 


(12) 


= Bion’ 


Adding the contribution (7) of the noninterfering s 
wave, we find 


dao’ (D) A+cos’6 


4dr = (aon + Bion’), 
dQ A+} 


(13) 


10 1 
A=X+(X+4)— - 
Bio n’ 


(14) 


For the energy range in which this treatment is valid A 
should be a linear function of 9~*. In Sec. III (Fig. 2) 
we plot the experimental! values of A vs n~? and obtain 
a best fit value of X. 

The discussion has been restricted to the case of 
deuteron formation because of the simple form of the 
excitation functions and because there are no good 
experimental angular distributions for the ‘‘unbound” 
reaction. Equation (11) still applies to the unbound 
case, however, and the isotropic contribution A to the 
angular distribution should resemble that drawn in 
Fig. 2. 


Pion Spectrum and Excitation Function for o>, 


Of the reactions considered in Table II, only those 
two leading to the final state '\S» p; can contribute to oo. 
The pion spectrum is of the same form as (1) except 
that B= 2.227 Mev must be replaced by | Beingiet| ~ 70 
kev. Because of the low value of | B| the pion spectrum 
is very peaked near 7) and the quantity y= | B|/7» in 
(2*) and (3) becomes almost zero, so that the expression 
for the excitation function (2*) reduces to 


001 © bor T 2-3 =Borr. (15*) 


A similar simplification arises in the relativistic ex- 
pression (6). 


Excitation Function for o;; 


For 0, reactions of class Sp are absent. Reactions of 
class Ss give a cross section 


(16*) 


011’ (Ss) =a)7". 


We shall see in Sec. III that (16*) fails utterly to de- 
scribe the experimental excitation function, which is 
very steep, proportional to ~n*. We must therefore 
discuss class Pp and Ps. The relative importance of 
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these classes is not surprising since they are reinforced 
by the strong pion-nucleon interaction (see Table II). 

The effect of nuclear forces is relatively unimportant 
for reactions of class Pp or Ps, so that the excitation 
functions are simple. For class Ps the cross section is 
proportional to 7°, and for class Pp: 


oui (Pp)=Byn". 


Mather and Martinelli’® discuss the possibility of 
explaining the steep experimental excitation function in 
terms of a cross section «n°. They note that a pion, 
created in a pure s state at a distance R from the center 
of mass has an s-state component kR about the center 
of mass. This cross section must certainly be present, 
but it can be shown to be somewhat too small to explain 
the data. 


(17*) 


Angular Distribution for oo; and o; 


Inspection of Table I shows that only in the case of 
reaction D is a forward-backward asymmetry not ruled 
out by the principle of charge symmetry. According to 
the more restrictive principle of charge independence 
none of the various reactions contributing to a given 
elementary cross section (like oo) can interfere asym- 
metrically among themselves. (According to charge inde- 
pendence a neutron and a proton in a pure isotopic spin 
state behave like indistinguishable particles, so there 
is no distinction between forwards and backwards.) 

It is experimentally observed that oo; and oj, do 
interfere to give a large forward-backward asymmetry 
in Mev 
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Fic. 1. Cross section per steradian in the c.m. at 0° for P+P 
—x*+D, The lowest six points are the relative excitation results 
of Schulz and have been normalized to the absolute point of 
Crawford and Stevenson at »=0.54 (see Table ITT). 


J. W. Mather and E. A, Martinelli, Phys. Rev. 92, 780 (1953). 
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in reaction D. We can account for this asymmetry by 
invoking only the interference between reactions as- 
sociated with S-state nucleons. Although this is what 
we do, it may not be correct. We have just mentioned 
that 01; (Ss) is smaller than o;; (Pp or Ps), which can 
interfere with oo, (Pp or Ps). Until experimental data 
on oo; become available at more than one energy we 
have no information on oo; (Pp or Ps); if it should turn 
out that these Pp and Ps reactions contribute more than 
about 10 percent to oo, then the relations given below 
will have to be replaced with more complicated ones. 
The only interfering reactions that we consider are 


ao1, *Sy->'So pi, amplitude ys; 
o01, *Dy—'So pi, amplitude yy; 


11, *Po—'So So, amplitude ys. 


In the present case the subscripts to the transition 
amplitudes do not correspond to any physical quantity, 
they simply distinguish the three reactions. We have 
again normalized the yu; so that (2J+1)|p;|?«o4(m). 
Let us write the angular distribution for reaction (D) 
in the form 
da 
4r 7” a+b cosé+c cos*6. 
( 


(18) 
Then we find 
a= —3v2Reps*yst3| us|?+3{ms/?+[s!? (19) 
b= 2v3Imys* (us+V2u4) (20) 
c= g/2|ys|*+gVv2 Reps*us (21) 
a «a+c¢/3=3{ws|?+3|m4|?+ | us!” (22) 
o=0u(Sp)+ou(Ss). (23) 


We must again caution that pion production associ- 
ated with the formation of P-state nucleons has been 
ignored. While there is some hope that the equation for 
the asymmetry } may still be meaningful, the expres- 
sions for a and ¢ are certainly incomplete; for example 
we shall see in Sec. III that at »=0.9 01, (Pp or Ps) 
represents about 4 of the total cross section for reac- 


tion (D). 


III. COMPARISON OF THEORY AND EXPERIMENT 


In this section we shall show that there is reasonably 
good agreement between the experimental! data and the 
excitation functions set forth in the last section. 


Determination of Parameters for «,)(D) 


Equation (13) gives the energy and angular de- 
pendence of da(D)/dQ in terms of the three parameters 
aio, Bio, and X. To determine these parameters, we 
shall first make use of the 0° data, which are com- 
paratively abundant at low energy. Figure 1 gives all 
the available 0° differential cross sections for reaction 
(B) and also the results from the inverse reaction con- 
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Fic. 2. Experimental values of A vs n~*, where A is defined 
by doi’ /d2« A+cos%®, The straight line comes from inserting 
into Eq. (14) the values X¥ =0.1, a10/8i:9=0.14. The dashed curve 
indicates that experimentally A deviates from (14). References 
are in Table II. Durbin et al. report values of A but not their 
errors; we have computed the errors using their published data. 


verted by detailed balancing. The solid line was ob- 
tained by assuming aj)=0.14 mb [see (10) ], and adjust- 
ing the coefficient of n° to give a good fit at low energy. 
In this manner we obtain the relation Byo(X +1)/(X+4) 
= 2.63 mb [see (12) ]. The data on the angular distribu- 
tion as a function of energy, as shown in Fig. 2, can 
now be used to determine X. The data are evidently 
not adequate to confirm the linear dependence of 
A on n~* given by (14); in fact they show that (14) does 
not apply for 721. We have, however, drawn a straight 
line of A vs n*, with its slope determined by (14), 
which is a fair fit to the low-energy data. We find 
X=0.10+0.03. Then for the total cross section we find 


a19 (D)=0.149+ 1.0m", (24) 
and Eq. (14) becomes 


A=1.0+0.06n-*. (25) 


The only experimental result in serious disagreement 
with (25) is that of Cartwright et al.” at n-?=3, but 
this is presumably to be superseded by the more recent 
work of Crawford and Stevenson” at the same energy. 
Nevertheless we must repeat that (25) should not be 
taken very seriously. 

It should be noted that our fit to the experimental 
data is not too sensitive to the value of a;) assumed 
because at the energies and angles which we have con- 


2 See Table ITT. 
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sidered so far the Sp reactions aominate over the Ss. 
To obtain more information on a9 we need more data 
at low energy and at 90° c.m. At 0° class Ss contributes 
more than Sp only from threshold to = 4 Mev; however 
at 90° c.m. the Ss contribution dominates for energies 
up to ~37 Mev. 

We can now test our semiempirical excitation function 
(24). by comparing it with experimental total cross 
sections. The values of doyo(D)/dQ displayed in Fig. 1 
are given in Fig. 3 and Table III in the form of total 
cross sections, along with all other available total cross 
sections for the single production of charged and neutral 
pions in nucleon-nucleon collisions below 510 Mev. 
When only a differential cross section is published and 
an angular distribution is not reported, then the cross 
section is computed using the angular distribution (25). 
It can be seen that (24) fits the experimental data very 
well up to n~1. 

We believe that the parameters we have chosen give 
a good over-all fit to the data. Different parameters 
could, for example, improve the apparent fit in Fig. 3 
for the total cross sections, but only at the expense of 
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F iG. 3. Excitation function for the production of charged and 
neutral pions in nucleon-proton collisions in both direct and 
inverse reactions, 

The abscissa n is the maximum momentum available to a pion 
in the particular reaction plotted. Note that the scale labelled 
“Proton Beam Energy” applies only to reaction (A); it cannot 
apply to all reactions because of the mass differences between 
neutral and charges pions, etc. 

Note also that in the case of pion production by neutrons, twice 
the cross section has been plotted so as to display more directly 
the fundamental cross sections as defined in Table I. 

References are in Table ITI. 
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TaBLe III. Production of charged and neutral pions in nucleon-proton collisions. 








Reaction 


Elementary 
cross section 


T proton 


ev 


Tm pion® 
ev 


n> 


Gpion production 
mb 


Reference 








P+P—-9t+D 
P+P—2t+D 
P+P-—>nt+D 
P+P—29*+D 
P+P—9rt+D 
P4+P-—2t+D 
P+P—9t+D 
P+P-—29'+D 
P+P—9t+D 
P+ P-+r* +nucl. 
a'+D—-~P+P 
P+P>r+P+P 
P+ P->n*+nucl. 
P+ Prt +-nucl. 
P+P-9*+nucl. 
nt+D—P+P 
nt? +D—+>P+P 
n*+D—P+P 
N+ P->n* +nucl. 
V+ P-+9°+D 
N+P—9°+D 


a;0(D) 
a\o(D) 
ai(D) 
ai0(D) 
ow(D) 
o10(D) 
oi0(D) 
o0(D) 
ai(D) 
Onton 
ai0(D) 
ou 
Oto 
o1to1 
Owtou 
a\0(D) 
oio(D) 
o0(D) 
§ (00: +011) 
$010(D) 
}010(D) 


311 
315 
321 
324 
330 
336 
332 
338 
340 
340 
341 
341 
345 
365 
381 
346.5 
382 
413.5 
405 
400 
400 


10.1 
11.7 
14.3 
15.5 
18.1 
20.6 
19.0 
21.5 
22.3 
22.3 
22.8 
27.8 
24.5 
33.0 
39.5 
25 

40 

53 

48 

53 

53 


0.386 
0.418 
0.462 
0,482 
0.523 
0.560 
0.535 
0.575 
0.585 
0.585 
0.590 
0.660 
0.618 
0.728 
0.806 
0.625 
0.815 
0.960 
0.915 
0.970 
0.960 


0.28+-0.07 


0.32+0.05 
0.29+-0.08 
0.1120.06 


isotropic 


0.19+-0.09 
0.2640.14 
0.18+0.15 


0.21+0.06 
0.28+-0.24 


0.100+-0.013¢ 
0.133+0.0164 
0.168+-0.0184 
0.178+0.016 
0.228+0.0174 
0.264+0.0194 
0.245+0.013 
0.269+0.026 
0.18 +0.06 
0.28 +0.10 
0.284+0.050 
0.010+0.003 
0.43 +0.10 
0.68 +0.18 
1.15 +0.27 
0.22 +0.02 
0.66 +0.07 
0.97 +0.10 
0.16 +0.04" 


0.41 +0.07 


Schulz* 

Schulz*® 

Schulz* 

Crawford‘ 

Schulz® 

Schulz*® 

Crawford,' Stevenson® 
Crawford,‘ Stevenson 
Cartwright ef al.» 
Cartwright! 

Clark et ali 

Mather and Martineli* 
Passman et al.! 
Passman et al.! 
Passman et al.! 
Durbin et al. 

Durbin ef al.™ 

Durbin ef al.™ 

Yodhe 

Hildebrand? 

Schluter? 


63.0 
63.0 


1.05 
1.05 
1.07 
1.11 
1.17 
1.33 


P+P—9* +nucl. Oto 437 
P+P—2t+D oi0(D) 437 
P+ P—n* +nucl. awton 440 63.7 
P+ P71 4+-P+P o11 430 64.4 

nt +D +P + P aw(D) 470 76 
r*+DoP+P oD) 515 94 


—0.14 

de Carvalho ef al." 
Fields et al.* 
Rosenfeld 
Marshall et al." 
Stadler’ 

Stadler’ 


4.75 +0.24 
0.20+0.02 1.15 +0,13 
0.15+0.06 40 +1.0 
isotropic 0.45 +0.15 
0.27+0.09 1.39 +0.23 
0.39+0.08 2.04 +0.22 








* 7m pion is the maximum energy available to the pion in the center-of- 
mass system. 
>» » is the momentum corresponding to Tm in units of mc. 
¢ A represents the fraction of isotropic contribution on the assumption 
that de/dQ= (A +cos®). Where the angular distribution was not measured, 
we assume Eq. (25) for doio/dQ and isotropy for deii/dQ in calculating the 
total cross section. 
4 Schulz measured only an excitation function, which is here normalized 
to Crawford and Stevenson's absolute cross sections. 
*A. H. Schulz, University of California Radiation Laboratory Report 
Use 1756, 1952 (unpublished). 
F, S. Crawford, University of California Radiation Laboratory Report 
UCR 2187, 1953 (unpublished). 
*M. L. Stevenson, University of California Radiation Laboratory 
Report UCRL.-2188, 1953 (unpublished). 
seal Cartwright, Ric ‘hman, Whitehead, and Wilcox, Phys. Rev. 91, 677 
(1953). 


the agreement with the angular distributions shown in 
Fig. 2. We should remark that the ratio ajo/8,)=0.14 
from (24) is in close agreement with the estimate made 
by Brueckner, Serber, and Watson” in 1951. 

It is interesting to note that if the differential cross 
section in the c.m. system is of the form A+ cos’, a 
measurement at a single angle can give the total cross 
section directly: The quantity, 


{+cos*é 


da 1 
= /o= erst 
dQ 4 


A+} 


becomes independent of A for cos*@=4 (55° or 125°). 


” 


For the reaction P+P-—>r++D, the “representative 
c.m. angle of 125° transforms to an angle close to 90° 
in the laboratory system (87° for a bombarding energy 
of 440 Mev, and 83° for 380 Mev). The experiments of 
Passman ef al.” which were done at 90° in the lab., 
thus give a total cross section comparatively insensitive 
to assumptions about the angular distribution. 


*! Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 


'W. F. Cartwright (private communication). 
) Clark, Roberts, and Wilson, Phys. Rev. 83, 649 (1951). 
« J. W. Mather and E. A. Martinelli (reference 19). 
! Passman, Block, and Havens, Phys. Rev. 88, 1247 (1952). 
™ Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 
® Yodh's cross section represents the average value for ** and x~ pro- 
rye This is a preliminary result. 
. B. Yodh (to be published). 
» R H. Hildebrand (see reference 5). 
4R. A. Schluter (see reference 6). 
' de Carvalho et al. (to be published). 
‘ 4 sae Fox, Kane, Stallwood, and Sutton, Phys. Rev. 95, 638(A) 
1954). 
tA. H. Rosenfeld, Phys. Rev. 95, 638(A) (1954). 
* Marshall, Marshall, Nedzel, and Warshaw, Phys. Rev. 88, 632 (1952). 


YH. L. Stadler, Phys. Rev. (to be published). 


(3/2, 3/2) Interaction 


We can insert our value of X into (11) and obtain 
an expression for the ratio ro of the transition amplitudes 
relating the two reactions of class Sp. It should be 
remembered that the important pion-nucleon state of 
isotopic spin § and angular momentum } is not repre- 
sented at all in one of these reactions ('S»—*S; po), but 
is important for the other (‘Dy—*S;, pz). 

Equation (11) restricts 7) to a circle in the complex 
plane, i.e., 


ro= — 4/4 (14+3X)+ (3/v2)(X?2+X)teiao, 
For X=0.10, 


(26) 


ro= —0.92+-0.70e', (27) 


and the circle lies entirely to the left of the origin. Near 
the threshold for pion production it can be shown that 
the phase of ro is related to proton-proton scattering 
phase shifts. We consider it more probable that the 
phase is closer to 0° or 180° than to 90°. Making the 
assumption that 7 is real and less than unity, we find 
ry~0.2, so that the relative intensity of the J=2 
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(enhanced) and J = 0 (unenhanced) reactions is ro? 25. 
Part of this factor ~25 must arise from the purely 
statistical factor 2/+1=5, but the remaining factor ~ 5 
probably arises from the strong (3,3) pion-nucleon 
interaction. 


Conservation of Isotopic Spin 


In Fig. 2 we should call attention to the result of 
Hildebrand*™ which is an established piece of evidence 
for the conservation of isotopic spin. According to this 
principle, only one of the three independent cross sec- 
tions, namely ojo, can lead to deuteron formation (thus 
Table I shows that reactions (B) and (F) should be 
identical except for a factor two). Hildebrand has 
measured the isotropic contribution A for reaction (F) 
at 53 Mev c.m. His result is seen to be in good agree- 
ment with all the rest of the data, which come from 
reaction (B). 

A new piece of evidence is shown in Fig. 3; this is 
Schluter’s total cross section for reaction (F). It is 
plotted as an open triangle at 7=0.96. If isotopic spin 
were not conserved, there would be no reason why the 
cross sections for reactions (/°) and (B) should agree. 
They do agree within the experimental error which 
however is still large for the neutron reaction. Schluter 
also reports a value for A, but his statistical error is 
large, so that we have not plotted his result in Fig. 2. 


o,o—The Branching Ratio of Unbound to 
Bound Nucleons 


Reaction (A) of Table I can be written 


o(P+P—nt+nucleons) 
se 10(D) +oi0(N+ P)+ou. (28) 


We now have phenomenological expressions for the 
three cross sections on the right-hand side. o,0(D) is 
given by (24), o10(N + /) is computed by inserting the 
known parameters ajo and 6, from (24) into (6), (7), 
and (8); 01; will be given by (30’). 

The sum of these three phenomenological cross sec- 
tions is plotted as a dashed line in Fig. 3. It is not a 
simple power law, but may be approximated by 


o(P+ P—rt-+ nucleons) ~ 1.87, (29) 


in the energy region of interest. 

It can be seen that the dashed line falls somewhat 
below the experimental points, although no discrepancy 
is indicated at low energy. There is however a dis- 
crepancy which does not show up in Fig. 3. Certain 
experiments, which do not necessarily establish a total 
cross section, give the ratio o(D)/o(N+P) directly. 
Such results are not displayed in Fig. 3, but are sum- 
marized in Table IV. 

Cartwright ef al. and Peterson ef al. measured the 
pion energy spectrum, and were thus able to determine, 
or at least put a lower limit on, the branching ratio. 
Hildebrand counts the protons or deuterons in coinci- 
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dence with the x°; knowing the range and angle of the 
proton or deuteron, he can distinguish between them 
and measure the branching ratio directly. All three 
experiments give measured branching ratios about twice 
as large as those computed. 

Thus both Table IV and the high-energy data of 
Fig. 3 give considerable evidence that the branching 
ratio ¢(N+P)/a(D) is about twice as big as predicted 
by the phenomenological treatment. Some of this dis- 
crepancy can be explained in terms of P-state nucleon 
production, which we have neglected; we also pointed 
out in the discussion preceding Eq. (5) that we have 
made approximations which indeed do underestimate 
the probability of formation of unbound nucleons by 
about 20 percent. These two effects, combined with 
some experimental error, could conceivably explain the 
discrepancy, but more likely the error lies with the 
phenomenological treatment. The presence of the pion 
might, for instance, slightly decrease the interaction of 
the final-state nucleons. Equation (5*) shows that the 
branching ratio depends sensitively on | B{/7 ; in fact 
it is almost inversely proportional to |B|. If the 
presence of the pion reduced the effective deuteron 
binding energy from 2.227 Mev to, say, 1 Mev, the 
phenomenological equations would again fit all the 
available data. 

Determination of o, 


Reference to Table I shows that o;; should in principle 
be easy to measure, since 0;,=0(P+ Pr"). Unfortu- 
nately the cross section is small and the reaction has 
not been studied extensively. Cross sections are avail- 
able at only two energies, and the accuracy is low. 

In our phenomenological discussion of the excitation 
function [ Eqs. (16*) and (17*) ], we predicted a sum of 
ayy’ and Bin, with perhaps some additional terms in 
n° from the “displaced” s-state cross section discussed 
by Mather and Martinelli'® and from reactions of class 
(Ps). For the high-energy experimental point (n= 1.1) 
the term 81, should be dominant. We have accordingly 
drawn a line 


o11'(Pp) =0.2 mbX7°, (30*) 


passing through this point. This line fits the meager 
data sufficiently well that we conclude the production 


of pions in s states is small and cannot be determined 
quantitatively at present. 


TABLE IV. Measured and predicted branching fractions 
ON! fa of Doe 
o(N+P)+oe(D) 

Measured Predicted 

fraction _ fraction 
Reaction % % n 
P+ P—rt 35+10 20 
P+ P—rt 45+10 20 
N+P—>7r° 60+15 32 


Reference 


0.59 
0.49 
0.95 


Cartwright*® 
Peterson et al.» 
Hildebrand 


* See reference 20. 
» Peterson, Iloff, and Sherman, Phys. Rev. 84, 372 (1951). 
© R. H. Hildebrand (to be published). 
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Both Wright and Schluter” and Yodh* find a large 
experimental forward-backward asymmetry for reaction 
(D); if the angular distribution is written in the form 
4rda/dQ=a+-b cosb+-c cos*#, then the ratio of b to the 
total cross section a+c/3 is probably about one-half. 
We must now show that this asymmetry is consistent 
with our conclusion that s-state production contributes 
little to O11. 

The transition amplitude ys for s-state production is 
related to the coefficient of cos@ in the angular distribu- 
tion by (20) and (22). Using these two equations and 
the two semiempirical formulas (30*) and (32*) it 
follows that 

o'1;(Ss)>0.01 mbX 7’. (31*) 


Thus o’1,(Ss) can be as small as 0.01 mbX7? and still 
be large enough to account for the observed asymmetry. 
Such a small coefficient of 7? would not modify the 
observed steep excitation for o;,, which is proportional 
to 7° or n°. 

Determination of oo; 


The only elementary cross section that cannot be 
measured directly is oo. It can best be determined by 
subtracting 01; from 20(N+P—>r*). Two experimental 
determinations of this latter cross section are now in 
progress using the Chicago neutron beam, and Yodh’s 
tentative result” is plotted in Fig. 3. Adjusting the 
parameter 8»; of (15*) to fit Yodh’s cross section, we get 


om = (0.340.1) mbX7'. (32*) 


There is as yet no experimental way to test (32*) 
since data are available at only one energy. 


IV. POLARIZATION 


In the discussion entitled “Angular Distribution for 
7,0(D)” in Part II of this paper, we established relations 
(11) and (14) between the two transition amplitude 
ratios ro and 7; and the experimentally measurable 
quantities X and A in the angular distribution of o10, 
but we could not determine uniquely the magnitudes 
and phases of ro and 7. 

This can in principle be done by polarization experi- 
ments. Most of the relations which we give below have 
been derived previously,** but it may be worth while 
to restate them in our notation and to insert our values 
of X and A so as to see at what energies and angles 
interesting effects may be observed, and how large 
these effects may be. Two experiments are discussed 
below, and the second of these is now underway at 
several laboratories. The results will be summarized in 
a note-in-proof. 


Polarized Deuterons 


We first discuss that polarization experiment which 
is in practice the most difficult. The deuterons asso- 


2S. C. Wright and R. A. Schluter (to be published). 
* G. B. Yodh (to be published). 
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ciated with the o10(Ss) reaction are not polarized per- 
pendicular to the plane of the reaction, but the two Sp 
reactions produce deuterons which are polarized per- 
pendicular to this plane, with a degree of polarization 
given by 

sinwo 


Pp= ——— 
14+2X+2(X?+X)}! coswo 
2(X?+- X)}! sind cos8 





» (33) 


where —1<Pp<1, and wo [defined by (26)] is a 
parameter of the ratio 7 relating the two Sp reactions. 
The first factor can vary from —1 to +1, and thus 
establishes the phase wo. The second factor can also 
vary from —1 to +1, depending upon the angle 6 at 
which the deuterons are detected. The second factor is 
largest when cos20= —1/(2X-+-1); for X =0.1 this cor- 
responds to = 73°. If the phase wo happens to be pro- 
pitious (for X=0.1 this is 56°, which is a rather im- 
probable angle), deuterons leaving the collision at about 
73° could be completely polarized. On the other hand 
it should be pointed out that at 73° the cross section 
per steradian is not very large (X+cos@=0.18), and 
despite the large possible polarization the experiment 
would probably be extremely difficult. 


Polarized Beam of Protons 


We have not yet discussed the phase of the transition 
amplitude w: governing the Ss contribution to D0. 
According to (4) and (10), the magnitude of y; is deter- 
mined by the relation: 


3| mi|? [7,|? 
SGT age <i ’ (34) 
Bion? | to|?-+5| yo]? 1+ |r|? 


but we have no information on its phase. Marshak and 
Messiah® have pointed out that it may be found by 
measuring the angular distribution of the reaction 
P+ P-xt+D using polarized protons. Since the reac- 
tions of class Sp arise from initial singlet states, any 
asymmetry must be due to the Ss reaction. If the proton 
beam has a degree of polarization P; in the +. direction 
then the angular distribution of the pions is given by 


a0 





(35) 


dao e . 
my « A+cos’@+P,QA siné sing, 
2 


2b 


O-vi sin(y— 71), 


(36) 
n= |nle, (37) 


(38) 


v=arg(ro+ V3). (39) 
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Unfortunately, (35) shows that the fractional asym- 
metry is the greatest at 90° where the cross section is 
a minimum. 

For simplicity we shall adopt the point of view that 
quantities do not vary appreciably with energy in the 
limited range under consideration unless a variation is 
indicated by the phenomenological model. Thus, while 
we assume that r; “,;/u2«n', we shall consider the 
phases of r; and ro to be constant. The parameter of 
maximum asymmetry () will reach its maximum value 
of 4/4 sin(Y—7;) when 6=1, i.e., when 


Ini] = rot] 5 


or, using (34), when 


a10 j (1+ |ro|?)! 10 4 1 } 
re (G)e CNC) 
Bio | (ro+v/})| Bio 3X 
This last equality can be checked using (11). Inserting 
the value X¥ =0.1, we find 


(40) 


ne=0.78-+0.2, (42) 
which corresponds to a pion energy of 35 Mev. Equa- 
tion (38) may now be rewritten as b=n/n.. Putting 
this into (36), we obtain an energy-dependence of the 
asymmetry: 
Q/Qrax = 20ne/ (1+). (43) 
The experiment under consideration has now been 
completed by three groups. Crawford and Stevenson™ 
find a large asymmetry; they report |Q| =0.39+-0.05 
at n=0.41, with the pions produced preferentially to 
the right of a proton beam which had been polarized 
by a left scatter. Sutton ef al.” find a very similar result 
at n=0.96, namely |Q| =0.41+0.07. Here too the 
majority of pions were found on the side opposite from 
the original scatter. 
de Carvalho ef al2* have a result obtained as a 
by-product of another experiment. Their arrangement 
was such as to detect not only the pions formed in 
association with deuterons, but also about 78 percent 
of the rest. We can hope that both reactions show the 
same asymmetry and try to interpret the experimental 
results merely by inserting into (43) an average value 
of » which we take to be 0.8. Then at 85° c.m. they 
find |Q| = —0.22+0.12, and at 98° |Q| = —0.08+0.11. 


%F. S. Crawford and M. L. Stevenson, Phys. Rev. 95, 1112 
(1954). 

% Roger Sutton (private communication). 

26 de Carvalho, Heiberg, Marshall, and Marshall, Phys. Rev. 
94, 1796 (1954). 
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If we express these four results in terms of sin(~— 11) 
they shouid be independent of the energy at which the 
experiment was performed. We then find for sin(y—1;): 


+0.67+0.03 (Crawford and Stevenson) 
+0.6 +0.1 (Sutton ef al.) 
+0.22+0.12 (de Carvalho et al., 85°) 
—(0.08+0.11 (de Carvalho ef al., 98°). 


If all of these results are correct it would indicate 
that the asymmetry of pions associated with unbound 
nucleons is almost equal and opposite to that of pions 
associated with deuterons. 


V. CONCLUSIONS 


We have compiled the available data on pion produc- 
tion in nucleon-nucleon collisions and have analyzed 
them using the approach of Watson and Brueckner, 
which uses the fact that the pion is a pseudoscalar 
particle, assumes that isotopic spin is conserved, and 
treats nuclear forces phenomenologically. 

By adjusting undetermined parameters which give 
the relative amplitude and phase of several partial 
reactions, we establish semiempirical formulas which fit 
the available information within experimental error 
(see Fig. 3). This statement should not be taken as too 
striking, since none of the reactions except P+ P—9rt+D 
has been extensively studied. For the latter reaction, 
however, the agreement is good, even considerably 
above threshold. 

There is probably a discrepancy in that the fraction 
of unbound nucleons formed per deuteron is higher than 
predicted. 

Evidence is given for the conservation of isotopic spin 
in cases where the data are good enough to permit 
meaningful comparison of pion production in P-P and 
N-P collisions. 

Using our best values for the relevant parameters we 
discuss the information attainable by experimenting 
with polarized beams. 

Many of the ideas in the paper came from cooperation 
with Murray Gell-Mann and there is considerable over- 
lap in content between this paper and a chapter on pion 
production by M. Gell-Mann and K. M. Watson to 
appear in Vol. 4 of Annual Reviews of Nuclear Science 
(1954); we have used similar notation. 

We must thank all those who are working on pion 
producton here and at other laboratories for many 
helpful discussions and for permission to use yet- 
unpublished data. In particular we wish to thank E. 
Fermi, M. Gell-Mann, R. H. Hildebrand, F. T. Solmitz, 
and G. B. Yodh for their active help and support. 
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Inelastic scattering of 500-Mev negative pions has been investigated in 1700 meson-induced events in 
emulsion nuclei. Large energy losses and strong angular relationships of the emitted mesons have been 
observed, similar to those in experiments with lower energy mesons. The possible causes for this behavior are 
discussed. In 1-3 percent of the events, production of charged mesons has been found. The cross section for 
meson production on free nucleons is estimated to be between 3.5 and 10 mb, considering the possible 
absorption of one or both mesons. The angular and energy distributions of mesons and recoiling nucleons in 
events with meson production are discussed. Six events of 7° production on free protons (or edge nucleons) 
have been found. The results are compared with observations on meson scattering and meson production in 


cosmic-ray experiments. 


I, INTRODUCTION 


NVESTIGATIONS on the interaction of nucleons 

with complex nuclei have contributed considerably 
to the knowledge of nucleon-nucleon collisions. Particu- 
larly, the ideas on meson production are, up to date, 
almost entirely based on these experiments. 

It seemed promising to apply the same methods for 
high energy meson interactions—500-Mev negative 
pions—and to explore, in general, problems connected 
with these interactions. 

Experiments using lower meson energies (30 to 210 
Mev) have been performed by various authors'~* in 
cloud chamber and emulsion experiments. Elastic scat- 
tering, meson absorption, and inelastic scattering events 
have been found; and the cross section and charac- 
teristics of these types of events have been discussed. 
It has been established that absorption of low energy 
mesons takes place in nucleon pairs or larger nucleon 
complexes. The process of inelastic meson scattering at 
all these energies is characterized by great energy losses 
and strong angular dependence and is not fully under- 
stood. 

It was expected that at higher energies the prevailing 
interaction would be quasi-elastic scattering—elastic 
scattering on single nucleons within the nucleus. How- 
ever, the interaction process turned out to be actually 
more complex. The investigation of this process was 
one of the objects of this paper. The main purpose, 

* Research carried out under auspices of the U. S. Atomic 
Energy Commission. 

t Now at Brookhaven National Laboratory. 

! Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 
(1950); Bernardini, Booth, and Lederman, Phys. Rev. 82, 105 
(1951); G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 

2H. Bradner and B. Rankin, Phys. Rev. 81, 916 (1951). 

+ Blau, Oliver, and Smith, Phys. Rev. 91, 949 (1953). 

4G. Goldhaber and S. Goldhaber, Phys. Rev. 91, 674 (1953). 

‘W. F. Fry, Phys. Rev. 91, 1576 (1953). 

* A. H. Morrish, Phys. Rev. 90, 674 (1953). 

7A. H. Morrish, Phil. Mag. 45, 47 (1954). 

* Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 

* J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 (1954), 

” The term inelastic scattering is commonly used to describe 
stars with one emitted meson, 


however, was the attempt to detect meson production 
by mesons and to find the laws governing this process. 


Il. EXPERIMENTAL PROCEDURE 
A. Plate Exposure 


Two different types of exposures were used. 

(1) The plates were exposed to the “500-Mev meson 
beam”’ of the Brookhaven Cosmotron; mesons of 620- 
Mev/c momentum, analyzed and focused by the 
Cosmotron magnet, leave through a hole in the Cosmo- 
tron shield. These mesons were further deflected by a 
second analyzing magnet. The plates were placed 
parallel to the beam behind a lead collimator and 
shielded by lead bricks from background radiation. 

(2) Particles emitted from the Cosmotron target 
(beryllium) at an angle of 32° with the proton direction 
pass directly through the Cosmotron shield. After 
collimation, particles of the desired momentum and 
charge were selected by an analyzing magnet. Again 
the plates were placed parallel to the direction of the 
selected beam and properly shielded. The “‘focused”’ 
beam had higher intensity than the “direct’”’ beam, but 
the latter had less contamination. The angular spread 
of the focussed beam was approximately +4°, which 
was the same as that exhibited by incident minimum 
tracks found on the exposed plates. The angular spread 
in the direct beam was less than +2°. 

400-micron Ilford G-5 emulsions with glass backing 
were used in the first series of experiments. In latter 
exposures stacks of a dozen 400-micron Ilford G-5 
stripped emulsions were used. The processing of the 
emulsions followed standard development techniques. 


B. Search 


Meson interactions were found by area scanning 
under 300 times magnification. Under high magnifica- 
tion, only about 20 meters of minimum tracks have been 
followed, mainly to check the efficiency of the area 
scanning search and to compare the distribution of 
certain types of events found in both methods. 
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The efficiency in area scanning for picking up events 
with 2 or more black tracks was almost 100 percent, 
for 1 black prong only 50+ 10 percent. Events without 
black prongs and 1 or 2 light tracks have only been 
picked up occasionally. This fact immediately limits the 
scope of the experiments to inelastic scattering events. 

In total, 1700 events have been found in about 8 cc 
of emulsion. In the beginning of this investigation all 
observed events were measured and the grain count and 
angular relation of light tracks determined. After 460 
interactions were found, only stars were measured with 
at least one fast particle or a black track which seemed 
a meson by its apparent scattering. After a total of 
approximately 700 interactions were found, only special 
events (having at least two tracks, which were possible 
mesons) were measured and recorded. The other events 
were only counted, in order to keep account of the total 
number of observed events. 


C. Measurements 


Nature and energy of particles were determined by 
the usual methods: grain count, multiple scattering, 
and range measurements. Sample tracks of incoming 
mesons have been scattered for each set of exposures; 
the mean energy determined from scattering measure- 
ments was 520+30 Mev, in agreement with the value 
expected from experimental conditions (current of the 
analyzing magnet, position, etc.). 

Grain count and scattering measurements on light 
tracks emitted in the interactions have been performed, 
whenever track length or ionization made this procedure 
meaningful. In this way for about 30 percent of all light 
tracks the nature and energy of the particle could be 
determined. In experiments with emulsion stacks the 
ionization loss per unit path length could be used as an 
additional criterion, especially in cases where excessive 
dip angle or distortion made scattering measurements 
unreliable. Scattering measurements on heavily ionizing 
tracks were performed, when they were suspected by 
apparent scattering to be r mesons or by other unusual 
features to be heavy mesons. However, no single case 
of a meson heavier than m could be established. Like- 
wise, the investigation of several two-prong stars with- 
out an incoming particle, suspected to be A°, gave no 
positive results. 


D. Measurement Considerations 


In the interactions described in this paper the pres- 
ence of mesons with energies greater than 100 Mev 
(minimum grain count) can be established by kinematic 
considerations alone, since the maximum energy a 
proton can acquire in an elastic collision with 500-Mev 
mesons is 420 Mev (including 22-Mev Fermi energy), 
and therefore, the corresponding tracks have grain 
counts higher than minimum. Based on similar con- 
siderations, tracks emitted in the backward hemisphere, 
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with grain counts less or equal to 1.4 minimum grain 
count, cannot be protons, but must be mesons. 

In order to establish the energy distribution of the 
mesons, scattering measurements are necessary. The 
question arises, whether the scattering measurements 
made on 30 percent of light tracks (sample comprising 
about 1000 events) represent the true distribution of 
mesons in number and energy. Since the track lengths 
necessary for adequate scattering measurements in- 
creases with the particle energy, i.e., with smaller 
multiple scattering angles, it is important to investigate 
if the distribution in the measured sample is deficient 
of high-energy mesons. While the true energy distri- 
bution of mesons is not known, the energy distribution 
of protonscan be calculated in an approximate manner." 

The probability of finding a track adequate for scat- 
tering measurements depends on: (1) the dip angle of 
track, (2) position in the plate, and (3) the mean mul- 
tiple scattering angle of the track. (1) and (2) are 
obviously independent of the nature of the particle 
causing this track (whether meson or proton). (3), the 
multiple scattering angle of the most energetic recoil 
protons (420 Mev), is about equal to the multiple 
scattering angle of the incoming mesons (500 Mev), 
and, therefore, equal to or smaller than the multiple 
scattering angle of emitted mesons. 

The histogram of protons—73 protons with energies 
> 60 Mev —is plotted in Fig. 1 (dotted lines) versus the 


The calculations are based on the well-known energy de 
pendance of mean free paths in nucleon matter for p— p and p—n 
collisions and the average number of collisions in emulsion nuclei 

Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 (1952) ; 

8, 1017 (1952) }. It is assumed that the fast protons are produced 

in elastic meson-nucleon collisions with energies corresponding 
to the experimentally observed angular distribution of the mesons 
(Fig. 2). The ratio of neutron to proton recoils has been deter- 
mined by the ratio of neutrons to protons in emulsion nuclei 
and the statistical weight of w- +p +p and r +n-+9~ +n 
interactions, 
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angle of multiple scattering ; the scattering angle, how- 
ever, is expressed in corresponding meson energies. In 
this sample, 8 percent of all protons (>60 Mev— 
corresponding to 70-Mev meson energy) have energies 


> 280 Mev (corresponding in scattering angle to mesons 
>350 Mev). Calculating" the percentage of protons 
with energies >280 Mev among protons of energies 
>60 Mev yielded the value 7.5 percent. 

The solid lines in Fig. 1 correspond to the energy 
distribution of mesons in a nearly equal sample (65 
mesons). There is a greater number of large multiple 
scattering angles in the meson distribution than in the 
proton distribution. 

Because of the approximate character of the calcu- 
lation of fast emerging protons, the agreement between 
experimental and calculated values (7.5 percent and 
8 percent, respectively) does not necessarily prove that 
the sample really embraces all fast protons. However, 
the fact that the meson sample has relatively fewer 
high energy particles than the proton distribution makes 
it probable that the former sample represents the true 
meson energy distribution. 

Furthermore, the ratio (minimum tracks scattered) / 
(total number of minimum tracks) is nearly equal for 
forward (presumably higher energy mesons) and back- 
ward-scattered mesons. 

On the other hand, some fast mesons, scattered 
strongly forward (small energy of the recoil nucleon) 
may have been missed because of the inefficiency in 
finding small events (1 and 0 prong stars). The per- 
centage of missing forward-scattered (Fig. 2), and 
therefore, possibly high energy mesons (Figs. 3 and 4), 
has been estimated by comparing the frequency of 
finding small events in area scanning and scanning 
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along incident tracks. The dotted lines in Fig. 2 and 
Fig. 4 are corrected for this loss assuming that the 
missing events are entirely connected with high energy 
meson emission; the dotted lines in Fig. 4, therefore, 
probably represent an overestimate of high energy 
mesons. 


Ill. EXPERIMENTAL RESULTS AND DISCUSSION 


From a phenomenological standpoint the interactions 
observed can be divided into 3 groups. (1) Stars with 
1 meson—38+6 percent of all cases, (2) stars with 
2 mesons—1-3 percent, and (3) stars without mesons. 
Presumably, in all three types of events the primary 
process is meson interaction with a single nucleon; 
interactions with nucleon complexes, if present at all, 
will be less probable because of the small wavelength 
of 500-Mev pions. 

The number of stars with mesons—usually called 
inelastic scattering events—has increased in comparison 
to experiments with lower-energy mesons. Only 10 per- 
cent of all interactions with 70-Mev mesons! have 
mesons emerging, 22 percent with 135-Mev mesons,‘ 
and 31 percent with 210-Mev mesons.’ 


A. Stars without Mesons 


In a certain percentage of mesonless stars charge 
exchange scattering may have occurred. In order to 
estimate this percentage the energy dissipation in stars 
with and without charged mesons has been compared 
and found distinctly different. The mean number of 
black prongs is 4.30.2 in mesonless stars and about 
66 percent of all stars have a fast proton; in stars with 
mesons the mean prong number is 2.7+0.1, and only 
40 percent have a proton more energetic than 30 Mev. 
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The mean energy of the emitted charged mesons is 
110 Mev and the energy distribution is assumed to be 
equal for charged and neutral mesons; therefore, the 
mean energy dissipation in mesonless stars should be 
greater by 110+140 Mev. This energy increase ex- 
pressed in black and gray tracks has been estimated 
from the known prong distribution of sigma stars'* and 
stars produced by negative mesons in the energy in- 
terval of 50-100 Mev.' According to this estimate, 
charge exchange should have occurred in 29 percent of 
all mesonless stars or in 18 percent of all interactions 
observed. Another rough estimate of the frequency of 
charge exchange can be obtained by considering the 
frequency of events with electron pairs. Among 1700 
events 2-4 have been observed with pairs emerging 
from the vertex of the interaction." Assuming these 
pairs to be conversion electrons from r° disintegrations, 
charge exchange would have taken place in 10-20 per- 
cent of all events. A value of 20 percent would be ex- 
pected from statistical spin considerations,'® the near 
equality of r++p and w+ cross sections at this 
energy, and the ratio of neutrons to protons in emulsion 
nuclei. 

After subtracting 20 percent of the events as charge 
exchange, 44 percent of the stars are still mesonless. 
This percentage is astonishingly high considering the 
high energy of mesons involved. It seems reasonable to 
assume that meson capture in nucleon pairs will occur 
only if the meson wavelength is comparable with the 
distance of nucleons within the nucleus (smaller meson 
energies) .'® Therefore, the meson must lose an appreci- 
able amount of its original energy before being captured. 
If the energy degradation takes place gradually through 
repeated scatterings, the frequency of meson escape 
should be higher, considering the finite size of the 
nucleus. 


B. Stars with One Meson 


Figure 2 gives the angular distribution (differential 
cross section in arbitrary units) for 112 inelastically 
scattered mesons leaving the nucleus, and Fig. 3, the 
energy distribution of these mesons. A, B, and C in 
Fig. 3 refer to angular intervals 0-60°, 60-120°, and 
120-180° (solid lines), while the dotted lines of the 
histogram comprise all three angular regions. 

The energy distribution is peaked at low energies and 
only a few mesons have energies greater than 200 Mev. 
The distribution is quite similar in A, B, and C, with 
the exception of a few high energy mesons in A. It 
seems, therefore, that there is no relation between 


2 Carlson, Hooper, and King, Phil. Mag. 41, 701 (1950). 
18 Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 
‘In two cases the nature of the particles causing the pair of 
minimum tracks could not be established with certainty. A small 
additional number of events with electron pairs having 1 or 0 
black prongs may have been missed in area scanning. 

16K. A. Brueckner, Phys. Rev. 86, 109 (1952). 

16 Proton pairs accelerated in the absorption of a x* meson in a 
nucleon pair rarely have energies greater than 70 Mev. 
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meson energy and angle of emission. One would, how- 
ever, expect such a relation on the obvious assumption 
that the primary process within the nucleus will be 
meson-nucleon scattering. Therefore, the observed dis- 
tribution strongly suggests that the original distribution 
is obliterated by other processes, for instance, repeated 
scattering or meson production and reabsorption. The 
fact that repeated scattering or meson reabsorption 
may have occurred in at least several of the events can 
be demonstrated by observation of fast protons in the 
backward hemisphere in 9 out of 112 cases. However, at 
least 3 of these cases can be interpreted as reabsorption 
of positive mesons since in addition to the backward 
ones, forward protons are observed and the angles 
between protons are > 150 degrees. 


1. Energy Degradation of Observed Mesons 


The number of collisions necessary to explain the 
observed energy degradation would be rather high, 
especially if one considers that for high-energy mesons 
the probability of forward scattering (small energy 
loss) will be at least as high as that of backward scat- 
tering. For instance, three consecutive scatterings at 60° 
would decrease the initial energy to about 200 Mev; 
but only 14 percent (or 18 percent after correction) of 
all observed mesons have energies > 200 Mev. 

For mesons scattered in the forward direction (up to 
60°), it is possible to estimate the probabilities for 
escape after one or two repeated collisions, respectively. 
In this angular interval the changes in energy are rela- 
tively small and lead to energy regions in which the 
mean free path in nuclear matter is nearly constant 
(small increase). 
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If it is assumed that the mean free path in naclear 
matter is given by \=42r,'/30,, where o,= 26 mb,’ the 
probability for escape of the meson after one collision, 
P, or after two collisions, P2, is given by 
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Py=1—Po={1—(2/a*)[1—(1+a)e*]} is the proba- 
bility for any number of collisions.'* The quantity a is 
the nuclear diameter expressed in units of A. For emul- 
sion nuclei (averaging over heavy and light elements 
and considering their relative transparency), one ob- 
tains P;/Pr=34.7 percent. P2/Pr=29 percent. There- 
fore, (P:+P2)/Pr=63.7 percent, or 63.7 percent of all 
forward scattered mesons should have energies > 260 
Mev (after 2 collisions). This percentage is an over- 
estimate since initially backward-scattered mesons may 
enter the forward hemisphere by being scattered a 
second time at angles greater than 90°. However, since 
the mean free path for backward-scattered mesons is 
much smaller than for forward mesons, one would 
expect that mesons scattered twice at great angles will 
not contribute greatly to the frequency of mesons ob- 
served at forward angles.'® 

Figure 4 compares for 3 angular intervals the energy 
loss suffered by the emerging mesons. The energy loss 
in percent is defined by L=1—W;,/W,,, where Wj, is 
the kinetic energy of a meson observed at an angle 7 
and W,, is the kinetic energy expected at this angle in 
the case of elastic scattering. (The Fermi momentum 
distribution has been taken into account.) The results 
are in obvious contradiction to the above calculations 
and considerations. Only 17 percent of all mesons or 
10 percent in the angular interval 0-60° can be con- 
sidered first or second collisions according to Fig. 4. 
If the events missed because of incomplete scanning 
efficiency are taken into account, the above percentages 
would be 22 percent or 25 percent, respectively. Since 
in about one-half of all events no meson leaves the 
nucleus, these figures can be smaller by one-half the 
stated amount. 

Another fact, in disagreement with the great ob- 
served energy losses, is the small size of stars observed. 


177,, Yuan and §. Lindenbaum, Phys. Rev. 92, 1578 (1953), 
found a cross section of 25+3 mb for 450-Mev negative pions on 
hydrogen and 27 mb for positive mesons of equal energy. In the 
calculation of the total cross section, the mean cross section per 
nucleon has been assumed to be 26 mb. 

18S, A. Wouthuysen, University of Rochester Technical Report 
No. 5 on the 130” cyclotron (unpublished). 

The calculation for backward-scattered mesons is more diffi- 
cult, because the mean free path is strongly dependent on energy 
for meson energies near 200 Mev. 
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2. Angular Distribution of Mesons 


Figure 2 shows a strong angular dependence of in- 
elastic scattered mesons and that again is difficult to 
reconcile with a model of frequent repeated scatterings. 

Similar features (great energy losses and strong 
angular dependence of inelastic scattered mesons) have 
also been observed in experiments with mesons of 
lower energy.'~* Kessler and Lederman® compare for 
120-Mev negative incident pions the angular distri- 
bution of mesons inelastically scattered in carbon and 
lead with the differential cross section of the elementary 
process r++ p—nt+ p at equal energy. The distribution 
from carbon simulates closely the elementary process 
and even in the large nucleus, lead, the features of the 
elementary distribution are recognizable although here 
the distribution is smoother and obviously somewhat 
obliterated by multiple scattering processes. Emulsion 
experiments with 135-Mev negative mesons‘ show 
similar results. While the relative loss in meson energy 
is considerable, the absolute amount of energy loss in 
both experiments is relatively small. The energy of the 
emitted mesons may be depressed because of the mo- 
mentum distribution within the nucleus.” On the other 
hand, the angular distribution (predominantly back- 
ward) may be partly affected by the small mean free 
path of the incident meson, favoring an interaction 
near the beginning of its travel through the nucleus; 
therefore, the scattered mesons may preferentially 
escape the nucleus in the backward direction. 

With 210-Mev mesons,’ great energy losses of emitted 
mesons are observed. Because of the small mean free 
path, repeated scatterings are expected. However, a 
definite angular distribution is found; the ratio of 
forward- to backward-scattered mesons increases as 
compared with lower energy experiments. This is indi- 
cative of the influence of a primary nucleon process. 

For the experiments described here no comparison 
with the elementary scattering process can be made, 
since the differential scattering cross section for 500- 
Mev mesons is not known. Because of the great absolute 
energy loss suffered by the majority of mesons in the 
present experiment, any angular distribution differing 
from an isotropic one seems incompatible with the 
assumption of gradual energy loss by frequently re- 
peated scatterings. 

It is, therefore, believed that there exists another 
mechanism, by which the meson energy is reduced in 
larger steps in one single or at least relatively few 
collisions. 

Meson production, eventually followed by reabsorp- 
tion, could lead to sudden energy changes. The cross 
section for production of charged mesons has been 
estimated within rather wide limits” (14-40 percent of 
the elastic cross section). If the actual value is appreci- 
ably larger than the lower limit and if the #° production 


*”M. H. Johnson, Phys. Rev. 83, 510 (1951). 
* Section III; C-3 of this paper. 
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cross section is of comparable magnitude, the com- 
bined effect of meson production, scattering, and ab- 
sorption may be sufficient to explain the experimental 
results—great energy losses and strong angular prefer- 
ence of mesons. 


C. Events with Two Mesons—Meson 
Production by Mesons 


1. Production of Charged Mesons 


Among 1700 events, 20 cases with 2 mesons leaving 
the nucleus have been identified with certainty. There 
are 24 more cases which probably represent meson 
production. In the established events the mesons have 
been identified by grain count, scattering, and range. 
Fifteen of these events are tabulated in Table I. In 
some cases the minimum tracks at backward laboratory 
angles have been denoted mesons from kinematic con- 
siderations alone. Whenever the possibility existed that 
a track considered a meson could be a proton, the event 
was classified as only possible. It is likely that more 
than 50 percent of these possible cases represent meson 
production. About 10 more cases with steeply dipping 
tracks have been observed, which possibly could be 
events with meson production, but because of the un- 
certainty, these events have not been considered. 

The events with two emitted mesons represent most 
probably meson production by mesons; meson produc- 
tion by recoil nucleons produced in the primary scat- 
tering process is very unlikely because of the low energy 
of these recoil nucleons.” Furthermore, the kinematics 
of only 15 out of 44 events would be in agreement with 
meson production by recoil nucleons. 

Only 3 events, Numbers 2, 9, and 15 in Table I, 
can be explained by meson production on free protons, 
since no other tracks besides the two mesons are visible. 
These events have been analyzed. If the momenta and 
angles of the incoming and both emitted mesons are 
known, the momentum and the angle of the recoil 
nucleon can be found. An event, representing meson 
production on a single nucleon, balances if Tu;+Tu2+Tw 
= Ty;— 140 Mev=360 Mev. Here, 7y;, Tu1, and Ty are 
the kinetic energies of incoming and both emitted 
mesons, and Ty is the kinetic energy of the nucleon 
derived from the momentum diagram. In event 2 the 
sum of energies of both mesons and the calculated 
nucleon add up to 360 Mev and in No. 9 to 320 Mev, 
and therefore, these events agree kinematically with 
the assumption of meson production on a free proton. 
In event No. 15 the forward scattered particle was too 
short to be identified with certainty. However, since 
only one other particle (identified as a meson) is 
emitted, the event can be assumed to have occurred on 
a free proton. In this case the energy of one of the 
mesons together with both emission angles determines 
the kinematics of the event. The event balances with 


® Argument presented in paper by Blau, Caulton, and Smith, 
Phys. Rev. 92, 516 (1953). 
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a meson energy for the forward track in good agreement 
with grain count measurements. 

The energies of the emitted mesons, determined by 
the usual methods, are only known within a certain 
limit. For low-energy mesons, where both grain count 
and scattering measurements can be made, the un- 
certainty in energy is usually less than 10 percent. 
For high-energy mesons with minimum grain count, 
the upper energy limit is sometimes 35 percent higher 
than the mean value. In cases 2 and 9 and in many of 
the cases mentioned later, balance has been reached 
for meson energies near or at the calculated mean 
value. If higher energy values within the fiducial limits 


TABLE I. Description Of established two-meson events (mesons 
in kinematic balance with a single nucleon encounter). Angles 
are given in degrees. 


(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
Kin. Kin. 
energy energy 
2 ab T C.m. Lab Lab  C.m. 
angle (c.m.) angle angle angle angle 
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* In column (1), /-—-incident particle; A, B, C—mesons; N—nucleon 
» In column (10), B—black track, R—recoil, and e—electron 
¢ Track A causes a star after traveling 958 microns. 
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Fic, 5. Distribution of meson and nucleon energies in events 
with meson production in laboratory system. (Ratio of sum of 
meson energies to nucleon energy.) 


(67 percent probability) have been used, this procedure 
seemed justified because of cell length or other con- 
siderations connected with the measurement. An event 
was assumed to be balanced when the sum of energies 
of both mesons and the nucleon energy did not differ 
by more than 10 percent from the calculated value. The 
energy values in Table I correspond to energy values 
for which “balancing” was found. 

In all the other “established events” in Tabie I, 
evaporation particles in addition to both mesons are 
emitted. Meson production may have occurred on 
protons or neutrons, with the exception of 2 cases 
where the charge of one of the mesons could be identified 
as positive, so that collision with a proton is certain. 
Under the assumption that these tracks are caused by 
subsequent interactions of the recoil nucleon a kinematic 
investigation similar to that described has been made. 
Energy and momentum balance within the error limit 
has been found for the events of Table I. 

Event No. 14 in Table I is a case where possibly 3 
mesons emerge from the vertex. B and C have been 
identified as mesons; track A has 1.8 times minimum 
grain count and travels 958u before causing a star; the 
star has only a few black prongs and could have been 
caused by either a 40-Mev meson or 260-Mev proton. 
If A is assumed to be a meson, a single nucleon is 
needed to balance energy and momentum. Total energy 
is 500—2(140)=220 Mev. In columns 5, 6, and 7 of 
Table I, the energies and angles in the center-of-mass 
system are listed. Five more events with unmistakably 
identified mesons could not be balanced ; in these events 
the energy of both mesons was small, and therefore, 
one or both of the mesons might have suffered a sub- 
sequent scattering before emerging. One of these events 
has 8 black tracks and 3 others have fast protons; in 
two of these cases emission of a r° is not excluded. 

In the case of “possible events,’’ energy and mo- 
mentum balance was attempted, whenever energy de- 
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termination of the emitted particles was possible. Eleven 
of these events could be balanced and nucleon energies 
and angles have been calculated. In 6 events with 
minimum tracks (multiple scattering angle not meas- 
urable) balance was not even attempted because the 
energy of these mesons is not known. In these cases 
only emission angles have been calculated in the labora- 
tory and c.m. systems;¥ 5 more cases could not be 
balanced, and finally in 2 cases not enough information 
was available for an analysis. 

In most of the events described, the nucleon receives 
in the laboratory system a great amount of the energy 
available. Figure 5 is a histogram showing the frequency 
of events versus the ratio (Tu:+Tu2)/Ty, the sum of 
the kinetic energy of both mesons divided by the 
nucleon energy. In the two events with a ratio >5, one 
of the mesons is produced with nearly the maximum 
available meson energy. One of these events is No. 9 
without evaporation tracks while both of the other 
“proton events” lie in the interval with a ratio around 
(0.5. The angular distribution of both mesons is plotted 
in Fig. 6 (laboratory system) and Fig. 7 (c.m. system). 
The dotted lines comprise both established and probable 
events. No differentiation between produced and origi- 
nal mesons can be made; only 2 cases of positive mesons 
have been observed, and both are emitted backwards 
in the c.m. system.” Figures 8(a) and 8(b) show for 14 
events the distribution of the angles between both 
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production—laboratory system. 
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*% The relation between laboratory and c.m. angles depends 
very little on energy for meson energies greater than 80 Mev. 

* One event observed with incident mesons of 750 Mev, without 
evaporation tracks, also has a positive meson emitted backward. 





INELASTIC 


mesons in the laboratory and c.m. systems. The statis- 
tics are too poor to draw any conclusion, although small 
angles between mesons (c.m. system) seem to be more 
frequent. Finally, Fig. 9 gives the histogram of nucleons 
in the c.m. system. (Dotted lines refer again to estab- 
lished+ possible events.) The trend in forward emission 
of nucleons follows from the backward trend of meson 
emission. In two of the alleged proton events the 
nucleon is emitted forward, while in the case of No. 9 
with a high ratio (meson energies/nucleon energy) the 
nucleon is in the backward hemisphere. 

The differentiation between events with evaporation 
tracks and the “free proton events” without visible 
prongs has been made for the following reason, It is 
felt that in some of the former cases the nucleus excita- 
tion might not be caused entirely by the recoil nucleon 
but also by subsequent scattering of one or both of the 
emitted mesons. The argument of balance would not be 
stringent, if something like coincidence balance exists. 
Calculations have been made on constructed and ob- 
served cases in order to determine the probability of 
chance balance. If the energy of both of the mesons is 
>100 Mev, chance balance seems impossible; for 1 
meson >100 and the other < 100, chance balance is 
possible; that means that there exists another meson 
energy and angle from which one of the mesons could 
have been scattered to its actual position. The limits 
for chance balance are very narrow from a theoretical 
standpoint, but are widened by uncertainties in energy 
and angular (for high dip angles) measurements. If, 
however, the second meson has a very small energy, 
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then even if it should have been scattered from an 
original position, parameters like nucleon energy or 
angle will be only slightly affected.”* Most suspicious 
are events with both mesons of energies below ~100 
Mev; then, cases can be constructed allowing for both 
mesons the possibility of having been scattered from 
another produced angle and energy. Five cases out of 
the 14 events used for the histograms (Figs. 6-9) belong 
in this group. Assuming that there are cases where the 
energy connected with the emitted mesons was origi- 
nally higher, then the energy of the recoil nucleons 
would have been overestimated, and, consequently, the 
angle of emission (c.m. system) would have been shifted 
towards the forward direction. The nucleon angular 
distribution may actually become more isotropic and 
the ratio of backward- to forward-emitted mesons 
smaller. The angular distribution of nucleons and 
mesons again may have been altered to some degree by 
the momentum distribution within the nucleus. This 
could affect the “free proton events” in the same way, 
since there is a certain possibility that the events took 
place on bound nucleons (edge of nucleus) and not on 
free protons. Crussard, Walker, and Koshiba,”’ studying 
meson production (charged and neutral mesons) with 


* This argument is not valid if the original meson has suffered 
more than 1 scattering; the high capture cross section for mesons 
in this energy interval and the small star sizes observed do not 
favor such an assumption, however. 
aseee Pal, Peters, and Swami, Proc. Indian Acad. Sci. 36, 75 

7 Crussard, Walker, and Koshiba, Phys. Rev. 94, 736 (1954). 
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1.5-Bev negative mesons, found predominantly back- 
ward emission of nucleons. Here only events without 
evaporation tracks have been considered. One-half of 
these events occur on free protons; this conclusion has 
been reached by taking into account the known cross 
section for 1.5-Bev mesons. 

It cannot be decided if the different angular distribu- 
tion of the recoil nucleons found with 500-Mev mesons 
is attributable to: (1) the difference in energy, (2) the 
fact that the production takes place in complex nuclei, 
or (3) the fact that in some cases coincidence balance 
leads to false conclusions. Backward asymmetry of 
emitted mesons in showers produced by high-energy 
mesons has been observed by Lal et al.”* 


2. Production of Neutral Mesons 


Very little can be said about neutral meson produc- 
tion in the reaction #~+p—p+ +7"; reactions on 
free protons are necessary for the unambiguous identifi- 
cation of this process, and such reactions can only 
rarely be found in area scanning techniques. 

In all, 6 events corresponding to the above reaction 
were found; the respective energies and angles are 
given in Table II. In 5 of the 6 events the proton is 
emitted in the backward direction in the c.m. system. 
Strongly peaked backward emission of the protons in 
r® production has been found by Crussard ef al.” with 
1.5-Bev negative pions. However, the number of events 
here is too small to draw any conclusions. Furthermore, 
the area scanning technique will favor events with low- 
energy protons (backward in the c.m. system) which 
give black or dark grey tracks. 

It is difficult to evaluate the number of cases where 
x” emission may have occurred in collisions with bound 
protons or neutrons (events with evaporation tracks). 
In a certain percentage of events with charged mesons, 
the energy degradation observed may have been caused 
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by this type of collision. At least 6 percent of all events 
with a single charged meson most probably belong to 
this type of interaction. This value is found by con- 
sidering only events with a single evaporation prong 
and a forward emitted meson (charged),”* which ap- 
parently has lost a large amount of energy. From 
statistical considerations®® the number of events with 
two charged mesons should be about equal to the fre- 
quency of events with 1 charged and 1 neutral meson. 


3. Approximate Cross Section for Production 
of Charged Mesons 


As stated before, in only 1-3 percent of all events 
production of charged mesons has been found.” It is 
thought that this figure can at the most be doubled in 
order to account for inefficiency in scanning. This, how- 
ever, is only valid for meson production in nuclei with 
at least 1 evaporation track ; events occurring in hydro- 
gen or edge nucleons may have been missed in a greater 
proportion. 

It is obvious that the actual fraction of interaction 
leading to meson production will be higher than 1-3 
percent, since both or at least one of the mesons can be 
captured within the nucleons, and therefore, not be 
observable. The absorption coefficient will be appreci- 
able, if one takes into account the low energy of mesons 
(mean energy) observed in this process. 


TABLE IT, Description of events representing 2° production on a 
free proton. (x~+p—p+a~+7°.) Angles are in degrees. 


Lab 
angle 
7 


Lab Lab C.m. 
energy angle angle 
Mev 6 A 


63 93 
56 81 
23 99 


Event 
1 90 
200 
86 


104 


80 34 58 
280 12 19 
5 10 177 


72 
112 
42 


165 48 
76 81 
138 10 


24 
47 
112 


240 15 
165 37 
6 46 


38 59 
47 71 
120 


150 
150 
71 47 


53 
25 
178 


100 32 
256 16 
6 6 


49 





*8 Backward mesons can be associated with fast recoil neutrons 
to take up the energy. Since discernment of r° production among 
such events is not possible, they are not considered. 

* C. N. Yang and E. Fermi (private communication). See Blau, 
Caulton, and Smith, Phys. Rev. 92, 516 (1953). 

*® Calculations based on r—y—e decays observed in plates and 
stacks lead to a value of 0.4+0.1 percent for the production of 
positive mesons alone (in the energy interval 0-30 Mev). 





INELASTIC SCATTERING 


An estimate of the probability of meson production 
per nucleon can be obtained by considerations similar 
to those in the case of photomeson production. 

Francis and Watson*! describe the relation between 
the photomeson production cross sections o, from a 
nucleus of atomic weight A, and ay, the cross section 
for production on free nucleons. The equation 


o7=Anos(d/V a) abs 


represents this relationship, where \ is the mean free 
path in nuclear matter, obs is the absorption cross 
section for mesons, V4 is the nuclear volume, and 7 is 
a factor smaller than one. 

In applying this equation to the present case, the 
value of A, 3X 10~ cm, found by Kessler and Lederman? 
for 120-Mev mesons, has been used since this energy 
is comparable with the mean energy of emitted mesons. 
a, is assumed to be 2 percent of ototai, Where ototai = 610 
mb*® calculated from the mean free path of 500-Mev 
mesons averaging over all emulsion nuclei, taking into 
account their transparency. Furthermore, one has to 
consider that not only the produced, but also the 
scattered mesons are subject to additional scattering 
and absorption (square of absorption factor). Finally, 
contrary to the problem of photomeson production, the 
attenuation of the incident mesons has to be accounted 
for. This has been done in an approximate manner by 
multiplying the number of nucleons per atom by a 
factor P4. P4 is the probability that a 500-Mev meson 
suffers exactly one collision in passing through a nucleus 
of atomic mass number, A. This assumption implies 
that mesons having suffered more than 1 collision in 
passing through the nucleus no longer have sufficient 
energy to produce further mesons. 

If one takes into account heavy and light emulsion 
nuclei and their respective abundance in the emulsion, 
the final result becomes: 


0.02X 610X107 = 3.40 yr, 


and @»r, the cross section for production of charged 
mesons per nucleon, is 3.5 mb or 14 percent of the total 
meson-nucleon interaction cross section at 500 Mev. 
The calculated meson production cross section probably 
has been underestimated, since the mean free path A 
may be smaller than 3X10-" cm. 

A probable overestimate of the meson production 
cross section based only on experimental data can be 
obtained by the following considerations, 

With 135-Mev incident meson energy,‘ only 22 per- 
cent of all interactions in the emulsion have a single 
meson leaving the nucleus. Since in the case of meson 


3tN. C. Francis and K. M. Watson, Phys. Rev. 89, 328 (1953) ; 
92, 291 (1953); compare with I. Reff, Phys. Rev. 91, 150 (1953). 

#S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 92, 1578 
(1953), see also reference 17. 

83 610 mb is in fair agreement with an experimental value found 
by comparing the number of stars and inelastic events with the 
number of incident particles corrected for 4-meson and electron 
contamination. 


159 


production, the probability that two mesons leave the 
nucleus has to be considered, one would expect that 
only 5 percent of all cases with meson production can 
be observed and that actually in 40 percent of all inter- 
actions production of charged mesons takes place. 
This estimate would lead to a cross section of 10 mb 
for production of charged mesons. The value 10 mb, 
however, is considered an overestimate since an incident 
meson, on the average, has to traverse a larger path 
within the nucleus than either of the mesons emitted 
in the case of meson production. 

The actual value of the meson production cross sec- 
tion (charged mesons) will lie between 3.5 and 10 mb. 
From statistical considerations,”® the cross section for 
meson production by mesons is expected to be 12 per- 
cent of the total cross section. 


D. Comparison with Cosmic-Ray Experiments 
1. Meson Scattering 


The mean energy of mesons emitted as shower par- 
ticles in cosmic-ray experiments is 640 Mev.“ There- 
fore, a comparison with experiments using only slightly 
lower energy mesons should be of interest. 

In cosmic-ray investigations it had been assumed 
that for mesons the interaction mean free path is 
geometric over a wide range of energies. With artificial 
mesons (based mainly on counter measurements), 
strong energy dependence of the cross section has been 
found. For 500-Mev mesons the mean free path in 
nuclear emulsions is about twice geometric. Some calcu- 
lations connected with transition effects and the mean 
free path of the star-producing components will have 
to be revised because of these data. 

Interactions of single mesons have been studied by 
the Bristol group. Lock and Yekutieli*® compile results 
on this subject; 86 meson interactions in the energy 
range of 0.1 to 1 Bev are discussed. The conclusion is 
reached that mesons below 160 Mev are strongly ab- 
sorbed, while at higher energies, charge exchange pre- 
vails. This conclusion is based on the relatively low 
excitation energy of stars induced by mesons of energy 
higher than 160 Mev. It is assumed that more than 
50 percent of all mesons suffer charge exchange, a 
value which seems high in comparison to observations 
with artificial mesons. 

Sixteen meson induced events have been found (in 
the majority of the cases the incoming meson energy 
was higher than 300 Mev), where an identified meson 
leaves the nucleus. As in the cases with artificial mesons, 
great energy losses in the emitted mesons have been 
observed ; an attempt was made to explain these energy 
losses on the basis of repeated scattering. This explana- 
tion makes it necessary to assume a high interaction 
cross section for mesons and this assumption is in dis- 


4M. Sands, Phys. Rev. 77, 180 (1950). 
% W. O. Lock and G. Yekutieli, Phil. Mag. 43, 231 (1952). 
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agreement not only with the cross section found for 
artificial mesons in this energy interval, but also with 
observations on mesons in showers produced by high 
energy nucleon-nucleon collisions; the mean energy 
of these shower particles is 640 Mev, and therefore, 
comparable with the energy of the single mesons, ob- 
served by the Bristol group** and in the experiments 
with 500-Mev mesons. 

From the number of mesons scattered backward in 
nucleon-nucleon collisions, the interaction cross section 
of shower particles is estimated to be not greater than 
10 percent of the geometrical cross section. The number 
of black and grey tracks in stars connected with shower 
particles increases only very slowly with the increasing 
number of shower particles and that again favors the 
assumption of a small interaction cross section and a 
small probability for meson reabsorption. 

The discrepancy between the interaction of single 
mesons and mesons produced in “showers” is difficult 
to understand. Several hypotheses*® have been put 
forward to clarify this problem, but none of them is 
entirely satisfactory. The mean free path for mesons of 
energy >300 Mev is equal or even smaller than the 
mean free path of relativistic nucleons; therefore, 
mesons produced in nucleon-nucleon collisions traverse 
in the average the same nuclear path as secondary 
mesons scattered or produced in meson-nucleon 
collisions. 

The difference in the behavior of single incident 
mesons and shower mesons may be connected with the 
production mechanism of the latter, the formation of 
excited nucleons. Not enough is known about this 
process to discuss the consequences this phenomenon 
may have on the scattering of produced mesons. If it 
should be possible to assume that the excited nucleons 
have a finite lifetime ~10~™ sec, for éxample, then 
excited nucleons (great mass, and, therefore, less subject 
to scattering), not single mesons, will traverse at least 
part of the nuclear path. 

One has reason to believe that also in meson-nucleon 
collisions excited nucleon formation may take place*’; 
however, the probability of this process will be smaller 
(only one nucleon as compared with two in nucleon- 
nucleon collisions). 


2. Meson-Meson Production 


Indirect evidence on meson-meson production has 
been obtained in absorption experiments. Rosser and 
Swift®* exposed sensitive emulsions at mountain alti- 
tudes below and above 30 cm of lead. By comparing 

* Camerini, Fowler, Lock, and Muirhead, Phil. Mag. 41, 413 
(1950); Camerini, Davies, Fowler, Franzinetti, Lock, Perkins, 
and Yekutieli, Phil. Mag. 42, 1261 (1951). 


7 Crussard, Walker, and Koshiba (private communication). 
* W. G. Rosser and M. I. Swift, Phil. Mag. 42, 856 (1951). 
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the ratio of charged and neutral primaries producing 
shower particles (m,> 2), a ratio twice as large has been 
found in absorber plates. This effect, if explained en- 
tirely on the basis of meson-meson production, would 
lead to a production cross section nearly equal to the 
geometric cross section of the average emulsion nucleus. 
This result is in disagreement with observations on 
artificial mesons. 

One event of meson-meson production initiated by a 
1-Bev meson has been identified by Camerini et al.** 
The cross section of meson production per nucleon has 
been estimated to be 10 percent of the elastic cross 
section. 

Lal et al.”* found 7 meson showers produced by rela- 
tivistic shower particles from very high-energy primary 
collisions. The showers are of the jet type (few evapora- 
tion tracks) and have a large angular spread. Since this 
type of shower is not observed in nucleon collisions, 
production by mesons has been assumed. The low 
excitation of the nucleus makes it improbable that 
scattering may have occurred. Therefore, some of the 
mesons are emitted originally with rather large angles 
to the primary meson. In the c.m. system more than 
half of all mesons are emitted in the backward 
hemisphere. 

From experiments with artificial mesons of lower 
energy, not enough information is yet available to 
decide if, actually, the produced mesons are emitted 


preferentially in the backward direction. 
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A large, multiple-wire ionization chamber has been used to sample 20 separate areas of the plane of 
observation to obtain detailed “profiles” of the structure of large air showers within about 2 meters of 
their axes. Interpretation of the data is based on (1) quantitative calculations of the transition effect in 
0.305 radiation lengths of dural, and (2) a semiquantitative discussion of the fluctuations in the lateral- 
distribution function. Lateral distribution functions for electrons and photons of various energies have 
been calculated for r<10 meters at the shower maximum and the function for electrons of all energies turns 
out to be essentially equal to the one given by Moliétre. No drastic revision of the calculated distribution 
function is indicated by the data, but a flatter distribution than that calculated is not ruled out. Evidence 
for a multiple-core structure in a small percentage of cases is presented. 





I, INTRODUCTION 


T has been supposed! for some time that a neutral 

m meson, the m’, which decays into two photons 
after a very short lifetime, initiates the high-energy 
electronic cascades commonly called large air showers. 
This belief grew stronger as the existence of the r® was 
confirmed in the laboratory? and as experimental evi- 
dence was obtained in cloud-chamber work*~* which 
showed that 2° mesons are the main, if not the exclu- 
sive, source of photons associated with cosmic-ray 
nuclear events. If a cascade shower is produced from 
each high-energy photon created in the decay of an 
energetic x’ meson, and if there is a multiplicity of r’s 
similar to the multiplicity of charged r mesons produced 
in high-energy nuclear events,® then it would be ex- 
pected that, in general, large air showers would be 
composed of multiple shower cores. The lack of experi- 
mental confirmation of such multiple-cored events does 
not disprove the suspected 7’-meson origin since the 
numbers of such particles produced, their angular 
distribution, and their energy distribution are probably 
not known.’ It seemed, therefore, that a more detailed 
study of the electron density in individual high-energy 
events than had been performed** previously might 


* Supported in part by the U. S. Office of Naval Research and 
the U. S. Atomic Energy Commission. 

¢ Based on a thesis submitted in partial fulfillment of the 
requirements for a Ph.D. degree at the University of Michigan, 
Ann Arbor, Michigan. 

t Present address: General Electric Company, Hanford Atomic 
Products Operation, Richland, Washington. 
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produce evidence as to their origin and shed some light 
on the characteristics of r® production. 

At the time the work to be described here" was begun 
it could only be stated that the available data** on the 
electron-density distribution in large air showers at 
distances from 2 to 100 meters from the core gave no 
indication of a multiple-core structure, and, moreover, 
showed no incompatibility with the theoretical distri- 
bution obtained by Moliére" for a single shower core. 
More recent studies’: of the electron distributions 
found by using a large cloud chamber or a cloud cham- 
ber in conjunction with five ionization chambers pre- 
sented evidence of a “lumpy” distribution near the 
axes of the showers in a small percentage of cases. The 
experimental shower “profiles” to be presented here 
(some of which appeared in reference 10) are in sub- 
stantial agreement with the foregoing conclusion. 

The present experiment was designed to obtain the 
electron-density distribution within 2 meters of the 
core in each useful shower event recorded by using a 
multiple-wire ionization chamber. The chamber has a 
sensitive area of 0.97 m? and a wire separation of 10 cm 
for each of the 20 pulse channels. The use of such a 
chamber combines the well-defined density measure- 
ment obtainable with an ion chamber (as compared to 
geiger-counter arrays) with the resolution of a cloud 
chamber. This apparatus is capable of resolving two 
cores, each having equal energies and “1/r’” density 
distributions, separated by 30 to 60 cm in a direction 
perpendicular to the chamber wires. The actual reso- 
lution is dependent upon the local size of the shower 
and the distance of the axes from the center of the 
chamber. 

The data were obtained at an elevation of about 280 
meters and, therefore, at a depth in the atmosphere 
26.4-radiation lengths where the characteristic scatter- 


Some of the work and results contained here have been 
briefly outlined previously: R. E. Heineman and W. E. Hazen, 
Phys. Rev. 90, 496 (1953). 

"G. Molitre, Cosmic Radiation (Dover Publications, New 
York, 1946). 

2 W. E. Hazen, Phys. Rev. 85, 455 (1952). 

'8 Hazen, Williams, and Randall, Phys. Rev. 93, 578 (1954). 
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ing length 7; is 80 m. We have used Xo= 37.7 g/cm? for 
the radiation length in air. The sensitive volume of the 
chamber was shielded from the upper hemisphere by 
the chamber cover plate of 1-in. dural and an additional 
0.05 in. of aluminum. The transition effect in this 
material is calculated in Sec. III. The chamber was 
placed with its long axis in a north-south direction, 
which thus minimizes the effect (only recently pointed 
out by Cocconi"*) of the earth’s magnetic field on the 
electron lateral distribution. 


Il. EXPERIMENTAL 
A. General 


A block diagram of the equipment used is presented 
in Fig. 1. 

When all 4 Geiger counters are discharged within 
the resolving time (45 usec) of the coincidence circuit, 
the probability is great that a shower core has hit 
within a few meters of the center of the ionization 
chamber. The output of the coincidence circuit trips 
the sweep and brightener circuits of a 20-channel 
synchroscope which displays the amplified pulses from 
the ion chamber. The electron pulses induced on the 
central wires of the chamber by the passage of shower 
electrons through the chamber are separately amplified, 
first by preamps having a clipping time constant of 
about 700 usec, and then by a 20-channel amplifier. 
The latter amplifier was purposely constructed to be 
moderately nonlinear to accommodate a larger range 
of input voltage pulses. After the array of pulses 
appearing on the cathode-ray tubes are recorded on 
35-mm film, a trigger from the synchroscope rewinds 
the camera in preparation for the next 4-fold coincidence 
and records a count on a mechanical register. The time 
of each event is also recorded by briefly illuminating 
the face of a clock mounted on the synchroscope chassis. 
The long time constants in the amplifiers are necessary 
because of the poor photographic properties of the 
light output from the green-phosphor cathode-ray tubes 
used. The Geiger counters have a sensitive area of 350 
cm® and were positioned at the ends and sides of the 
ionization chamber, 132 and 67 cm from the center of 
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Fic. 1, Block diagram of experimental apparatus. 
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the chamber, respectively. Since the selection of inter- 
esting events can easily be made by looking at the 
photographic record, a more selective triggering system 
is not necessary. 


B. Ionization Chamber 


The ionization chamber, shown schematically in 
Fig. 2 with the top plate removed, has ;¢-in. steel 
sides, 1-in. dural top and bottom, and has a collecting 
volume of 7 ft 6 in. X25 in.X8 in. To make end effects 
small (transition effect in the steel walls and capacitance 
to the end walls), a dummy collecting wire is placed 
at each end of the chamber. Grounded cylindrical 
guard rings are used on both ends of each of the re- 
maining 20 collecting wires which are connected to the 
ground through separate 100-meg resistors. The cham- 
ber itself is connected to the high-voltage supply and 
shielded by a grounded aluminum and galvanized-iron 
box. 

Calibration polonium-a sources were deposited on a 
copper rod which lies inside a brass cylinder on the 
bottom of the chamber. The rod can be turned so that 
a particles are emitted through holes in the cylinder 
beneath each of the 20 wires or turned so that they are 
completely absorbed in the walls of the cylinder. In 
addition, one source is so constructed that it can be 
moved vertically from the bottom plate up to the wire 
above it in order to test for electron attachment in 
impurities in the argon filling the chamber. This test 
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Fic. 2. Schematic diagram of the ion chamber with its 1-in. 
dural top removed. The parameter 6 locates the shower axis in a 
direction perpendicular to the long axis of the chambeér. 


was suggested by Driggers,!® and his results are con- 
firmed as described below. 

The a-pulse heights which were recorded as the 
movable source was positioned at varying distances 
from the central wire, before and after successive 
attempts at purification of the argon, are shown in 
Fig. 3. The argon was purified by circulating it through 
a heated cylinder containing calcium turnings. Positive 
circulation was ensured by connecting a centrifugal fan 
to the rotor of an induction motor within the pressurized 
system. For the case in which there is no attachment 
the a-pulse heights should decrease as the source is 
moved closer to the wire, because of the ionization 
being deposited in regions of lower potential. This 


4 F, E. Driggers, Phys. Rev. 87, 1080 (1952). 
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decrease should not be very drastic since the range of 
the a particles is only 0.5 cm (37 psia of argon) and the 
rod is in contact with the high voltage shell of the 
chamber. To predict the decrease quantitatively is 
difficult since the field geometry is complicated and the 
source emits particles in any direction within the upper 
hemisphere. For the latter reason, it is expected that 
widely varying pulse heights should be observed for 
source-to-wire distances that are of the order of the 
range of the alpha particles. This was indeed observed 
and makes the uncertainty in the pulse-height determi- 
nations relatively large for these small distances. The 
decrease in pulse height from curve I to II is assumed 
to be caused by outgassing of the calcium turnings and 
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Fic. 3. Relative polonium a-pulse height / vs distance p of an 
a source from a central collecting wire. The curves are normalized 
to 1.0 at p=1. The data in curve I were taken before attempting 
purification, and the data for the other curves were taken after 
the purifier had been operated for 4 hours at 250 watts (II), 
2 hours at 500 watts (III), and 3 hours at 500 watts (IV). Typical 
estimated errors are given for curve IV. 


purifier, while curves III and IV indicate a decreasing 
attachment probability with further purification. 

In Fig. 4 are presented typical saturation curves of 
a single channel taken before and after purification. 
They show the a-pulse height for a stationary source 
vs the chamber high-voltage. From the shapes of these 
curves it is evident that the saturation of the a-pulse 
height as the chamber voltage is increased does not 
necessarily, in itself, indicate the absence of electron 
attachment. 


C. Measurement of Ionization 


The passage of a high-energy shower electron through 
the chamber produces ionization, low-energy electrons, 
and positive argon ions. The quantities measured 
directly for each event are the numbers of these 
secondary electrons which are liberated within the 
sensitive volumes of each of the 20 wires, as described 
in this section. It will be shown in the next section 
that there is a simple relationship between these 
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Fic. 4. Saturation curves taken with an @ source at the bottom 
of the chamber before (I) and after (II) purification of the argon: 
a-pulse height h vs chamber voltage Uo. 


numbers and the numbers of shower electrons passing 
through each of these volumes. 

Rossi and Staub'*® have shown that the voltage pulse 
appearing across the collecting electrode and ground 
of an ion chamber is 


el No 
4 >» Ui, 
C OU i= 


Vy 


if the output-time constant of the chamber is so long 
that all the electrons are collected but short enough so 
that the positive ions have not moved appreciably from 
their position of formation when the pulse begins to 
decay. In this expression, C is the output capacitance 
of the collecting electrode, e is the charge on an electron, 
U is the high voltage on the chamber, No is the number 
of ion pairs formed in the sensitive volume of the 
collecting electrode, and U; is the potential at the 
position of formation of the ith ion pair. Since the 
number of shower electrons passing through the cham- 
ber in each recorded event will be rather large, it is 
reasonable to assume that little error will be incurred 
by using the value of >>; U, which would be found for 
a uniform distribution of ionization throughout each 
sensitive volume. Then we may write 


eNoU; eNo 
CU C 


where f= 0.87, as calculated for our chamber geometry. 
It can easily be shown that the presence of one dummy 
wire on each end of the chamber is sufficient to make 
the value of f essentially the same for all collecting 
volumes. 

It is obvious that the foregoing method of finding 
the voltage pulse on a wire may be validly applied to 
our chamber only insofar as the ionization which is 
collected solely on that wire does not affect the po- 
tentials of the other wires. The magnitude of the 

6B. Rossi and H. Staub, Jonization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), 
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induction effect has been calculated'’ for the case in 
which there is a uniform density of ionization through- 
out the collecting volume of one wire, whose voltage is 
thereby changed by an amount V. Then it was found 
that the voltage V; on an immediately adjacent wire 
is given by V;= —0.027V. The effect is so small that 
it is neglected. 


D. Calibration 


Since the energy loss by ionization for relativistic 
electrons is almost independent of their energy, it can 
be assumed that each shower electron, in passing 
through the chamber of height / centimeters, liberates 
the same number of ion pairs No=/j6. 6 is the density 
of argon in g/cm‘ and / is the average specific ionization 
of the electron in ion pairs per g/cm’. Then, from the 
previous section the voltage pulse produced by II 
shower electrons whose ionization is all collected on one 
wire is given by 


V =lNcef/C=Mefl j/C. 


To calibrate the output voltage V, either a known 
amount of ionization must be placed in the chamber or 
the capacitance C determined. Since C is very difficult 
to evaluate, the former method is used. It has been 
shown" that the number of ion pairs formed by an 
alpha particle in argon is proportional to its energy. 
If we let Wo be the energy necessary to form one ion 
pair, the pulse height V, observed because of the 
collection of the charge produced by an alpha particle 
of energy Eq is Qa/C=(E./Wo)/C. The factor f does 
not appear because the a sources are located near the 
shell of the chamber where the potential changes only 
slightly within a distance equal to the range of the 
a particles. Eliminating the capacitance in the above 
expressions, we find 


Since it is believed’ on theoretical grounds that the 
energy W» expended to form one ion pair is independent 
of the type of ionizing particle, /Wo may be considered 
to be the energy dissipated in collision processes by the 
shower electron. Since the average energy of shower 
electrons is 100 Mev,” jWo is found to be 2.1X10° 
ev g/cm’. It is to be noted that the Jofal energy loss 
by collision should be used since shower theory, which 
is used to interpret the data, does not count energetic 
secondary electrons produced by collision as separate 
shower electrons. Though some collisions give rise to 


17R,. E. Heineman, thesis, University of Michigan, 1953 
(unpublished). 

18 Jesse, Forstat, and Sadauskis, Phys. Rev. 77, 782 (1950). 

%B. Rossi, High Energy Particles (Prentice-Hall, Inc., New 
York, 1952). 

2B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 
(1941). 
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secondary electrons so energetic that they do not dissi- 
pate all their energy before leaving the argon, there 
are a compensating number of secondary electrons 
entering the chamber since the collision probabilities 
and energy loss in argon and in air (or aluminum) are 
almost the same. 

Calibration pulses are recorded by uncovering the 
sources and tripping the sweep circuit at random. Since 
the alphas are released at random also, the super- 
position of a large number of sweeps produces a row of 
pulses whose heights can easily be measured. As a 
secondary calibration for the nonlinear amplifiers, a 
precision pulser is used to pulse the shell of the chamber, 
inducing pulses of identical voltages on all 20 channels, 
and to trip the sweep circuit simultaneously. 

By comparing an a pulse with the induced-pulse 
heights the capacitance C can be calculated. Using a 
value" of 26.4 ev for Wo, we find that C=4.2 puf. A 
value calculated from the geometry of the chamber is 
4.3 upf. Considering the difficult geometry and the 
uncertainty in Wo, we find the agreement better than 
could be expected. This calculation is of interest because 
it increases our faith in the similar calculations of the 
induction effect between channels. 


Ill, THEORETICAL CONSIDERATIONS 


It was shown in section II that the pulse heights on 
the cathode-ray tubes could be interpreted in terms of 
numbers of electrons traversing the sensitive volumes 
of the ionization-chamber wires. However, because of 
the transition effect in the 1.05 in. of dural above the 
collecting volume of the chamber, these numbers are 
not necessarily the same as the numbers of electrons in 
the air shower incident on the dural. Since this effect 
is dependent upon the energies and the relative numbers 
of electrons and photons, it depends also upon r, 
distance from the shower axis. Therefore, in part A 
below we use the results of shower theory to calculate 
the lateral distribution of electrons under 1.05-in. dural, 
and from this distribution we calculate, in B, the 
response of the ion-chamber channels to such a distri- 
bution. We must then look for consistency between 
observed data and the calculated response curves. If 
inconsistencies are found, they could conceivably be 
explained by assuming that (1) shower theory, as used 
here, inadequately describes the showers observed ; 
(2) there is a multiplicity of cores associated with a 
particular event; or (3) the fluctuations in the lateral 
development of showers are large. These possible de- 
partures from the response curves calculated for the 
average single shower core are discussed in C and D. 


A. Lateral Distribution of Electrons Under 
1.05 in. Dural 


A general description of the method used to find this 
distribution will first be given. The calculations of the 
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specific functions and constants required by this method 
are outlined in the succeeding subsections. 

Let P,(E,r,s)rdrdE be the average relative number 
of electrons of energy E£ in dE passing through the 
plane of observation in an annular ring between r and 
r+dr from the axis, and in a direction making any 
angle J with the axis, of a shower of age s. Let this 
function be normalized such that 


F 4 (Eo, £,t) 
f P,(E,r,s)rdr = —_———, 
7 il (E,0,t) 


ff Persyrarae=1, 
0 0 


where 4(Eo,£,/)dE is the number of electrons of energy 
E in dE found at a depth ¢ from the origin of a shower 
of total energy Ey and II(£,0,/) is the number of 
electrons in the shower at depth ¢ having energies E>0. 
The age parameter s is a function of Eo and ¢, defined 
by Eq. (2.104) of reference 19, Let Q,(W,r,s)rdrdW be 
a similar function for the photons of energy W, where 


" ¥(Eo,W,t) 
i) 0,(Wr,s)rdr=-—_————, (2) 
0 11 (E,0,0) 


and y is the differential photon spectrum. Q, is 
normalized with respect to II because, in the usual 
shower theory approximations, the corresponding in- 
tegral photon function, limwol'(Eo,W,d), is infinite. 
Let N(E),£;7,5,7) be the relative number of electrons 
of energy between £, and £2 found in an annular ring 
between r and r+dr under a thickness of absorber + 
when a shower of age s is incident above the absorber; 
and let n(E’,r,s,r)dE’ be the corresponding number of 
electrons of energy E’ in dE’. Then we may write 


E2 


MM (hE ; r,S,7) id f 
Fi 


n(E’,r,s,7)dE, 
and 


niBirsin)= f T(E,E',1)rP,(E,r,s)dE 


0 


+f T(W,E’,r)rO,(W,r,s)dW. 
0 


The function 7(£,E’,r) is the number of electrons of 
energy E’ created in the absorber, relative to the 
number of electrons of energy E which were incident 
on the absorber and led to their creation. Similarly, 
T(W,E’,r) is the number of electrons of energy E’ 
produced relative to the number of incident photons of 
energy W which led to their creation. It is assumed 
that neither a particle nor any of its secondary electrons 
experiences a displacement in 7 in traversing the layer. 
For the great majority of all electrons, this displacement 
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is small compared to the separation of the detector 
areas in this experiment. 

The function we want to calculate, 91(0, ; 7,s,7), for 
7 equal to 1.05-in. dural, or 0.304Xo, is normalized 
such that 


“ II (Eo,0,t+r) 
f (0, ; r,5,7)dr=— eae 
0 11 (Eo,0,t) 


The dependence of Xt on + will not be shown hereafter 
since we shall be interested in only one value of this 
parameter. Because very little is known about P, and 
Q, for any point in the shower development except the 
maximum, it will be assumed that all showers incident 
on the chamber are at their maximum. The dependence 
on s need not be shown explicitly since s=1 will be 
understood. 

The integrations in (3) must be performed numeri- 
cally since good analytical functions for P, and Q, are 
not available for all energies. The functions 7(E,E’) 
and 7(W,E’) vary slowly with E and W. We may 
therefore use a small number of energy intervals AZ, 
and AW, and represent the functions 7 in each interval 
by constants, which are called transition factors. They 
are the values of the functions calculated at an energy 
equal to the median electron energy of each interval. 
With the above simplications, we use (3) and obtain 


(0,0 ; 7) = 30; n(AE;; 1), 


and (4) 


n(AEj,r)=D.{ T(E, AE) N.(AE;; 1) 
+T(W,,AE;)N,(AW;; n)}, 


where 


volabas = f rP,(E,r)dE (5) 
AE; 


is the distribution function for incident electrons having 
energies in the energy range AE,. V,(AE;;1r) isa similar 
function for the incident photons. Equation (4) may 
be rewritten, so that the distribution function for 
electrons of all energies under the layer of dural is 


N(0,% 5 7) = LAL LT (Bi, AE;) N(OE;; 1) 
+> [7(W,,4E;) NV ,(OW;; n)}. (6) 
(1) Lateral Distributions of Incident 
Electrons—N ,(E,,E2; r) 


The incident electrons have been divided into five 
energy ranges, and the corresponding radial distribution 
functions which have been calculated are shown in 
Fig. 5. 

From Eqs. (1) and (5), it is seen that these functions 
must satisfy the condition that 


, Po( Eo, £2) — Po( Eo, £1) 
f N (E,,Es; r)dr°=——_—_ acticin? 
0 Po(Eo,0) 
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Fic. 5. Lateral distribution functions for shower electrons of 
energy in the range AZ;, N.(E,E2;r), and the Moliére function, 
2xrf,, for electrons of all energies. The curves refer to showers at 
their maximum in air where r,;=80 m. Energies are in units of 
the critical energy €. 


where Po(E»,£) is the integral track length of electrons 
of energy greater than £, used in shower theory.’.” 
The approximation indicated is best when Ep and / are 
such that the shower is at its maximum. To evaluate 
(7) we have connected the numerical results of Richards 
and Nordheim,” for E<3e, to the results of shower 
theory Approximation A, where ¢p is the critical energy 
in air, 84.2 Mev."® These results allow a normalization 
of the functions P,(x), where x= (Er)/eors, given by 
Eyges and Fernbach.” 

Since the method used by EF did not give the 
behavior of the functions P,(x) near x=0, they did 
not prescribe their functions in this region except for 
very high energies, E> 10¢o. In this case they used the 
similar high-energy function obtained by Moliére to 
continue their function to x=0. Since the Moliére 
function does not fit smoothly with the distributions 
given by EF for lower energies, we have continued the 
latter to zero (on a log-log plot in which the curvature 
is minimized) in such a way that they preserve the 
general shape of Moliére’s high-energy function. It is 
to be noted, however, that the normalization is found 
independently and that there is little freedom left in 
the process of continuing the curves smoothly to zero. 

It is perhaps surprising that the sum of our distri- 
bution functions is essentially equal to the total- 
distribution function of Moliére" since different ap- 
proximations have been used in each. The form of this 
function which has been given by Bethe? is 


2erf,(0,7,1) =0.454(2xr,) (14+-447/r1) expl—4(7/r1) 4], 


and is shown in Fig. 5 also. Actually, we might hope 
that our treatment is better than that of Moliére for 
the range of r considered. For high energies, E> 10¢, 
the functions used here are probably better, though 
equal to Moliére’s high-energy function near r=0. For 
intermediate energies, 2¢9S ES 10¢o, the functions used 
are similar to Moliére’s high-energy function for r< 10 


% J. Richards and L. Nordheim, Phys. Rev. 74, 1106 (1948). 
#1. Eyges and S. Fernbach, Phys. Rev. 82, 23 (1951), herein 
after referred to as EF. 
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m, but differ in their normalization. For low energies, 
E<2e, the function used was that constructed from 
the EF function for E=2e. Though this function 
would again be similar to the one used by Moliére, the 
relative numbers of low-energy electrons should be 
quite reliable in our calculations as compared with the 
rather poor approximations available to Moliére (see 
Blatt®). Though there has been some controversy 
recently™*> concerning the assumptions underlying the 
calculations of EF and Moliére, our use of the results 
of the former can be regarded as a choice of a first-order 
approximation which seems to have given at least fair 
agreement with experiment in the past. 


(2) Lateral Distributions of Incident 
Photons—N ,(W1,W2; 1) 


The calculated lateral photon distributions for the 
four ranges of photon energies above 0.19) are shown 
in Fig. 6, together with Moliére’s electron distribution 
for E>O (dotted). The photon distributions were 
obtained as follows. 

A comparison of the renormalized Moliére photon 
distribution,” for energies W>>eo, with the numerical 
photon distributions, for energies W > 10¢€) and W = 10¢e, 
Se, and 2¢, given by Eyges and Fernbach,” showed 
good agreement for the range of r to be considered. 
The renormalized,” analytical distribution Q,’(«) of 
Moliére was therefore used, since it could be integrated 
easily. This distribution is 


Qr!(z)=—— 


2x 
31.94 exp( - — ) 
(0.1)! 0.806 ( 2x ) 
———_———-+——— exp[ - ———_ 
2x 


ot a 
3.25 (3.25)! 


(0.1)! 


where x= (Wr)/eor, and fo”Q,’ (x)xdx= 1. This function 
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Fic. 6. Lateral distribution functions for shower photons of 
energy in the range AW;, N,(W1,W2;r); the Moliére electron 
distribution, 2rrf,; and the distribution function for electrons of 
all energies under 1.05-in. dural, 9U(0,; 7). The curves refer to 
showers at their maximum in air where r;=80 m. Energies are 
in units of the critical energy €o. 


*% J. M. Blatt, Phys. Rev. 75, 1584 (1949). 

*H.S. Green and H. Messel, Phys. Rev. 88, 331 (1952). 
28 G. Molitre, Phys. Rev. 93, 636 (1954). 

26 G. Molitre, Phys. Rev. 77, 715 (1950). 
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is normalized correctly for high energies where the 
Approximation A of shower theory is correct. Since it 
does not give the correct numbers of photons at lower 
energies, we introduce a correction function o(W) given 
by 
r’ Q,(W,r) 
e(W)=——_ ——_—_.. 

0.437 Q,’ (x) 
By comparing the normalization of Q,’(«) with that 
for 0,(W,r) given by (2), we find 

1 (- 2 y(Eo,W,t) w( E,W, 

0.437 ~} + (Eo,W,t) 11(Eo,0,0) 
from which o(W) will be calculated. At high energies 
under Approximation A, it is found that y/m=9/7 and 
m/I1=0.437(€o/W)*. At lower energies we equate y/m 
to go(Eo,W)/po(Eo,W), where go and po are the differ- 
ential track lengths of photons and electrons of energy 
W, respectively ; and w/II to po(Eo,W)/Po(Eo,0), where 
P,(W,O) is the integral track length of all electrons 
having energy W>0. Using values for the track lengths 
calculated by Richards and Nordheim,” we plot go/ po 
as curve I and (/I)approx a/(po/Po) as curve IT in 
Fig. 7. It is seen that both curves vary much more 
rapidly with energy than 1/o(W), shown as curve III 
in Fig. 7. 

The incident photon distributions can then be written 


0.437 ix 
N,(Wi,W2; r) == —o(@) f Q,’ (x)dx, (8) 
Lal r1 


where o(W) has been replaced by an average value, 
o(W,), over the energy range considered. The values 
of o(W,) which were used are given in Table I. 

In calculating the distribution for the highest energy 
range, (10¢,%), W. in (8) should not, of course, be ~, 
but some upper limit Wiax<o. Even though the 
lower limit, W;, is much less than Wynax in our case, 
the detailed behavior of the integral for r less than 5 
or perhaps 10 cm is dependent upon Wimax. Since our 
ionization chamber is insensitive to changes in the 
distribution function at such small distances from the 
shower core, we have made suitable assumptions con- 
cerning the height of production of the showers, their 
energies, and the degradation of this energy. The 
approximations made should give an adequate repre- 
sentation of the distribution near r=0 for all showers 
observed. 


Taste I. The average values of o(W), o(W,), for the energy ranges 
(W1,W2). Energies are in units of the critical energy ¢o. 


(W1,W2) (10, « ) (2,10) 
W; 20 3.75 
o(Wi) 1.22 1.06 


(0.5,2) 
0.92 
0.81 


(0.19,0.5) 
0.31 
0.55 
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Fic. 7. Curve I: go(Eo,W)/po(Eo,W). Curve IL: [w(Eo,W)/ 
I1(F0,0) Japprox. A/LPo(Eo,W)/Po(Fo,0)]. Curve III: 1/0(W). 
o(W) is a slowly varying function which ensures a correct normal- 
ization of the photon distribution functions for photon energies 
W <10eo and is equal to [Curve I/Curve IT]. 





(3) Transition Factors -T(E,,AE;) and 7(W;,,AE;) 


The calculations to be outlined in this section can be 
grouped into two portions. First, under the assumption 
that the secondary particles produced in the dural do 
not cause further multiplication we find transition 
factors which are labeled 7. Second, the factors 7'p are 
used to obtain the transition factors 7, which take 
account of the interactions of the secondaries. For 
example, we must find the numbers of photons in an 
energy range AW;, which are radiated by electrons in 
any other possible energy range, of median energy B,, 
and which materialize before reaching the bottom of 
the dural layer. The inclusion of secondary interactions 
does not necessitate a revision of our general method 
as summarized in Eq. (6), since, for the example above, 
the electron pairs will be counted in the end as if they 
were created directly by the incident electrons. 

The results of the first part of this work are shown 
in Table II. It is to be noted that though we calculate 
T)(£;,AW;), the number of photons in the energy 
range AW; produced by electrons having a median 
energy EK; (so that their secondary electrons may be 
found), we do not present factors 7)(W;,AW,) since 
processes in which photons are simply degraded in 
energy are not significant at these high energies. 

The results of the second portion of the calculations 
are presented in Table III. By comparing the results 
of Tables II and III it is easily seen that the corrections 
for secondary interactions are small except at low 
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Taste II. Transition factors 7. Energies are in units 
of the critical energy €. 





Ei or W. 


3.75 0.92 


To( Wi,48;) 
0.207 0 0 
0.158 0.172 0 
0.036 0.144 0.160 
0.007 0.034 0.101 
0.004 0.013 0.051 
T(Bi,4E) 
0.834 0 9 
0.147 0.823 0 
0.019 0.149 0.842 
“A” 0.019 0.122 
A 0.008 0.036 
T(Bi,aW;) 
0.168 0 0 0 
0.490 0.141 0 0 
0.495 0.402 0.115 0 
0.342 0.341 0.262 0.068 
0.607 0.588 0.555 0.393 





0-0.19 


10- 
2-10 
0.5-2 
0.19-0.5 
0-0.19 


10-2 





energies, where, however, there are only a relatively 
small number of electrons. The treatment given the 
low-energy particles is straightforward and will be 
discussed briefly. 

We neglect the incident electrons in the range 
(0,0.19¢9) entirely, since it has been shown by Barker” 
that the average effective range of electrons of energy 
16 Mev=0.19e is 1.05-in. dural if ionization and 
radiation losses are fully taken into account. As we 
shall see below, the small numbers of incident photons 
in this energy range will scatter few electrons or produce 
few pairs of electrons having sufficient energy to pene- 
trate the rest of the dural ; and they have been neglected 
also. Thus, we must consider further only the low-energy 
secondaries produced in the dural. 

It can easily be estimated that only about 20,2 
percent of those electrons produced in the energy interval 
(0,0.19¢9), by either pair production or radiation, from 
particles in higher energy ranges would be observed 
under the dural. It can also be shown that the number 
of observable electrons arising from Compton scattering 
of secondary photons in the energy range (0.04€0,0.19e9) 
is about 3.3 percent of the number of photons, and 
almost independent of their energy, in this range. Since 
the probability of pair production is equal to the total 
probability for Compton scattering at about 16 Mev 
=(.19¢, the Compton scattering factor has been 
doubled to give an approximate upper limit for both 
processes. The transition factors for these low-energy 
particles were then computed and listed in Table III. 

The lateral distribution of electrons under 1.05-in. 
dural, 91(0,; 7), is then obtained, according to (7), 
by multiplying each lateral distribution curve found in 
Secs. III.A(1) and III.A(2) by the sum of the appro- 
priate transition factors from Table IIT and adding. 
The result is shown in Fig. 6. 


n P. R. Barker, thesis, University of Michigan, 1952 (unpub- 
lished). 
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B. Ionization Chamber Response Curves 


A set of curves has been prepared which gives the 
number of shower electrons passing through the sensi- 
tive volume of each wire when showers characterized 
by a lateral distribution function 0(0,% ;7) pass through 
the plane of observation in the vicinity of the chamber. 
The coordinates in the plane of observation have been 
designated “wire number” and 6. The ion-chamber 
wires are labeled with consecutive integers from the 
shower axis outward. 6 is the distance of the shower 
core from the center of the chamber in a direction 
perpendicular to the long axis of the chamber (see 
Fig. 2). This set of response curves is shown in Fig. 8 
and assumes a total number of electrons II(£o,0,t) 
= 2 10*. Since the number of electrons V; per channel 
is directly proportional to II, curves for different values 
of II are easily obtained from those of Fig. 8. 

In general, Fig. 8 presents 2 curves for every value 
of 5, though the curves differ only near the shower axis. 
Each peaked curve is for a shower that hits one wire 
(numbered 0) directly. Each flat-topped curve is for a 
shower which hits between 2 wires. The dotted curve 
shows the response of the chamber, for 6=0, to a 
Moliére distribution, which is not corrected for the 
transition effect. If all ordinates of this response curve 
are multiplied by a factor 2, then the curve is almost 
identical to the response curve, corrected for the 
transition effect, for 6=23.5 cm. We see that the 
transition effect sharpens the distribution by increasing 
the peak height and decreasing the half-width slightly. 
This is to be expected since: (1) the spread of a shower 
is proportional to the characteristic scattering length, 
which is 80 m for air and 4 cm for Al; and (2) the 
multiplication of the high-energy particles is inversely 
proportional to the radiation length, which is 37.7 g/cm? 
for air and 24.5 g/cm? for Al, while the energy loss by 
collision for the low-energy electrons per g/cm? is 
almost the same for air and aluminum. 


C. Systematic Departures from the 
Response Curves 


The response curves were obtained under the assump- 
tion of a lateral distribution function for a cascade 
shower, initiated by one particle and observed at its 
maximum. Thus, it would be expected that the experi- 


Taste III. Transition factors T(£;,AE;) and T(W;,4E;). 
Energies are in units of the critical energy eo. 
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mental data will exhibit systematic departures from 
the theoretical curves. 

First, if one considers the region around the shower 
axis where the majority of all electrons have energies 
E>e«e, that is, r&r;, it has been shown” that the total 
distribution function has a singularity which behaves 
as 1/r’~* where, of course, s= 1 for the shower maximum. 
Though it would be difficult to ascertain the exact 
effect which would result from our attempt to analyze 
data from relatively old showers on the basis of curves 
calculated for the shower maximum, it is plausible 
that, if 6 may be used as a variable parameter, the 
distribution in the assigned values of 6 would not be 
random; i.e., there would be no events which fit the 
response curve for 6=0, but there would be a dispro- 
portinate number which fit the curves for rather large 
values of 6. 

Second, it is to be expected as discussed in Sec. I 
that the large air showers are, in general, superpositions 
of showers of various energies initiated by decay photons 
from more than one x” meson. In order to be able to 
resolve multiple maxima in this experiment, the sepa- 
rate showers giving rise to the individual maxima must 
have (1) comparable energies, (2) separations d= 30 cm, 
and (3) their cores lying on a line nearly parallel to 
the long axis of the ion chamber. With these require- 
ments in mind, we shall consider single and multiple 
production. 

If a single x’ meson is the precursor of a shower, a 
double core would be expected. In order to ascertain 
whether or not the structure should be observed 
experimentally, the energies and angular separations 
of the decay photons must be determined. In the 
extreme relativistic case, E,*>>mgc?, where E,° is the 
energy of the meson and mp its rest mass, it can easily 
be shown that toa very good approximation the angular 
separation is 2mgc?/E,°. The approximation becomes 
poor only when most of the energy of the 7° is carried 
off by one of the photons. However, the resulting 
shower structure would not be resolvable under this 
condition because of statistics. If the neutral mesons are 
assumed to have been produced at an altitude of 15 km, 
the above expression implies a lateral separation of 
r-decay-photon showers of 


d(cm) =4.1X 10"/E, *(ev). 


The question of the separations to be expected be- 
tween cores produced by two or more neutral mesons 
is, probably, still unanswered. The suggestion of Lewis 
ef al.' is not satisfying because, contrary to experiment, 
it predicts multiplicities of about 100 at the usual 
shower energies with core separations of about 10 meters 
at the observation level. By using the thermodynamic 
approximation” of Fermi'’s statistical theory of multiple 


28 T. Pomeranchuk, J. Phys. (U.S.S.R.) 8, 17 (1944); A. Migdal, 
J. Phys. (U.S.S.R.) 9, 183 (1945); J. Nishimura and K. Kamata, 
Progr. Theoret. Phys. (Japan) 5, 899 (1950). 

* FE. Fermi, Phys. Rev. 81, 683 (1951). 
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Fic. 8. Chamber response curves: the number of electrons N, 
passing through the sensitive volume of wire number i when the 
axis of a shower containing II = 2X10‘ electrons passes through 
the plane of observation at a perpendicular distance 5 from the 
long axis of the chamber. The dotted curve is the response 
assuming a Moliére distribution uncorrected for the transition 
effect in the dural above the chamber volume. 


meson production, estimates closer to experimental 
observations have been obtained.’ The predicted sepa- 
rations are still too large—about 1 to 10 meters—to be 
in agreement with shower data. 

The possible roles which the highly interacting 
N component of the showers may play in the production 
of a soft component related only indirectly to the 
showers produced in the initial primary interaction 
have not been discussed so far. A quantitative estimate 
of its contribution to the electronic distribution function 
is impossible at present. It can be expected, however, 
that a general background of lower-energy showers is 
added to the initial shower, or showers. The low energy 
is a result of the degradation of the energy reaching 
the soft component via the nucleonic cascade. 


D. Fluctuations 


A given density distribution found in the ion chamber 
may be interpreted adequately only if the fluctuations 
in the lateral distribution function are known or can be 
estimated. Blatt® has concluded in a qualitative way 
that the fluctuations should not be much larger than 
those expected if the shower particles are completely 
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TasLe IV. Numbers of fluctuation cores of various energies 
found at distances r from the shower axis between 7; and rz 
which result from single, large-angle scattering of high-energy 
electrons early in the shower development. 
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independent. For our experiment this implies that the 
fluctuations in the response of each detector area would 
be \/N,, where N, is the average number of electrons 
passing through the ith area. 

As Blatt points out, the fluctuations in the lateral 
distribution feature (1) a “short memory” and (2) a 
“small amplification.” The short memory is a result of 
the large displacement (>>10 cm, the wire spacing of 
our chamber) of electrons from their point of origin 
caused by multiple scattering when their energy is low 
enough for them to be found an appreciable distance 
(many wire spacings in this experiment) from the 
shower axis. If their energy is this low, then these 
electrons produce few secondaries and show a small 
amplification for fluctuations. Illustrative examples of 
the above statements are readily obtained by picking 
an energy for the electrons, finding their rms displace- 
ment from the shower axis, and calculating their rms 
displacement per radiation length due to multiple 
scattering. It is then seen that the electrons must have 
an energy >>¢» in order for their progeny to appear to 
be related in their lateral position. Since we shall have 
a detailed view of the structure near the shower axis in 
this experiment, it is necessary to consider the possible 
consequences of fluctuations of the very high-energy 
electrons found near the shower axis. We shall therefore 
calculate the probability that one of the high-energy 
electrons found in the early development of the shower 
undergoes a single, large angle scattering, so that its 
progeny resembles an auxiliary shower having an 
independent origin. 

Since a model of the shower development is required, 
we assume that a photon of energy Eo, produced 3 
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radiation lengths (2125 g/cm?) down from the top of 
the atmosphere, initiates a shower in which each elec- 
tron and photon produces two equally energetic parti- 
cles by radiative and pair production processes, respec- 
tively, for each radiation length of air traversed. Table 
[V is a collection of the numbers which have been 
obtained’ from this model for two initiating energies. 
II is the total number of electrons at depth /, and E£ is 
their energy. The numbers of such cores .V(r1,r2) found 
at a distance r between 7; and r2 from the main shower 
axis are negligibly different if primary electrons are 
assumed, 

As an example, it is seen that in 3.5 percent of the 
cases of 10"-ev showers, two equally energetic ‘“fluctu- 
ation cores” (as these fluctuations will be called) of 
energy 5X10" are found separated by distances of 
from 8 to 17 cm, with the majority having the smaller 
separation (V~1/r’). An upper limit of 0.9 percent 
have separations of from 17 to 34 cm. For comparison, 
the most probable separation for two r° decay-photon 
showers at this energy is 41 cm. It is also seen that, 
for this experiment, fluctuations of this type are 
negligible for energies E)> 10" ev. 

From the above discussion it appears justifiable to 
assume that, except in the rare case in which a fluctu- 
ation core is found, the rms fluctuations in the numbers 
of electrons per channel in the chamber are only 
negligibly larger than +/.V;. Actually, since there is a 
spacial dependency introduced in the positions of the 
pairs of electrons produced in the materialization of 
photons in the dural, the transition effect increases the 
fluctuations to about 2\/.V;/V3 = 1.15\/ N;. 
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. Events showing a flat distribution of ionization 
and no systematic fluctuations. 
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IV. EXPERIMENTAL RESULTS 
A. Individual Events 


The four-fold coincidence rate of the Geiger counter 
arrangement described in II was 4.10+0.13 hr“; in a 
total running time of 109 hours about 430 shower 
events were recorded. The reduced data for the most 
interesting events are shown in Figs. 9-12. In plotting 
these results the wires have been numbered consecu- 
tively from one end of the chamber and the number of 
electrons passing through the sensitive volume of wire 
i is denoted by N;. In almost every case the indicated 
errors are 1.154/ Nj. 

The first group, events 1-4, showed no systematic 
change in density over the chamber and were selected 
because they were the largest of their type observed. 
They are assumed to be caused by high-energy showers 
whose axes pass through the plane of observation 
relatively far from the chamber. The close agreement 
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between 4/N, and o, the rms deviation from the mean, 
show that at least far from the shower axis the fluctu- 
ations are not larger than expected. 

The second group, events 5-9, exhibit rather striking 
changes in density over the chamber, and have been 
interpreted to be the result of showers whose axes 
passed through the chamber area or were immediately 
adjacent thereto. Response curves from Fig. 8 have 
been selected which can perhaps best represent the 
data and are shown on the figures. In general, the 
agreement is not too unsatisfactory and appears to 
require no drastic revision of the lateral distribution 
function calculated in III. In event 6 a shower core 
was assumed to have passed between the first two wires 
of the chamber since NV; and No», the numbers of elec- 
trons passing through the first and second detector 
areas, were so nearly equal while the ratio V2/N; is so 
very large. Event 8 was the largest obtained, and the 
height of the peak has not been determined very 





R. E. HEINEMAN 


1 *1,5110* 
8+ 96.5cm 








EVENT i2 
4 








mm 8 
10 CM 


12 16 
WIRE NUMBER 


Fic. 11. Events which exhibit small, but consistent, changes in 
electron density across the length of the chamber. 


accurately since the center channel was overloaded and 
its response could only be estimated by the amount of 
undershoot. The two immediately adjacent channels 
were just at the overload level. Therefore, two curves 
have been chosen, but they show too little difference to 
make a choice between them readily apparent. The 
attempt to fit event 9 with a single response curve from 
Fig. 8 is less satisfactory than for the other events in 
this group. Adding an auxiliary shower whose core hits 
wire No. 14 gives a better fit over the region nearest the 
main core, but does not provide any improvement in 
fitting the tail. By fitting events 8 and 9 with a single 
shower curve it has been necessary to make a compro- 
mise between picking a response curve which had a 
half-width narrow enough (6 small) and a tail which 
was high enough (6 large). 

The next three events, 10-12, have been ascribed to 
showers whose axes hit relatively too far from the 
chamber area to show a very pronounced maximum. 


For the showers shown here, the statistics are too poor 
to rule out fits using monotonically increasing or 
decreasing response curves. There is relatively poor 
agreement between the data and the curve shown for 
event 11. 

Though the last two events shown, 13 and 14, have 
relatively flat distributions, they have fluctuations 
from the average which are almost twice 1.15,/N; and 
which show a systematic behavior across the chamber. 
The former event is difficult to interpret except in 
terms of two separate shower axes, presumably due to 
m® mesons. Event 14 is particularly difficult because 
more than two response curves must be utilized to 
obtain very much better agreement than that obtained 
using only one slowly varying curve. 


B. Discussion and Conclusions 


The events which have been studied in detail were 
selected individually from the events recorded either on 
the basis of significant changes in density over the 
length of the chamber or on the basis of a large density 
of particles regardless of their distribution. The trigger- 
ing system would, of course, tend to introduce such a 
selection already, but introduces no serious bias. The 
coincidence rate is about 16 percent higher than that 
found by Cocconi ef al.® at sea level, but can be ex- 
plained by the somewhat closer counter spacing used 
here. The effect of the }-in. Pb shielding on the counters 
is difficult to assess because the transition effect has 
been shown in III to depend upon distance from the 
shower axis. 
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Fic. 12. Events which show electron density distributions 
which are (a) unlike those expected from single showers whose 
axes pass through or close by the chamber and (b) difficult to 
attribute to showers whose axes pass far from the chamber 
because of the large, systematic fluctuations observed in the 
chamber response. 


*® Cocconi, Tongiorgi, and Greisen, Phys. Rev. 75, 1063 (1949). 
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Since the showers observed here would be quite far 
beyond their maximum if they were initiated about 
one mean free path (for nuclear interaction of the 
cosmic-ray V-component) down in the atmosphere, it 
is perhaps surprising to find electron density distribu- 
tions which are as sharp as those of events 5-9. This is 
especially true since previous experiments*:* at moun- 
tain altitudes have indicated that the showers found 
there are less peaked within about one meter of the 
shower axis than predicted by the Moliére distribution. 
A reconciliation can be made if event 6 is attributed to 
either a very young shower or a few highly ionizing 
rays emerging from the dural lid of the chamber. Then, 
the curves fitted to the other 4 events in the chamber 
have values of 6 which are about equal to the half width 
of the chamber. Such a distribution in 6 values implies 
a structure function flatter than that assumed. On the 
other hand, it was found that for the two largest events, 
8 and 9, that the half-width was too small compared 
to the height of the tails for a good fit with our theo- 
retical curves. It is possible that the transition effect 
in the high-energy core of older showers differs strongly 
from that for showers at their maximum. It is also 
possible that a large number of widely scattered small 
showers created by the .V-component cascade could 
account for the high density found in the tails. Though 
there appear to be several large fluctuations in the 
tails of events 8 and 9 which tend to support the 


latter possibility, it is not profitable to pursue either 
of the above alternative explanations on the basis of 
the data presented here. 

An attempt to attribute the auxiliary shower drawn 
in event 9 to either a r°-decay photon or a fluctuation 
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core associated with the main shower fails completely. 
By referring to Sec. III.C., it can be shown that if a 
®® meson of energy 210" ev decays into photons of 
1E,o and 3E,°, then a multiple curve which exactly 
fits the response of wires numbered 6-19 in event 5 
would be obtained. Since the statistics are too poor in 
this event to distinguish such structure, and since for 
higher energy 7’’s the core separations would be even 
smaller than 20 cm, it can be seen that r’-decay photon 
showers would not be resolved with this apparatus. 
By referring to Sec. III.D., it can be shown that 
the structure discussed above for event 5 would occur 
in only 2 out of 100 cases because of “fluctuation cores.” 

The last two events, 13 and 14, appear to be the 
profiles of showers which have been described" recently 
in the literature as “lumpy.” The percentage of such 
cases found in this experiment (2 out of 7) corresponds 
roughly to that found in reference 13 (8 out of 39), 
though these figures are probably quite dependent upon 
the methods of selection used. Since it is difficult to 
accept the conclusion that the systematic deviations in 
the chamber response found in these events are caused 
by fluctuations in the lateral structure of a single 
shower, these events are attributed to cascade showers 
initiated by at least two particles having comparable 
energies. 
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Standard Ilford G5 plates were exposed to a fairly monoenergetic 30-Mev x~-meson beam obtained by 
slowing down the Chicago 90-Mev beam with absorber and then using magnetic analysis. Range curves were 
taken indicating a 35 percent contamination from muons and electrons in this geometry. This figure was 
independently determined from the grain density distribution of tracks in the emulsion. A flux of 2.2 10* 
tracks per cm? was used for area scanning. The average beam energy in the plates is (26+2) Mev as deter- 
mined from measuring the recoil proton energies in the 5 pion-proton scatterings which were found. An 
equivalent pion path length of 13 10* cm was scanned giving a cross section of (1.15+-0.6) mb for the 5 
events. This cross section is for scatterings greater than 50°. Smaller angle scatterings were not considered 
because of the possibility that such short recoil protons might be missed by area scanning. Various scanning 
efficiency checks indicate a scanning efficiency above 90 percent. The data are analyzed to give (4.7°+2.7°) 


for the phase shift combination (2a:+-a;). 


I, INTRODUCTION 


ION-PROTON elastic scattering experiments using 

hydrogen targets and counters have been limited 

to energies above 30 Mev because of the short range of 

pions under 30 Mev. Two other techniques have been 

used successfully in the low-energy region : the hydrogen 

diffusion cloud chamber' and the nuclegr emulsion 
technique of area scanning for hydrogen:collisions.’ 

The energy region below 30 Mev is quite important 
in that such information is necessary for a reliable de- 
termination of the scattering lengths for the phase 
shifts in pion-nucleon scattering. At the time this ex- 
periment was initiated the experimental evidence led 
some workers to discuss the possibility that the s-wave 
phase shifts were proportional to the pion momentum 
only for energies under 10 Mev. There was some 
speculation that the s-wave phase shift a;(7'=}) might 
change sign in the region of 20 to 30 Mev.’ Such a phase 
shift behavior would predict roughly 8 mb as the result 
for this experiment rather than the observed 1.15 mb. 

The results of this experiment, along with other 
recent information, now permit the simpler interpreta- 
tion that a3, a;, and a3; behave as momentum to the 
power (2/+1) up to 80 Mev. This interpretation is 
discussed in detail in the following paper.‘ 

This experiment gives (1.15-+0.6) millibarns for the 
elastic (w~-p) scattering cross section between 50° and 
180° in the center-of-mass system. Such a low value 
would be expected by extrapolating down the phase 


* Supported by the joint program of the U. S. Atomic Energy 
Commission and the U. S. Office of Naval Research. 
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York City, New York. 

! Rinehart, Sargent, Rogers, and Lederman in Proceedings of the 
Fourth Rochester Conference (University of Rochester Press, 
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2 Orear, Lord, and Weaver, Phys. Rev. 93, 575 (1954). 

*H. P. Noyes and A. E. Woodruff, Phys. Rev. 94, 1401 (1954). 
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shifts obtained at 40,° 61.5,° or 120 Mev’ using the 
momentum to the power (2/+1) dependence. At the 
low energies studied by the Columbia cloud chamber 
group,' one would expect this cross section to increase 
considerably due to a constructive Coulomb inter- 
ference. Quantitatively, the Columbia cloud chamber 
preliminary results are consistent with our 26-Mev 
result.‘ 

Details of exposure geometry and beam analysis are 
given in Sec. IT. As described in Sec. III, the plates were 
area scanned under 350X magnification for single 
proton beginnings. Then each proton beginning was 
examined for an incoming and scattered pion. Three- 
pronged events of this type, but not due to hydrogen, 
were rejected on the basis of two tests: coplanarity of 
the three prongs, and angular correlation of the two 
scattering angles to satisfy energy-momentum con- 
servation. A total of 5 hydrogen events with x> 50° was 
found. x is the pion scattering angle in the center-of- 
mass system. In each of these events the recoil proton 
did not leave the emulsion, thus permitting a measure- 
ment of the incoming pion energy. 


II. EXPOSURE 


Since there is no external pion beam of the Chicago 
cyclotron under 40 Mey, it is necessary to slow down 
higher-energy pions with absorber. Slowing down a 
higher-energy beam to the region of 26 Mev results in a 
considerable energy and angular spread of what was 
initially a fairly monoenergetic and parallel beam. In 
order to obtain a workable degree of energy resolution 
and parallelism of tracks, we found it necessary to use 
magnetic analysis after the beam leaves the absorber. 
In order to achieve parallelism of beam tracks suitable 
for area scanning, it is necessary to expose the plates a 


5 J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954). 

6 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954). 

7 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 
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considerable distance behind the absorber. Both the 
45-Mev and 90-Mev r~ beams were tried with the 
90-Mev beam giving much better results. The intensity 
and energy resolution were improved somewhat by 
making use of the horizontal focusing properties of the 
Chicago 45° magnetic wedge. The absorber and plates 
were placed at conjugate foci as shown in Fig. 1. This 
geometry gave an intensity of about 1/80 of the in- 
tensity with no absorber. A six-hour exposure was 
required to obtain a flux of 2.2 10° tracks per cm’. 
Another difficulty in obtaining external low-energy 
pion beams is the high contamination of muons and 
electrons. In our case this contamination was deter- 
mined by two independent methods. An absorption 
curve was taken at the time of the exposure using thin 
counters. Analysis of this curve gave a pion content of 
(64+3) percent. Then both scanning groups inde- 
pendently counted grain densities of 100 successive 
tracks over a length of 480 microns each. Figure 2 shows 
the histogram obtained by the Chicago group. The 
grain densities cluster into three distinct groups as 
would be expected for electrons, muons, and pions of 


Fic. 1. Experimental setup. Paraffin absorber and plate are 
at conjugate foci of 45° magnetic wedge. 


the same momentum. This analysis gives a pion content 
of (65+4) percent. 


III. SCANNING 


The scanning technique is the same as described in 
previous papers.”'* This technique is quite time-consum- 
ing for cross sections as low as was encountered in this 
experiment. Scanning continued until all the emulsion 
which had been exposed was covered. The scanners 
were responsible for observing all proton beginnings 
confined to a square region 250X250 microns which is 
defined by a whipple disk reticle. Since there is some 
possibility of overlooking short proton tracks, we limited 
ourselves to scatterings greater than 50°, or proton 
tracks greater than 40 microns in length. Also the 
regions within 15 microns of either surface were ex- 
cluded. All scanning was done by the authors who have 
previous experience in this type of pion-proton scanning. 
The scanners personally felt that their scanning effi- 
ciencies were greater than 90 percent. In addition two 
types of quantitative checks were made. Strips were 
rescanned independently by a second scanner. Also 
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Fic, 2. Grain density distribution of beam tracks. 


scanning tests were devised by selecting strips which 
contained events which either were pion-proton scatter- 
ings or else looked similar to them. Out of 15 possi- 
bilities, no events were missed. 


IV. RESULTS 


If L, is the total pion path scanned, my the density 
of hydrogen in the plates, and V the number of events 
found, then 


o= (1/L,ny)N. 


The value ny = (3.34+0.1) X10” protons/cm? is speci- 
fied by Ilford, where the uncertainty is that caused by 
moisture content of the emulsion. For the region 
scanned L, was determined to be (1.3+-0.1) 10° cm. 
Five pion-proton scatterings were found with x>50°. 
This gives 


a(x> 50°) = (1.15-+-0.6) millibarns. 


The 5 events are listed in Table I. 

The energies of the incoming pions were calculated 
by measuring the range of the recoil protons. Fortu- 
nately in all 5 cases the protons stopped in the emulsion. 
This method of determining the pion beam energy 
superimposes an artificial energy spread mainly due to 
inaccuracies in the determination of x. According to 
the range curves taken at the time of the exposure, 
the primary beam was about 30 Mev. Since this beam 
entered 600-micron emulsion at about 8° inclination to 
the surface, the average value of (26+2) Mev obtained 
from the five events is consistent with the range curve 
determination. 

These results can give some useful information about 
the s-wave phase shifts. At these low energies the elastic 


TABLE I. Energies and angles of the (r~— p) scatterings. 


Event x, deg Pion energy, Mev 
55 32 
87 22 
97 26 
97 22 
104 26 
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mw scattering in terms of the phase shifts is 


<a x (4 =; 


2a3s 


— COsx 


1 2 133° 
13782 (1—cosx) 9 
This is under the assumption aj;=a;;=a;;=0. This 


equation can be solved for (2a,+a3) if the value of ag; 
at 26 Mev is known. There is good evidence that 
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33=0.235n' in this energy region.‘ Using this value for 
33 we have 2a;+a;=(4.7°42.7°) at 26 Mev. The 
upper and lower limits are the values corresponding to 
a cross section of 1.7 and 0.6 mb, respectively, for 
scatterings greater than 50°. 

This result when combined with other recent results 
lead to the conclusion that the simple energy depend- 
ence of momentum to the power (2/+1) is quite 
reasonable for the phase shifts as, a; and a;; up to 80 
Mev. The following paper develops this conclusion 
in detail. 
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Low-Energy Behavior of the Phase Shifts in Pion-Proton Scattering* 


Jay Oreart 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received June 21, 1954) 


A best fit has been made to all pion-proton scattering phase-shift information under 80 Mev assuming 
the energy dependence of the phase shifts is momentum to the power (2/+1) which would be the case for 
strong short-range interactions. The values obtained for the Fermi-type solutions are a;;=0.235y', a; 
= —0.11n, and a =0.16n, These phase shifts, along with Coulomb forces, fit all scattering experiment data 
quite closely including the 5-Mev cloud chamber results at Columbia. However, at zero energy they predict 
(a; ~a3) =0.27n, while recent photoproduction results and the Panofsky effect as evaluated here predict 


(a; ay) =0.21y with rather large uncertainties. 


INTRODUCTION 


ECESSARY parameters for devising a theory of 

meson-nucleon forces are the scattering lengths, 
which in principle can be determined from low-energy 
pion-proton scattering experiments. Recently, con- 
siderable low-energy pion-proton scattering information 
has become available, and has been analyzed in terms 
of s- and p-wave phase shifts. At low energies the energy 
dependence of such phase shifts can be expanded in 
powers of the momentum, where the first term is the 
power (2/+1). Furthermore, wave mechanics shows 
that if the two particle interaction is strong compared 
to the kinetic energy in a region r<ro and if there is 
essentially no interaction beyond this region, then for 
kro the first term of the expansion in momentum is 
much larger than the higher order terms. In this energy 
region we would expect 


ay & ott! (1) 


where » is the center-of-mass momentum divided by 
m,c. Empirically the phase shifts up to 80 Mev seem 
to follow this energy dependence. We have taken such 
an empirical approach in selecting 80 Mev as the upper 
energy limit of the available data which is used in ob- 
taining a best fit to the theoretical shape 9"*". 

* Research supported in part by the U. S. Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 


t Now at Physics Department, Columbia University, New 
York, New York. 


The scattering results have fairly successfully been 
fitted with s- and p-wave phase shifts assuming con- 
servation of isotopic spin. In the various phase shift 
solutions at low energies there are two fairly large s- 
wave phase shifts a; and a; (corresponding to 7'= § and 
T= 4) and one large p-wave phase shift. We shall con- 
sider only that type solution (commonly called the 
Fermi-type solution) where aj; (7= 3, J=4) is the 
largest p-wave phase shift.' We shall make the addi- 
tional restriction that as; be positive. This choice is 
based on preliminary 115-Mev *+— scattering results 
which show a destructive Coulomb interference.’ Also 
the solutions with negative a3; are inconsistent with 
Eq. (1). 

At the 1954 Rochester Conference, Bethe’ and Noyes’ 
discussed the possibility of a Jastrow-type potential for 
a; which had previously been suggested by Marshak.‘ 
Such a potential would cause a; to depart violently 
from Eq. (1) at about 7=0.3 and in some of the pro- 
posals it would change sign at about »=0.5.*° Bethe 
and de Hoffman discuss the possibility that as~0 up 
to n~0.3 in their forthcoming book.* One of the motiva- 


1 Anderson, Fermi, Martin,and Nagle, Phys. Rev. 91, 155 (1953). 

2 J. Orear (to be ublished). 

5 Proceedings of the Fourth leechesher Conference on High Energy 
Physics (University of Rochester, Rochester, 1954). 

*R. E. Marshak, Phys. Rev. 88, 1208 (1952). 

5H. P. Noyes and A. E. Woodruff, Phys. Rev. 94, 1401 (1954). 

*H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, to be published). 
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tions for such phase-shift behavior is an attempt to 
fit a zero-energy prediction from earlier photoproduc- 
tion data of (a:—a;)=0.16n with a value of (a:—a3) 
=0.3 predicted by the scattering experiments. Also 
the preliminary 5-Mev cloud chamber results of Leder- 
man’ in some cases were possibly misinterpreted (the 
actual data have not yet been published). We find that 
the most recent scattering data is consistent with the 
simpler approach of Eq. (1) and that the zero-energy 
prediction of (a;—as) as reevaluated in the Appendix 
is not unreasonably off from this. 

At present there is useful low-energy information at 
0,° 5,7 20,° 26,” 30,9 40," 45,” 61.5% and 78 Mev.! 
Fermi-type phase shift solutions have been obtained 
from the experiments at 40, 45, 61.5, and 78 Mev. 
The remaining information, although in the form of 
certain phase-shift combinations, is still quite useful 
and will be utilized fully in our analysis. The results of 
this analysis are a3;=0.235y', a3s=—O0.11n, and a 
=().16n. As can be seen from Figs. 1 and 2, these values 
fit all the scattering data well within the errors which 
are usually about 20 percent. At energies above 80 Mev 
it appears that a, varies slower and that a; varies faster 
than the 77/*" law. 


DISCUSSION 
p-Waves 


In the Fermi-type solution, a3; is considerably larger 
than the other three p-wave phase shifts. So far as; 
is the only p-wave phase shift which can be established 
by the experiments to any degree of accuracy. It is 
given by w*t-meson scattering experiments at 40, 45, 
61.5, and 78 Mev. In the case of the 40 and 61.5 Mev 
solutions, #~ data is also used. In our analysis equal 
weights are given to these four independent results, 
even though the phase shifts are less well determined 
at the lower energies. This is compensated by the 
possibility that at higher energies departures from the 
n’'*' law might begin to appear. 


TABLE I. Phase-shift values. 


a=ai/q b =a:/n (a —b) (2a +b) an/ 


0.21 8 
0.25 9 
0.141 
0.26 9 
0.260 11 
0.206 12 
0.228 13 
0.248 1 


7 Rinehart, Sargent, Rogers, and Lederman (private communi- 
cation) and reference 3. 

8 See Appendix for discussion and references. 

9W. J. Spry, Phys. Rev. 95, 1295 (1954). 

” Orear, Slater, Lord, Eilenberg, and Weaver, preceding paper 
[Phys. Rev. 96, 174 (1954). 

J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954). 

2 Orear, Lord, and Weaver, Phys. Rev. 93, 575 (1954). 

18 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954). 
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Fic. 1. ay; in degrees vs y of the pion in the center-of-mass system. 
Only the first 4 points were used in making the fit. 


At the lowest energy the phase shifts are least well 
specified. For example, the paper of Roberts and Tinlot" 
quotes a preliminary Fermi-type analysis of H. P. 
Noyes: a33=4.9°, aj= —3.7°, and a,=8.3°. Bethe and 
de Hoffmann,® in section 33 of their forthcoming book, 
give a3;=4.5°, a= —5°, a;=4.4° for the same Fermi- 
type solution to the 40-Mev data. Both these solutions 
give values less than 1.7° for the other p-wave phase 
shifts. The main explanation for the differences in these 
two solutions is the room available for personal judg- 
ments in handling the various 40-Mev data. In our 
analysis we have always used the average of these two 
solutions for the 40-Mev phase shifts. 

These four values of a33/7' are given in Table I. The 
average gives as our best fit: 


33 = 0.235n'. (2) 


The standard deviation due to the spread of the four 
values used is only 4.7 percent. This supports our 
choice of n° as the energy dependence since each of these 
values of a3; is probably only determined within limits 
of 20 percent. Equation (2) and the experimental values 
of a3; up to 140 Mev are plotted in Fig. 1. 


s Waves 


As in the above case, a; is determined at 40, 45, 
61.5, and 78 Mev. a is determined at 40 and 61.5 Mev 
with large errors. More information about a; can be 
obtained from low-energy measurements of the total 
charge-exchange cross section and the total elastic 
cross section in the energy region below 40 Mev. In 
this energy region the p-wave phase shifts become 
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smaller than the s-wave phase shifts and the effects of 
a31, 43, and ay; have been neglected as is done in Eqs. 
(3) and (4). 

Assuming that a;;=a;;=a;;=9 and that sina~a, 
we have 


do 2X? 
(x~ 4°) =— - 
9 v. 
X[ (as—ayt 2a; cosx)*+ a3; sin’x ], (3) 
da “f2aytaz 2a53 
(3 9 )=x] ( - +—— cosx 
3 3 


dw 


° 
a33° 


1 
‘ ) + 
1378,(1—cosx) 9 


sn’ (4) 


where 8,c= initial velocity of pion in lab system.'* The 
total charge-exchange cross section at zero energy can 
be inferred indirectly by using the Panofsky effect'® 
and photoproduction results. This is done in the Ap- 
pendix and gives (a;—a;)=0.21y. Because of various 
uncertainties, this evaluation should be considered less 
reliable than the direct experiments. Also the total 
charge-exchange cross section has been measured at 
20 Mev and 30 Mev by Spry.’ If the values for a3; given 
by Eq. (2) are used in Eq. (3), and an additional cor- 
rection made for the process (4 +p-—y+n), Spry’s 
results give (a;—a;)=0.25n at 20 Mev and 0.26n at 
30 Mev. 

Likewise Eqs. (2) and (4) give a determination of 
(2a;+-a;) at 26 Mev based on the results of the pre- 
ceding paper.’ Preliminary results of total w~ elastic 
cross section at an average energy of about 5 Mev using 
the diffusion cloud-chamber technique were reported 
by Lederman’ at the 1954 Rochester Conference. Since 
these data have not been presented in a final form, they 
will not be used in making the best-fit determination. 
However, the predictions from our best-fit phase 
shifts compare favorably with Lederman’s data. This 
also holds for the more extensive 12-Mev experiments'® 
now in progress. 

A least-squares analysis is made to all these data 
(shown in Table I) which gives the best-fit values of 
a, and ag assuming the theoretical forms a;=ayn and 
a;= bn. In the least-squares method assumptions must 
be made about the errors of each of the pieces of data. 
We have assumed the 40 Mev and above data to have 
the same relative errors, and the lower energy data to 
have relative errors twice this amount. 

The results of this calculation are 


a, =0.16n. (5) 


These curves are plotted in Fig. 2 along with the data 


a;= —0.110, 


“F. T. Solmitz, Phys. Rev. 94, 1799 (1954). 

8 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 

16 Rinehart, Sargent, Rogers, and Lederman (private com- 
munication). 
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Fic. 2. a; and a3 vs n. The 0 Mev slope and the 20, 26, and 30 
Mev values of a are obtained from experiments when az; is 
assumed = —0.11n. 


of Table I. The values of (a—b) and (2a+6) are shown 
by plotting the a; obtained when using a;= —0.11». 
The zero-energy value of (a;—a;)=0.21y is expressed 
by a dotted line showing the predicted slope of a, when 
using a;=—0.11y. It is encouraging that all phase 
shifts and phase-shift combinations below 80 Mev fit 
these curves within their experimental errors. If the 
phase shifts of Eq. (5) are inserted in Eq. (4) and in- 
tegrated from 60° to 180° at 5 Mev one gets a x elastic 
cross section of 6.5 mb. The preliminary Columbia 
cloud chamber results’ are 4 events in 610 g/cm? of 
hydrogen which is a cross section of 10.9 mb. This 
value does not agree very well with the phase-shift 
energy dependence proposed by others.'® For example, 
sets I and III of Noyes and Woodruff® predict 25 mb 
for 5 Mev. As mentioned earlier, the Columbia cloud 
chamber 12-Mev experiments, which involve about 43 
times more track, so far show no sign of disagreement 
with our choice of phase shifts. 

Although the Rochester 40-Mev phase shifts fit in 
fairly well with this scheme, the m~ transmission ex- 
periment!” might seem out of line. Subtracting the total 
charge-exchange cross section from the transmission 
cross section gives (5+2.5) mb (using their errors). 
This still includes the contribution from (#~+ p—y+n). 
Assuming an energy-independent matrix element over 
the region of photon energy from 130 to 160 Mev, this 
contribution can be evaluated to be 1.8 mb using our 
phase shifts and the Panofsky effect.'® This leaves 
(3.2+2.5) mb for elastic scattering between 55° and 
180°. Our values of a3, a3, and a; give 1.7 mb when the 


17C, E. Angel and J. P. Perry, Phys. Rev. 92, 835 (1953). 
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other p-wave phase shifts are neglected. This may no 
longer be justified at 40 Mev. 


CONCLUSIONS 


All possible data relevant to the low-energy de- 
pendence of the phase shifts a3, a3, and a, can be fitted 
within experimental errors by a33=0.235y', ag= —0.11n, 
and a,=0.16n. Furthermore, potential models which 
make a; approach zero in the region n=0.5 do not give 
any better fit and actually tend to contradict the 5-Mev 
and 26-Mev total elastic m~ cross sections. If as is to be 
zero at 26 Mev, the largest permissible value for a, 
within the errors of the experiment is 3.7°. This is con- 
siderably lower than the value such fits give for ay. 
As already pointed out, the phase shifts given by the 
model of Noyes and Woodruff predict a 5-Mev cross 
section considerably larger than observed. Also their 
phase shifts at 26 Mev predict 8 mb as opposed to the 
observed (1.15+-0.6) mb.” The behavior of as at n=0.5 
can be settled once and for all by a measurement of the 
total (r+—) cross section at 20 Mev. This experiment 
is now in progress using the techniques described in 
the preceding paper.’ This cross section for angles 
greater than 60° should be 5.5 mb if our phase shifts 
are used. If a; were zero or positive, then this cross 
section would be less than 1.1 mb. 

The biggest discrepancy at present to our best fit 
is the zero-energy prediction of (a;—a3)=0.21 using 
Panofsky effect and photoproduction data. Our phase 
shifts give (a:—a;)=0.27n. This evaluation could be 
made independent of the photoproduction links by a 
direct measurement of r~+p—7-+n. Conversely, such 
a measurement would help explain what happens in 
photoproduction on deuterium since the photoproduc- 
tion on free neutrons would then be established by 
detailed balancing. 

The author wishes to thank Mr. Wm. Slater for 
helping with the calculations and is grateful to Pro- 
fessor Enrico Fermi for the interest he has shown in 
this work. 


APPENDIX 
Zero-Energy Charge Exchange 


The value of (a:—a;)/n at zero energy can be ob- 
tained indirectly by making use of several other experi- 
ments and making assumptions about their interpreta- 
tion. One of these experiments, photoproduction on 
deuterium, has rather large errors, at least in the sense 
that independent measurements have given different 
numbers. Of the several assumptions involved in the 
reasoning, perhaps the weakest is that one can obtain 
the threshold photoproduction on free neutrons (y+-n— 
x-+p) by multiplying the threshold cross section 
(y+ p-rt+n) by the x to m+ ratio from threshold 
photons on deuterium. We feel at least one should 
make a Coulomb correction due to the presence of the 
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extra proton in (y+d—#-+ p+ p). A reasonable model 
is to assume that in #~ production the photon has 
interacted only with the neutron in the deuteron. This 
neutron then becomes a pruton with a rather small 
recoil velocity when the pion is produced. Thus it will 
also have a fairly small relative velocity (compared to 
the total phase space available) with respect to the 
other proton, and its wave function in the final state 
will be accordingly suppressed as compared to the rt 
production case. We find that our knowledge of the 
structure of the proton and deuteron is insufficient to 
make a precise calculation of this effect. We estimate 
a 10 to 30 percent effect. A suppression greater than 
30 percent is obtained when 2ma/(e’**—1) is used for 
the Coulomb penetration factor, where a= e*/hv.'* We 
will use a 20 percent suppression as an educated guess. 
The latest results obtained by nuclear emulsions ex- 
posed at the University of Illinois give an average r~ 
to xt ratio of 1.53+0.1 in the photon energy region of 
180 Mev. The Coulomb correction makes this ratio 
1.9. This emulsion result of 1.53 is somewhat higher 
than the recent (May 1954) California Institute of 
Technology result of 1.3 at 200 Mev.” 

Bernardini and Goldwasser* have made an analysis 
of the s-wave component of the reaction (y+p—mt+n). 
Their value is 1.55X10-*% cm*. Multiplying by 1.9 
gives o(y+n—2-+ p) = 2.94 10-** cm? at threshold. 
Detailed balancing gives for very low-energy pions 


p 2 
a(x + p—y+n) = 2(=) o(y+n—4 + p) 


T 


1 
= —(5.1X 10~*). 
B - 


, 


From the Panofsky effect'® branching ratio of 0.94, we 
have 


0.94 
o(r Miia? Pit aed 


Now making the final assumption that all violations of 
isotopic spin conservation for pion kinetic energies 
much lower than the 29° mass difference are ex- 
plicitly taken into account in Eq. (3), we obtain 
(a;—a3)=0.21n. The more recent Columbia result for 
the pion mass difference is used.” 

We feel that a 25 percent error should be assigned to 
this determination of (a;—a;) at zero energy due to the 
experimental uncertainties alone. In addition there are 
unknown uncertainties in the assumptions made. 


18 Saito, Matanabe, and Yamaguchi, Progr. Theoret, Phys. 
(Japan) 7, 103 (1952). 

 Beneventano, Lee, and Stoppini, Nuovo cimento (to be 
published). 

* Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 
( oat Bernardini and E. L. Goldwasser, Phys. Rev. 95, 857 
1954). 
” W. Chinowsky and J. Steinberger, Phys. Rev. 93, 586 (1954). 
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Suppression of Coherent Radiation by Electrons in a Synchrotron* 


Joun S. Nopvicxt anp Davin S. Saxon 
University of California, Los Angeles, California 
(Received May 25, 1954) 


Approximate expressions are obtained for the coherent radiation loss by electrons in a synchrotron in the 
presence oi finite parallel plate metallic shields, such as the pole faces of the magnet. The results would seem 
to provide a useful interpolation between the two simple limiting cases of shielding by infinite plates and no 


shielding at all. 





INTRODUCTION 


S is well known, the coherent radiation loss by 
electrons in a synchrotron, although independent 
of energy, increases with decreasing bunch size as the 
(—4/3) power.’ In some of the extremely high-energy 
synchrotrons reportedly under consideration, the bunch- 
ing is likely to be sufficiently marked so that the coherent 
radiation loss could become serious. As is also well 
known, the coherent radiation has a spectrum mainly in 
the short-wave radio and microwave regions and hence 
can be suppressed in part by the use of metallic shields.' 
It is our purpose to extend some unpublished results of 
Schwinger,? in which this radiation was calculated 
assuming the orbit to lie midway between two plane 
parallel sheets of metal of infinite extent, to the case in 
which these metallic sheets are finite, as would be the 
case, for example, if the shielding were produced by the 
pole faces of the race track magnet itself. Our results, 
although necessarily rough, would seem to provide a 
useful interpolation between the two simple limits of 
shielding by infinite plates and no shielding at all. 


POWER RADIATED BY ONE ELECTRON 


We begin by writing an expression for the power P,, 
radiated in the nth harmonic by an electron moving in 
the z=0 plane ina circular orbit of radius R with angular 
velocity w; namely, 


P,= Re sinae® f d(g— ¢')G,(R,¢,0; R,¢’,0) 


X[1—* cos(y— ¢’) Jee", (1) 


where B=wR/c. In the above, the Green’s function 
G,(r,¢,2; 1’,¢',2’), which is to be evaluated on the orbit 
as indicated, is the outgoing wave solution of 


(V?-+kn®)Gn= —8(s—2')8(o—g')d(r—1')/r, (2) 

* Supported in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t Present address: California Institute of Technology, Pasadena, 
California. 

1L. I. Schiff, Rev. Sci. Instr. 17, 6 (1946). See also Eq. (23) 
below. 

2 J. Schwinger, “On radiation by electrons in a betatron,” 1945 
(unpublished). We wish to thank L. Jackson Laslett who called our 
attention to this material. 


with 

k,=nw/c=nB/R. 
In addition, G, must satisfy appropriate boundary 
conditions if a metallic shield is present. We consider 
three cases as follows: 


I. No Shielding 


In this case G, is just the free-space Green’s function 
G,, which, when evaluated on the orbit, is given by 


1 exp[2in8| sinh (e—¢")|] 
G, (R, 9,0; R,¢’ 0) =— —— ‘ . (3) 
4x =. 2R | sin} (y— ¢’) 


Substitution into Eq. (1) yields, after the angular 
integration is performed, the well known result*‘ 


P,O= (nae!/R)| 28°F (2nd) 


2nB 
- as) f Jan(a)dr} (4) 


II. Infinite Parallel Plate Shields 


In this case G, must satisfy the boundary condition 
that it vanish on the metal plates. Taking these plates to 
be separated by a distance a, with the electron orbit 
midway between the plates, we thus require a solution 
of Eq. (2) subject to 


G,=0; z=+0/2. (5) 


This function, which we denote by G,’, is easily de- 
rived® and can be expressed as 


’ , fs 
G, (7,¢,2; ’ 5 2 ) 


= (4 20)¥ x sin jr($+2/a) 


j=l moe 
X sin jr($+2’/a) 
Keime-o J (yn) em” (Yaf>), (6) 


3G. A. Schott, Electromagnetic Radiation (Cambridge Uni- 
versity Press, Cambridge, 1912). 

4 J. Schwinger, Phys. Rev. 75, 1912 (1949). Our starting point, 
Eq. (1), with G, given by Eq. (3), is essentially Eq. (III.7) of this 
reference. 

5 See, for example, P. M. Morse and H. Feshbach, Methods of 
Theoretical Physics (McGraw-Hill Book Company, Inc., New 
York, 1953), Chap. 7, particularly p. 892. A detailed derivation is 
given in reference 2. 
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SUPPRESSION 


where 
Yni=LRn?— (jx/a)*}}=((nB/R)*— (ja/a)?}}, 


and where r< is the lesser of the iwo radii r and r’, rs che 
greater of the two. Substitution into Eq. (1), then yields 
after performance of the angular integration, 


P,*) = (nwe?/R)(4eR/a)Rel SS [—H aS 


j=1,3,--- 


+46?(H,, 1S, tA ng S nas) ]}, (7) 
where the argument of all the cylinder functions is 
¥njR=((nB)?— (jnR/a)*}}. 


The power radiated into the attenuated modes is of 
course zero since for these modes the arguments of the 
cylinder functions, and also therefore the products 
H,J,,, become purely imaginary. Only those terms for 
which j<nBa/rR consequently contribute to Eq. (7). 


III. Finite Parallel Plate Shields 


Imagine now that the shielding plates of Case II, 
instead of being infinite, extend from an inner radius R; 
to an outer radius Ry (with R;}<R<R,» of course) as 
would be the case if the pole pieces of the ring magnet 
itself were the shielding plates. In this case, the Green’s 
function in the region between the plates must satisfy 
appropriate (and very complicated) boundary condi- 
tions at the surfaces r= R; and r= R» in addition to the 
boundary conditions of Eq. (5). These extra conditions 
can be satisfied only if a general solution of the homo- 
geneous equations is added to the Green’s function of 
Eq. (6). Thus for this case we must have 


G,=G,+F,, (8) 


where we write F,, in the form 


F,=(i/2a)>> & sinjr(}+2/a) 


7=1 m=—o 
Xsin jr($+2'/a)eime-e” 
A 2 


X[A mi m™ (Yn 1)+BmjHm®? (yar) ], (9) 


where the factor (i/2a)e~'"*’ sin jr(4+32’/a) is included 
for convenience. The important fact is that F, is a 
general solution of 


(V?+k,”)F,=90, 


and satisfies Eq. (5). The coefficients A,,; and B,,; are 
exactly determinable only upon consideration of an 
extremely difficult, if not insoluble, boundary value 
problem. However, F,, represents essentially reflected 
waves at the boundaries R; and Rs, and hence these 
coefficients can be roughly estimated from physical 
arguments. In particular, we shall seek to stay on the 
safe side by looking for something like an upper limit to 
the power radiated. As a first step, we assume that as 
far as the propagating modes are concerned, the power 
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radiated is not less than it would be for an infinite 
shield, i.e., we set A,;, B,;=0 for propagating modes. It 
is then necessary only to consider the power radiated 
into the attenuated modes, As mentioned previously, 
G, contributes nothing for attenuated modes and only 
F,, enters. Thus we have 


P <P,O+P,o 
nt , 


RA 


(10) 


where P,, is given by (7) and where 


Pp, =x Re| sinwe [ d(g— ¢’)F,, (orbit) 


<X[1—? cos(e— ¢’) Je ime”? (11) 


In order to evaluate Eq. (11), we must estimate the 
remaining A,,; and B,,;. The easiest way to do this is as 
follows. In any high-energy synchrotron, the length 
R.— R, and the plate separation a are very small com- 
pared to the orbit radius R. Thus the cylindrical waves 
behave very much like plane waves, i.e., the Bessel 
functions can be replaced by their asymptotic values. 
To this approximation, a typical attenuated mode of G,, 
of Eq. (8) has the form of attenuated plane waves 
emitted by the source plus waves reflected at the 
boundaries with amplitudes expressible in terms of a 
complex reflection coefficient of order of magnitude 
unity. The power transmitted in the attenuated modes 
is easily calculated in terms of such reflection coefficients 
and an “upper limit” estimated by choosing the phase of 
these reflection coefficients properly while setting their 
magnitudes equal to unity. The simple result is then the 
following: 


P,,“O—~(nwe?/R)(4eR/a) > (2/r)(a/jrR) 
jwl,3,-+* 
j>na/rR 


<[e 2in(R—Ri)/a4 @ 2in(Re Ryle), 


In obtaining this result, multiple reflections have been 
neglected and the argument 7,,;R of the Bessel functions 
in Eq. (9) has been approximated by i(jrR/a), both 
being permissible for highly attenuated modes. The 
various terms which appear are then easily identified. 
The factor (nwe?/R)(49R/a) is the same normalization 
factor as in Eq. (7); the factor (2/1)(a/jxR) arises 
from the asymptotic expansion of the Bessel functions, 
while the first exponential gives the attenuation of a 
wave of unit amplitude originating at the source and 
then being reflected back to it by the surface at R, and 
similarly for the second exponential term with reflection 
at R2. In any event, if we now introduce the dimension- 
less parameters, 


6:= (R—R))/a, 5o= (R.—R)/a, (12) 


we obtain finally 


P,\*t0—~(8nwe®/eR) SX (1/j) (e281 4+e-2/**2), (13) 
j= 1 


j=1,3, ++ 
j<na/eR 
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The procedure described above is admittedly crude, 
but in fact we have obtained the same result by a much 
more careful treatment in which the shield was regarded 
as a section of a radial transmission line with proper care 
being given to asymptotic representations of the Bessel 
functions in the various domains of order and argument 
which occur. We shall not reproduce that treatment here 
except to say that it shows that Eq. (13) is adequate 
provided 62 and (R/a)2 20. This restriction on 6 is 
relaxed somewhat if R/a is larger, as might be expected 
for actual synchrotrons. For example, if R/a> 100, then 
5<5 is suitable. However, as we shall see, the shield 
behaves very much as if it were infinite when 6 ap- 
preciably exceeds 2 and hence this is not a serious 
restriction. 


COHERENT RADIATION 


Having obtained expressions for the power radiated in 
the mth harmonic by a single electron for each of the 
three cases, we now desire expressions for the power 
radiated by, say, NV electrons distributed in a specified 
way around the circular orbit.’~* In particular, suppose 
the kth electron to have the angular coordinate ¢,+w/ 
at time ¢. In the Fourier decomposition of the fields, the 
contribution of each electron thus contains a phase 
factor e~'"** for the mth harmonic. It is then easily 
established that the power radiated in the nth harmonic 
by the V electrons is 


N N 
P| D%e- e0| *#= NPL+P,, y cosn( gr— Gq). (14) 
1 


kv¥q 


The first term gives just the incoherent power loss. Since 
the spectrum of this radiation is mostly in the visible or 
ultraviolet region, it is of course unaffected by the 
presence of the shields, i.e., when summed over 4, it 
gives the usual results'~‘ in all cases and we shall not 
discuss it further. 

Our interest is in the second term, representing the 
coherent radiation, which we express as 


N(N+1)PafsoeN*Pafn, 


where the form factor /, is 


fn= [1/N(N+1)] 2 cosn( ~.— % 4). 
mq 


(15) 


(16) 


Assuming that the electrons are symmetrically dis- 
tributed about the same mean angle, say zero, and that 
each electron is independent, we then have at once 


fai= (f commeS(pde) 


where S(g)d¢ is the probability that a given electron is 
found in the angular interval between ¢ and ¢+dg¢. For 
example, if the electrons are uniformly distributed over 
an angular interval a, then 


S(¢)=1/a, —a/2<¢<a/2 
=(), otherwise 
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and 


fn=(sin(}na)/ (ina) P. (17) 


As a second example, if the electrons are distributed 
according to a Gaussian law, then 


S(e)= (1/ay/m) exp(— ¢*/a") 


fnr=expl — (na/2)*]. (18) 


In any event, the total coherent radiation is obtained by 
summing Eq. (15) over all harmonics and we then have, 
for the three cases under consideration : 


and 


I. No Shielding 

Poon” = V2 ; P,™.. 
II. Infinite Parallel Plate Shields 

Poon” = N?>) Pa fa. 
III. Finite Parallel Plate Shields 

P edi = Poon + Poor, 

Poon?” = V2 M P™/,. 
Using the fact that P,-~n', Eq. (19) has been 
evaluated for a uniform distribution by Schwinger® and 


for a Gaussian distribution by Schiff,’ with the results 


Poon = (N*we?/R) (V3/a)*® (uniform) (23) 


(19) 


(20) 


(21) 
(22) 


and 
P con = (N*we?/R) (V3 /a)* 
x (4/xv3)2*(1 (2/3) }* (Gaussian). 


It is seen that the results are not terribly sensitive to the 
detailed character of the form factor, and henceforth we 
shall consider only the uniform distribution. For this 
distribution, Schwinger* has also evaluated Eq. (20), but 
only under the assumption that the size of the bunch is 
at least of the order of the plate separation (i.e., that 
Raz a), with the result® 


Poon = (N*we?/R) (V3a/2Ra’). (24) 
This restriction on the size of the bunch is not as serious 
as it seems at first glance, since for Ra much less than a 
the shielding effects become very small and hence 
are not of significance. Additionally, examination of 
Schwinger’s derivation leads one to the conclusion that 
Eq. (24) represents essentially an upper limit to the 
coherent radiation loss as a becomes smaller than a/R. 
Presumably, therefore, Eq. (24) can be safely used until 
a becomes small enough that the result is numerically 
equal to that of Eq. (23), which is the result in the 
absence of shielding.’ 

6 See the Appendix for details. 

7 Actually one can do considerably better than this as follows: 


As the bunch size a decreases toward zero, for fixed plate separa- 
tion a, the shielding effect becomes negligible. In other words, 





SUPPRESSION OF COHERENT 


Finally, we calculate the correction term for finite 
shields from Eq. (22), using Eq. (17) and Eq. (13): 


Poon = (8N%we?/eR) SX (1/3) 


7=1,3,+-+ 


. _— ixR/a fsingna\? 
X (e “2inbi 4 e~2inb2) > of ) ‘ 


dna 


n=] 
For 6>4, only the j/=1 term contributes significantly, 
as is easily verified, so that, using 


wRia 


> (1/n) sin?(4na) 


rRa/a 
~f (1/x) sin?(x/2)dx=S(wRa/a) (25) 


we obtain 
P con) & (N2we?/R) (32/2a*) 


Xe 28+-e°2782 |S (aRa/a). (26) 
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Pe, / PS, = O71 
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Fic. 1. Coherent power loss, relative to the loss in the absence of 
shielding, vs plate width in units of the plate separation. 


This result is valid under the conditions R/a> 20 and 
4<6<2. Although this may seem to be a small domain 
of validity, it actually covers the most important region. 
The quantity S(rRa/a) is easily expressed in terms of 
known functions ;° viz., 


S(y)=4$[C+logy—Ci(y)], (27) 


where C=0.577- - - = Euler’s constant, and Ci(y) is the 
cosine integral; so that the final result is extremely 
simple. 

As an example, in Fig. 1, we present a plot of the 
coherent power loss, relative to the loss in the absence of 
shielding, against plate width for the special! case 6; = 5, 
=6/2 and for a=0.04 and R/a=50. Although only a 


regarded as a function of a, Peon’® approaches Peo, as a ap- 
proaches zero. Knowing that the result (24), valid for large a, is 
essentially an upper limit for small a, one can then easily sketch in 
the entire curve to reasonable accuracy. 

8 See, for example, E. Jahnke and F. Emde, Tables of Functions 
(Dover Publications, New York, 1943), pp. 2-6. 
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Fic. 2. Plate width vs orbit radius, both in units of the plate 
separation, for constant ratio of coherent power loss to that for 
infinite parallel plate shields and for the electrons bunched uni- 
formly over an angular interval 0.02 radian. 


portion of the curve can be calculated [using (21), (23), 
and (26) ] we do know the limit points when 6=0 (no 
shielding) and 6= (infinite parallel plate shielding) 
and hence the remainder of the curve can be sketched in 
without serious error. The dotted portion in the figure 
has been so sketched, while the solid portion has been 
calculated according to the above. 

In Figs. 2, 3, and 4, we present the results in con- 
venient form by introducing the parameter k(6,a,R/a) 
defined by 


Poon = [14+k(51,0,R/a)+k(52,0,R/a) |Poon, (28) 
where P.o.,” is given by Eq. (23). Values of 5 vs R/a for 
constant k have been plotted for a= 0.02, 0.04, and 0.06. 
These curves enable one to estimate the width of 
shielding required to reduce the coherent radiation loss 
to a given amount in units of the loss for infinite shields. 
As an example, given R/a=60 and a=0.02, it might be 
desirable to know the plate widths necessary to reduce the 
coherent power to twice Pron. Selecting 6;=52 so that 
k(6,,a,R/a) = k(52,a,R/a)=0.5, we find from the curves 














Fic. 3. Plate width vs orbit radius, both in units of the plate 
separation, for constant ratio of coherent power loss to that for 
infinite parallel plate shields and for the electrons bunched 
uniformly over an angular interval 0.04 radian. 
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Fic, 4. Plate width vs orbit radius, both in units of the plate 
separation, for constant ratio of coherent power loss to that for 
infinite parallel plate shields and for the electrons bunched uni 
formly over an angular interval 0.06 radian. 


of Fig. 2 that 6,=6,=1.15; and hence, from (12), 
R—R,=R.— R=1.15a. 
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APPENDIX 
Because of the unavailability of reference 2, we give 
an outline of Schwinger’s derivation of Eq. (24). Taking 
the indicated real part of (7) we have 


P,,@) = (nwe?/R)(4rR/a) 


XY [a Int HBS na? +J np”) ] 
J Enab/eR 


= (nwe®/R)(4rR/a) 


(jrR/a)? 
x 2 


jwi,3-- 
i <naB/«R 


[ars 1) (Al) 


(np)?— (jwR/a)? 
where the argument of the Bessel Functions is 
¥njR=[(np)*— (jrR/a)?*}}. 


Since rR/a>>1, the harmonics involved in the radiation 
are sufficiently high so that approximation formulas for 
Bessel functions of large order are applicable and we 
write,® placing 8=1, 


*G. N. Watson, Bessel Functions (The MacMillan Company, 
New York, 1945), p. 248. 


AN DD. -S: 


SAXON 
J ,((n?— (jxR/a)*}) 


1 /jrR/a 
~—-(7) it nk/op1/50')} 
V3r\ on 
(A2) 
Jn! ((n*— (jrR/a)*}*) 
1 /jaR/ay? 
(= ‘) K ysl (jn R/a)*(1/3n*)}) 


n 


V3m 
Recognizing that the contributions to P,‘* are negli- 
gible unless n= (jrR/a)(jrR/a)', so that n must exceed 
jnR/a by a rather large factor, we simplify the second 
term of (A-1) accordingly and obtain 


P,,) = (we?/R)(4R/3ma) > 
j=1,3, eee 
yin 


XK 9 /3m!)+Kast(y9/3n?) 
j= jrR/a. 


(y;/n*) 


where 


The total coherent power is then given by 
Poon = (N*we?/R)(4R/3ma) 
sin}na\? 
xx(——) = owe) 
n=t\ dna jimi, 3, 2*+ 
yicn 
XCK (78/30?) + Kaya"(vF/3n?) J. 


Replacing the sum over n by an integral, and intro- 
ducing x= y,*/3n’, we then have 


ra = (N*we?/R) (1 2R, ‘tr aa*) 


xX 2 


j=1,8,--- 


(t/t) f sin?([y,3/3x }¥a/2) 
X[K y2(x)+K2/s?(x) Jxdx, 


(A3) 


where the correct upper limit of the integral, y,/3, which 
is large compared to unity, has been replaced by infinity. 
Now the main contribution to the integral comes for 
values of x in the interval 0<x<1. In this interval the 
argument of the sin? term in the integral is at least of 
order ary j\/'y = (jRa/a)(jR/a)!>>Ra/a. Hence, if Ra/a 
is at least of order unity, the sin® term can be replaced by 
its average value }, the known integrals* and sums 
performed and the result of Eq. (24) follows. 

Without this restriction on Ra/a, the evaluation of 
Eq. (A3) seems possible only numerically. However, we 
remark that if a is small enough that the argument of 
the sin? term is rather small over the important range, 
then this term is considerably less than its average value 
and hence, as indicated in the text, one errs only on the 
conservative side in extending Schwinger’s result. 
Needless to say, an absolute upper limit is obtained by 
replacing the sin® term by unity, thus giving twice the 
result of Eq. (24), but this seems unnecessarily con- 
servative. 
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Absolute production cross sections have been determined for certain isotopes of barium, cesium, iodine, 
and tellurium produced by reactions of cesium with protons of energies 60, 80, 100, 150, and 240 Mev. The 
yields are based on the known cross section for the monitor reaction Al?’(p,3pn)Na*, In the region up to 
100 Mev the data indicate that the yields are largely explained on the basis of an evaporation mechanism 
which competes with the prompt knock-on optical model to an extent which decreases rapidly with in 
creasing energy because of increasing nuclear transparency. The neutron pick-up reaction manifests itself 
in extraordinarily large yields of Cs'* and to a lesser extent in the yields of Cs''. Formation of small 
amounts of neutron-excess iodine isotopes argues for alpha-particle fragmentation especially at the lower 


bombardment energies. 


INTRODUCTION 


REVIOUSLY'! we have reported on the spallation 

of cesium with 240-Mev protons from the Roch- 
ester 130-inch cyclotron. The results indicated that a 
majority of reactions at 240 Mev occur as primary 
knock-on collisions in which the incident proton inter- 
acts with only a few nucleons. This primary interaction 
is followed by dissipation of the residual nuclear excita- 
tion, whose energy spread is quite broad, leading to a 
distribution of products which reach far down the 
nuclide chart. At an energy of 240 Mev those yields 
due to the knock-on process largely predominate over 
those due to an evaporation mechanism because of the 
nuclear transparency? which increases with energy 
rapidly up to roughly 200 Mev and then much more 
slowly up to about 400 Mev. 

In this paper we report the behavior at a variety of 
proton energies; namely, 60, 80, 100, 150, and 240 Mev. 
The experimental techniques are identical with those 
reported earlier,' as are all of the assumptions and cor- 
rection factors which are applied to obtain the yield 
of each nuclear species. 

The results are given in Table I, which also lists the 
counting efficiency used for each nuclide. This éfficiency 
is defined as the ratio of the number of events recorded 
in the beta-proportional methane flow counting chamber 
to the total number of events occurring within the 
sensitive volume of the chamber. The values are identi- 
cal to those given previously with the exception of 
Cs, We have reconsidered the value of the counting 
efficiency for this nuclide and have used a value of 0.01 
in place of the value of 0.005 used formerly. The yield 
of Cs at 240 Mev given in our first paper should 
therefore be revised to that given in Table I. 


* This investigation was supported by the U. S. Atomic Energy 
Commission. Part of this work is taken from the doctoral thesis 
of R. W. Fink, who also acknowledges with appreciation the award 
of a Post-doctoral Fellowship at the University of Rochester, 1953. 
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BARIUM YIELDS 


Figure 1 depicts the yield data for barium isotopes 
taken from Table I. It is seen that the yield of Ba! 
has a threshold of about 60 Mev and a maximum at 
approximately 80 Mev. The relative shape of these 
yield curves must be attributed to differences in average 
excitation energies imparted to the struck target nuclei 
by the incident protons. In general, lower bombardment 
energies result in lower average excitation energies left 
to the struck nuclei. Consequently, the broad peaks 
must result from a rather wide distribution of smaller 
excitation energies given to the excited nuclei following 
an initial knock-on reaction. Subsequent evaporation 
ejects protons and neutrons either singly or in frag- 
ments such as alpha particles. The maximum yield of 
each barium isotope in Fig. 1 occurs in the expected 
sequence Ba"', Ba, and Ba'*. Apparently the hump 


TABLE I. Absolute production cross sections of spallation 
products resulting from irradiation of cesium with protons at 
various energies." 


60 80 100 150 240 
Mev Mev Mev Mev Mev 


(Yields in millibarns) 


Counting 
efficiency 


Nominal Nu- 
half-life clide 


Ba! 1.0 0 67 
Ba'™ 1.0 173 31 
Bal! 0.72 20 4.8 
Bal = =—0..78 31 - 


2.4 days 
2.0 hr 
12.5 days 
42.5 hr 


5.5 hr 
31° sor 
30min 

9.8 days 

7.1 days 


Cit? 1.0 0 7A 
Cs” 04 83 123 
Csi* 1.0 137 46 
Cgitt 0.0025 470 
Cea 0.01 790 1120 
pwtia =—4.0 0 
[3 0.17 0 
[im 0.30 
[ize 0.53 
25.0 min [128 0.95 
12.6 days [| 1.0 


0 

0.94 
0.36 04 
0.004 0.02 


Tel? io 0 0 
Tels 1.0 0 0 
Tel 0.1 - 


2.5 hr 
6.0 days 
17.0 days 


® Energies quoted are nominal beam energies of the Rochester 130-inch 
cyclotron as estimated from radius. Places in the table showing a yield of 
0 millibarns signify that in those instances the nuclide should have been 
observed had it been present, so that a 0 yield signifies a lack of production 
of detectable amounts of the nuclide. Places showing a dash (-—-) signify 
that in those instances the nuclide might have been present in small amounts 
but could not be detected and identified because of experimental difficulties 
such as (a) the time for chemical separation was too long; (b) other species 
of similar half-life or stronger radiations were produced at that energy, 
causing masking; or (c) the yield was too small to be detected or identified. 
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Fic. 1. Variation of the yields of barium isotopes 
with proton bombardment energy. 


in the yield curve of Ba'™® in the 150-Mev region is 
real. Caretto* has observed a similar maximum in the 
region of 175 Mev for the yields of several nuclides 
produced by the reaction of protons on yttrium. If this 
maximum is real, it might be explained on the basis 
that at energies between 80 and 100 Mev, the production 
cross sections of Ba'*, Cs, Cs'*!, and Cs" compete 
severely with that of Ba™, lowering the yield of the 
latter in this region. As the excitation energy is in- 
creased, this competition becomes less pronounced and 
a rise occurs in the Ba™ yield curve above 100 Mev. 


CESIUM YIELDS 


Figure 2 presents the yield data for cesium isotopes 
from Table I. The yield of Cs’ is seen to be extra- 
ordinarily high, especially in the neighborhood of 80 to 
100 Mev, compared to the yields of its immediate 
neighbors, Cs" and Cs. This observation can prob- 
ably be explained on the basis of the neutron pick-up 
reaction, Cs™(p,d)Cs™. Several investigators at Berke- 
ley‘ have observed that irradiations of elements with 
90-Mev neutrons result in unexpectedly large yields of 
deuterons of energy of the same order as the incident 
neutrons and sharply peaked in the forward direction. 
The high yield, high emission energy, and the angular 
distribution peaked sharply forward all suggest that a 
production mechanism is responsible which involves 
the “pick-up” of a neutron by an incident proton, or 
vice versa, according to the suggestions of Chew and 
Goldberger.’ To a much smaller extent the pick-up 


3A. A. Caretto, Jr., Ph.D. thesis, University of Rochester, 
1953 (unpublished). 
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rae) Rev. 75, 1274 (1949); H. Bradner, Phys. Rev. 75, 1467 
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process also operates to form tritons, in which the 
incident proton and two neutrons in the target nucleus 
happen tc possess momenta relative to each other 
which is compatible with the internal motion of a triton. 
To a certain extent then, we expect a contribution to 
the yield of Cs" from the pick-up reaction Cs™(p,t) 
Cs™!, but the effect is much less pronounced than 
that due to the (p,d) reaction in Fig. 2. One would 
expect a gradual decrease in the contribution from 
pick-up reactions with increasing energy, which is 
borne out experimentally by the yield curve of Cs! 
which falls off only gradually as compared with the 
yield curves of barium and other cesium nuclides which 
fall off rapidly. A reaction threshold for the formation 
of Cs!’ of about 55 Mev is also indicated by the data 
in Fig. 2. The other general features of the cesium yield 
curves can be explained on the same basis of average 
excitation energies as the barium curves. 


IODINE YIELDS 


Figure 3 indicates the yield pattern of the (Z—2) 
product, iodine, from the data in Table I. These curves, 
very different from the yield curves for barium and 
cesium in the region below 150 Mev, show that the 
formation of neutron-deficient iodine isotopes occurs 
only at higher energies. There are no salient peaks at 
lower energies, indicating little if any contribution from 
an evaporation mechanism below 100 Mev. This is in 
marked contrast to cesium and barium yields which 
show large contributions from the evaporation model 
below 100 Mev. It is clear that the neutron-deficient 
iodine isotopes are formed above about 100 Mev chiefly 
from the knock-on process, although some evaporation 
may redistribute the iodine yields following the initial 
knock-on reaction. In the case of the neutron-excess 
isotope I'** the yield which appears in Table I below 
150 Mev probably can be attributed to alpha-particle 
emission, due to lower excitation energies in the struck 
nucleus, as well as to evaporation. The yield of I'® 
is still smaller by at least one order of magnitude and 
would require the emission of the equivalent of He* from 
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Fic. 2. Variation of the yields of cesium isotopes with proton 
bombardment energy. Note that two ordinates are used; the 
arrows indicate which scale applies to a particular curve. 





REACTIONS OF Cs WITH PROTONS 


the excited target nucleus. Emission of alpha particles 
increases the neutron/proton ratio of the product which 
may account for the augmented yield of I'* at the 
lower energies. Formation at these energies of such 
shielded isotopes as I™, I'*6, and [8 is also an indica- 
tion of alpha-particle fragmentation. 

The apparent threshold for formation of I'*+!! and 
I’ jis about 100 Mev; for formation of I', about 80 
Mev; and for I'**, about 60 Mev. The reason that the 
yields of I are larger than those of its neighbors up 
to the highest energy studied, 240 Mev, must be 
associated with the assumption that in the range 140 
to 240 Mev, the average excitation energy given to the 
struck target nucleus must be such as to favor the 
reaction leading to I'*. Thus, as the bombardment 
energy is increased to 240 Mev from the lowest value, 
each iodine isotope starting from stable I'*’ is in turn 
the product of a favored reaction, the yields first rising 
successively and then eventually flattening out. Thus, 
in Fig. 3, the yield of I'”¢ rises first and flattens out 
soonest ; next comes I, rising and then flattening out; 
then I'*, the most favored product between 140 and 
240 Mev, which possibly would flatten out at still 
higher energies; finally, the yield of the most neutron- 
deficient isotope(s) I'°+! is still rising at 240 Mev and 
presumably would reach and surpass that of I at 
much higher energies. Consequently, it is clear that the 
iodine yield curves can be explained qualitatively on the 
picture of successively higher average excitation en- 
ergies imparted to the target nuclei with a particular 
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Fic. 3. Variation of the yields of iodine isotopes 
with proton bombardment energy. 


reaction being favored over the others at a given aver- 
age excitation energy. 


TELLURIUM YIELDS 


Yields of tellurium isotopes are given in Table I, but 
are not plotted. In common with the iodine results, the 
data for the more neutron-deficient isotopes Te!’ and 
Te!’ indicate a production threshold near 100 Mev and 
yields that increase with energy. 
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Relativistic Coulomb Scattering of Electrons and Positrons* 
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The numerical tables of Feshbach for the relativistic Coulomb scattering of electrons and positrons by a 
nucleus of charge Z have been fitted with an analytic function. The accuracy of the analytic function is 


equivalent to that of the tables. 


HE relativistic pure Coulomb scattering of elec- 

trons and positrons by a nucleus of charge Z 
was solved exactly by Mott.' The result was expressed 
in the form of a slowly convergent Legendre series. 
This series was summed numerically by Bartlett and 
Watson,? McKinley and Feshbach,’ and Feshbach.‘ 

In the course of some work on electron scattering, we 
have fitted the numerical tables of Feshbach, which are 
valid for positron and electron energies above about 4 
Mev, with an analytical function. Such an analytical 
representation may be of some use, and we would like 
to give our result in this note. The accuracy with which 
our analytic function represents the numerical results 
is very good. The accuracy of the analytic function is 
as good as the accuracy of Feshbach’s tables, which is 
about 0.1 percent except where the cross section gets 
small. 

The cross section o(@) for the scattering of particles 
obeying the Dirac equation can be expressed in terms 
of the two scattering amplitude functions' /;(@) and 
f() as 

a(0)= | fs|*+| fal’. (1) 


At high energies, f; and /f, are related and can be 
expressed in terms of a single function, F (8) : 


s=}(1+-cosd) F (6), (2) 
Sa=} sinde'*F (6). (3) 


This relationship is given by the Born approxima- 
tion® and is also exact in the high-energy limit.® In the 
Born approximation F(@) would be given by 


F=(—2E 4m): far exp(—ik-r)V(r) exp(iko-r), (4) 


where ko and k are the incident and final momenta of 
the particle, V(r) is the potential, and £ is the incident 
energy of the particle. (4=c=1 throughout.) 

In terms of F, the cross section is given by 


a =cos*}6| F)*. (5) 


* Supported in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

''N. F. Mott, Proc. Roy. Soc. (London) A124, 426 (1929). 

? J. H. Bartlett and R. E. Watson, Proc. Am. Acad. Arts Sci. 
74, 53 (1940). 

3 W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948). 

*H. Feshbach, Phys. Rev. 88, 295 (1952). 

5G. Parzen, Phys. Rev. 80, 261 (1950). 

® Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 
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We have computed the exact values of F(@) from 
Feshbach’s tables and have fitted (6) with an analytic 
function. In attempting to fit F(@) with an analytic 
function, we have been guided by the fact that the form 
of F(@) is known for small Z and for small scattering 
angles. 

For small Z, which means small a, a= Ze*®/hc and F (6) 
is given by® 


(2) gna 

F={ —— )——} exp[i(2a In sin}0+-2n)_ 

2k /sin?}0 € ‘ 

sin}6 
+}xa— +ia tan*}@ In sing@}, (6) 
1+sin}0 
where exp(2in)=I'(1—ia)/I'(1+ia), and k is the in- 
cident momentum of the particle. 
For small scattering angles, F is given by’ 


aime Ze 


| : 
2k sin?h0 


exp[_i(2a@ In sin}@+-2n) | 
X (1+-42a sin}e'*), (7) 


where exp(2ix) =I (}—ia)I' (1+ia)/T (}+ia)P (1—ia). 
Here, as in all our results, Z is positive for electrons, 
negative for positrons. 

Our analytic expression for F(#) must reduce to 
Eq. (6) for small Z and to Eq. (7) for small 6. A function 
that will reduce to (6) and (7) in the small-Z and small-# 
limits is the function defined by, 


—Ze 

—- - exp{i[2a(1+4 tan?4@) In sin}é 

2k sin?}0 : : ’ 
+2n+}2a(sinx)y ]+4ma(cosx)y}, (8) 
Zé 1 


4k? sin'}0 


» 19 


exp[ ma(cosx)y ], (9) 


where y= sin}0/(1+sin}é@). 

It turns out that /s does represent F(@) fairly well 
in the cases of positron scattering and small-Z (Z <30) 
electron scattering. However, for large-Z electron scat- 
tering, /(@) departs considerably from F's at the larger 
angles. For the large-Z large-angle scattering, F(6) is 
well represented by the function F;, defined by 


F,=Fs-A exp(By+%), (10) 
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where A, B, and 6 depend only on Z and are tabulated 
below. 

In the general case, /(@) can be accurately repre- 
sented by a combination of the small-angle function 
F's and the large-angle function F;, as 


F=exp(—ay)F s+[1—exp(—by) JFi, = (11) 


where a and b depend only on Z. 

In Tables I and II, the values of the various param- 
eters are given as functions of Z. We found that to the 
accuracy of Feshbach’s tables we could put A=1, 


TABLE I. Table of x and » as functions of Z for electron scat 
tering. For positron scattering, the sign is changed. x and » were 
computed with help of Tables of Coulomb Wave Functions, Na- 
tional Bureau of Standards, Applied Mathematics Series (U. S. 
Government Printing Office, Washington, D. C. 1952), No. 17, 
Vol. I. 


” 


0.0000 
0.0544 
0.1184 
0.1827 
0.2275 
0.2687 


1.0938 


B=0 for all Z in positron scattering. /(@) was rather 
insensitive to the choice of the parameters a and 3, 
particularly in the positron and small-Z electron cases. 
Thus the values of a and 6 can be varied by as much 
as 10 percent in some cases and we will still get the 
same F(@) to the accuracy of Feshbach’s tables. 

Although Eq. (11) represents F(@) with considerable 
accuracy, it is somewhat complicated mathematically. 
There are some special cases where we can find mathe- 
matically simpler expressions for /(6) which are still 
fairly accurate. 
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Tare II. The parameters A, B, 5, a, and 6, as functions of 
Z for electron and positron scattering. Z is positive for electron 
scattering. 


Z é a 

80 0.6172 0.218 21.1 
0.7834 0.076 

47 0.9154 ; 0.019 
0.9764 0.205 —0.009 

13 0.9928 0.026 — 0.0048 

0 1.0000 0 0 
1.0000 0.0000 — 0.0062 10.5 
1.0000 0.0000 — 0.030 8.3 
1.0000 0.0000 — 0.045 13.8 
1.0000 0.0000 — 0.058 13.2 
1.0000 0.0000 — 0.062 14.9 


POSITRON SCATTERING 
In this case, (6) is given to within a few percent by 


(12a) 


F= Fg, 
Le 3 
4k? sin'}@ 


|F|t= exp[_ma(cosx)y ]. (12b) 


ELECTRON SCATTERING 


For small-Z, that is, Z<30, F(@) is given to within 
a few percent by 
F, (13a) 
oe. t 
F\?= exp{ (wa cosx+2B)y}. 
4k? sin*h0 


(13b) 


For the large-Z electron scattering Eq. (13) is valid 
at the larger angles but is considerably in error at the 
smaller angles, where F=F's5. However, one can say 
that for large Z, at angles larger than 0=60°, F is 
given by Eq. (13) to within a few percent. 
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Excitation Function of the C!*(p,pn)C" Reaction in the Bev Region* 


R. L. WOLFGANG AND G. FRIEDLANDER 
Chemistry Department, Brookhaven National Laboratory, U pion, New York 
(Received June 29, 1954) 


The ratio of the cross section of the C*(p,pn)C" reaction to the cross section of the Al*’(p,3pn)Na™ 
reaction has been measured in the energy range 400 Mev to 3 Bev. This ratio as well as the excitation curve 
of the C(p,pn)C" reaction appear to be quite insensitive functions of the energy in the range studied. 


A possible interpretation is discussed. 


HE excitation function of the C’(p,pn)C" reaction 

between threshold and 390 Mev has previously 
been the subject of detailed studies.'* In the present 
paper we report cross section measurements for this 
reaction in the energy range from 400 Mev to 3 Bev. 
The irradiations were carried out in the circulating 
proton beam of the Brookhaven Cosmotron. 

Targets were made up of several layers of polythene 
of thicknesses varying from 5 mg/cm* to 10 mg/cm’ 
and one or two layers of aluminum foil 1 mil or 3 mils 
thick. The Na™ induced in the aluminum served as the 
monitor of irradiation intensity. Multiple layers of foils 
were used to check the possibility of recoil losses and to 
obtain duplicate values. The total thickness of the 
sandwiches was in all cases less than 50 mg/cm?, so that 
the contribution of secondary reactions to the measured 
activities would be negligible. The irradiations were 
carried out at the desired proton energy in the Cos- 
motron by means of the pulsed moving target technique 
described elsewhere.* 

After irradiation identical sections of the foils in each 
sandwich were cut out and counted with end-window 
proportional counters. The polythene foils were counted 
immediately and showed a pure 20.5-min C" decay and 


the aluminum foils were counted after the C" and F"* 


TaBLe I. Ratio of C"(p,pn) to AP’"(p,3pn) cross sections. 
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* Determinations by A. Turkevich using Chicago synchrocyclotron 


(private communication). : : 
> Determinations by J. Miller using Nevis synchrocyclotron (private 


communication). 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952). 
This r gives references to earlier work. 

? Warshaw, Swanson, and Rosenfeld, Phys. Rev. 95, 649 (1954). 

* Friedlander, Miller, Wolfgang, Hudis, and Baker, Phys. Rev. 
94, 727 (1954). 


activities had died out to leave the pure 15-hour decay 
of Na™. Small corrections for self-absorption effects 
were applied to the data obtained. 

The ratio of the C"(p~,pm)C" cross section to the 
Al?"(p,3pn)Na™ cross section is given in Table I for 
each energy investigated. We consider these data to be 
reliable to +5 percent. To convert these ratios to 
absolute cross sections for the C'*(p,pn)C" reaction 
we use the measured values of 10.8 mb at 420 Mev‘ 
and 9.0 mb at 2.2 Bev® for the Al?’(p,3pn) Na™ reaction 
and assume the cross section for this reaction to vary 
linearly with energy between 400 Mev and 3 Bev. The 
values thus obtained for the C"(p,pm)C" cross section 
are plotted in Fig. 1. Since the cross sections of the 
reference reaction Al*"(p,3pn) above 400 Mev are tenta- 
tive, the C"(p,pn)C" excitation curve given in Fig. 1 
may have to be revised somewhat when better absolute 
values for the Al?’(p,3pn) Na™ reaction become available. 

It should be noted that the excitation function re- 
ported here does not join smoothly with the lower- 
energy data (up to 390 Mev) of Aamodt ef al.' and 
Warshaw et al.* The discrepancy may arise from an 
error in one of the absolute cross section measurements 
or an error in our cross section ratio in the 400-Mev 
region. To check on the latter possibility it seemed 
desirable to obtain independent checks of the ratio of 
C"(p,pn) to Al*’(p,3pm) cross sections at ~400 Mev. 
J. M. Miller using the Nevis synchrocyclotron, and A. 
Turkevich using the Chicago synchrocyclotron, very 
kindly made such independent determinations of this 
ratio. Their results, shown in Table I, confirm the 
authors’ work. The possibility that the measured ratios 
are too low because of production of Na™ by secondary 
neutrons [Al*’(n,«) reaction ] was eliminated by experi- 
ments both by J. M. Miller at Nevis and by J. Hudis 
at the Cosmotron. In these experiments the cross sec- 
tion for Na™ production from aluminum was shown 
to be essentially independent of target thickness in the 
region of interest so that neutrons produced in the target 
itself cannot produce any significant fraction of the 
Na™ observed. Other experiments in the Cosmotron 
showed Na™ production from aluminum due to general 
neutron flux in the target region to be quite negligible. 
Accepting the validity of our ratio measurements, we 


‘L. Marquez, Phys. Rev. 86, 405 (1952). 
5 A. Turkevich, Phys. Rev. 94, 775 (1954). 
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must then consider either the absolute value of the 
C"(p,pn) cross section or that of the Al?’(p,3pn) cross 
section (or both) to be in error. We have rather arbi- 
trarily chosen to base our data on the 10.8-mb value 
for the Al’’(p,3pn) cross section at 420 Mev. 

Figure 1 shows that the cross section of the 
C"(p,pn)C" reaction is a fairly insensitive function of 
the energy of the incident proton in the energy range 
studied here. Since similar results were found for the 
production of Na™, Na”, and F'* from aluminum and 
for Be’ formation from carbon,® it appears to be gen- 
erally true that the probability of ejecting a small 
number of nucleons from a small nucleus remains sub- 
stantially constant over a range of bombarding energies 
from a few hundred Mev to at least 3 Bev. This implies 
that the probability that the incident particle leaves 
behind a relatively small amount of energy (< 100 Mev) 
in the initial interaction with the nucleus is relatively 
constant over the wide energy range studied. However 
within this energy range meson production increases 
very markedly with energy and becomes a probable 
process. If the nucleus is large these mesons would have 
a good chance of being reabsorbed in the nucleus in 
which they were produced. This would result in a shift 
of the maximum in the total energy deposition spectrum 
to higher values, and reactions in which only a small 


= Hudis, Wolfgang, and Friedlander (unpublished). 
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Fic. 1. Excitation function of the C"(p,pn)C"™ reaction. 


number of particles are ejected would become less 
likely. Such an effect has been observed in our studies 
on heavier nuclei.’ However, in a small nucleus reab- 
sorption of mesons would be a much less important 
mode of depositing excitation energy because of their 
greater escape probability. Thus it becomes plausible 
that while the increasing dominance of meson processes 
decreases the cross sections for relatively simple reac- 
tions in heavy target nuclei, the cross sections for similar 
reactions of light nuclei remain almost unchanged. 

The help of the Cosmotron operating staff is grate- 
fully acknowledged. 


NUMBER 1 OCTOBER 1, 1954 


Conservation of Isotopic Spin and Isotopic Gauge Invariance* 


C. N. Yano f AND R. L. Mitts 
Brookhaven National Laboratory, Upton, New York 
(Received June 28, 1954) 


It is pointed out that the usual principle of invariance under isotopic spin rotation is not consistant with 
the concept of localized fields. The possibility is explored of having invariance under local isotopic spin 
rotations. This leads to formulating a principle of isotopic gauge invariance and the existence of a b field 
which has the same relation to the isotopic spin that the electromagnetic field has to the electric charge. The 
b field satisfies nonlinear differential equations. The quanta of the b field are particles with spin unity, 


isotopic spin unity, and electric charge +e or zero. 


INTRODUCTION 


HE conservation of isotopic spin is a much dis- 

cussed concept in recent years. Historically an 
isotopic spin parameter was first introduced by Heisen- 
berg! in 1932 to describe the two charge states (namely 
neutron and proton) of a nucleon. The idea that the 
neutron and proton correspond to two states of the 
same particle was suggested at that time by the fact 
that their masses are nearly equal, and that the light 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ On leave of absence from the Institute for Advanced Study, 
Princeton, New Jersey. 

1W. Heisenberg, Z. Physik 77, 1 (1932). 


stable even nuclei contain equal numbers of them. Then 
in 1937 Breit, Condon, and Present pointed out the 
approximate equality of p—p and n—p interactions in 
the 'S state.? It seemed natural to assume that this 
equality holds also in the other states available to both 
the n—p and p—>p systems. Under such an assumption 
one arrives at the concept of a total isotopic spin’ which 
is conserved in nucleon-nucleon interactions. Experi- 


* Breit, Condon, and Present, Phys. Rev. 50, 825 (1936). J. 
Schwinger pointed out that the small difference may be attributed 
to magnetic interactions [Phys. Rev. 78, 135 (1950)]. 

* The total isotopic spin T was first introduced by E. Wigner, 
Phys. Rev. 51, 106 (1937); B. Cassen and FE. U. Condon, Phys. 
Rev. 50, 846 (1936). 
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ments in recent years‘ on the energy levels of light nuclei 
strongly suggest that this assumption is indeed correct, 
An implication of this is that all strong interactions 
such as the pion-nucleon interaction, must also satisfy 
the same conservation law. This and the knowledge that 
there are three charge states of the pion, and that pions 
can be coupled to the nucleon field singly, lead to the 
conclusion that pions have isotopic spin unity. A direct 
verification of this conclusion was found in the experi- 
ment of Hildebrand® which compares the differential 
cross section of the process n+p—7°+d with that of 
the previously measured process p+ p—mt +d. 

The conservation of isotopic spin is identical with the 
requirement of invariance of all interactions under 
isotopic spin rotation. This means that when electro- 
magnetic interactions can be neglected, as we shall here- 
after assume to be the case, the orientation of the 
isotopic spin is of no physical significance. The differ- 
entiation between a neutron and a proton is then a 
purely arbitrary process. As usually conceived, however, 
this arbitrariness is subject to the following limitation: 
once one chooses what to call a proton, what a neutron, 
at one space-time point, one is then not free to make any 
choices at other space-time points. 

It seems that this is not consistent with the localized 
field concept that underlies the usual physical theories. 
In the present paper we wish to explore the possibility 
of requiring all interactions to be invariant under 
independent rotations of the isotopic spin at all space- 
time points, so that the relative orientation of the iso- 
topic spin at two space-time points becomes a physic- 
ally meaningless quantity (the electromagnetic field 
being neglected). 

We wish to point out that an entirely similar situation 
arises with respect to the ordinary gauge invariance of a 
charged field which is described by a complex wave 
function y. A change of gauge® means a change of phase 
factor yy’, = (expia)y, a change that is devoid of 
any physical consequences. Since y may depend on 
x, y, z, and ¢, the relative phase factor of y at two differ- 
ent space-time points is therefore completely arbitrary. 
In other words, the arbitrariness in choosing the phase 
factor is local in character. 

We define isotopic gauge as an arbitrary way of choos- 
ing the orientation of the isotopic spin axes at all space- 
time points, in analogy with the electromagnetic gauge 
which represents an arbitrary way of choosing the com- 
plex phase factor of a charged field at all space-time 
points. We then propose that all physical processes 
(not involving the electromagnetic field) be invariant 
under an isotopic gauge transformation, y—y’, y= S—y, 
where S represents a space-time dependent isotopic 
spin rotation. 

To preserve invariance one notices that in electro- 


4T. Lauritsen, Ann. Rev. Nuclear Sci. 1, 67 (1952); D. R. 
Inglis, Revs. Modern Phys. 25, 390 (1953). 

°R. H. Hildebrand, Phys. Rev. 89, 1090 (1953). 

*W. Pauli, Revs. Modern Phys. 13, 203 (1941). 
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dynamics it is necessary to counteract the variation of a 
with x, y, z, and ¢ by introducing the electromagnetic 
field A, which changes under a gauge transformation as 


In an entirely similar manner we introduce a B field in 
the case of the isotopic gauge transformation to counter- 
act the dependence of S on x, y, 2, and ¢. It will be seen 
that this natural generalization allows for very little 
arbitrariness. The field equations satisfied by the twelve 
independent components of the B field, which we shall 
call the b field, and their interaction with any field 
having an isotopic spin are essentially fixed, in much the 
same way that the free electromagnetic field and its 
interaction with charged fields are essentially deter- 
mined by the requirement of gauge invariance. 

In the following two sections we put down the 
mathematical formulation of the idea of isotopic gauge 
invariance discussed above. We then proceed to the 
quantization of the field equations for the b field. In the 
last section the properties of the quanta of the b field 
are discussed. 


ISOTOPIC GAUGE TRANSFORMATION 


Let y be a two-component wave function describing 
a field with isotopic spin 4. Under an isotopic gauge 
transformation it transforms by 


v=SY, (1) 


where S is a 2X2 unitary matrix with determinant 
unity. In accordance with the discussion in the pre- 
vious section, we require, in analogy with the electro- 
magnetic case, that all derivatives of Y appear in the 
following combination: 


(O,—1€B,)y. 


B, are 2X2 matrices such that’ for p= 1, 2, and 3, B, is 
Hermitian and B, is anti-Hermitian. Invariance re- 
quires that 


S(d,—icB,’)W’ = (0,—ieB,)W. (2) 


Combining (1) and (2), we obtain the isotopic gauge 
transformation on B,: 


as 
OX, ; 


(3) 


1 
B,'=S“"B,S+-S™ 
€ 


The last term is similar to the gradiant term in the 
gauge transformation of electromagnetic potentials. 
In analogy to the procedure of obtaining gauge in- 
variant field strengths in the electromagnetic case, we 


7 We use the conventions h=c=1, and x,=il. Bold-face type 
refers to vectors in isotopic space, not in space-time. 
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define now 
° OB, OB, 
F,,=—-——-+ ie(B, B,— B,B,). (4) 
G2, Oh, 


One easily shows from (3) that 
Fy, = SF S (5) 


under an isotopic gauge transformation.{ Other simple 
functions of B than (4) do not lead to such a simple 
transformation property. 

The above lines of thought can be applied to any 
field y with arbitrary isotopic spin. One need only use 
other representations S of rotations in three-dimensional 
space. It is reasonable to assume that different fields 
with the same total isotopic spin, hence belonging to the 
same representation S$, interact with the same matrix 
field B,. (This is analogous to the fact that the electro- 
magnetic field interacts in the same way with any 
charged particle, regardless of the nature of the particle. 
If different fields interact with different and independent 
B fields, there would be more conservation laws than 
simply the conservation of total isotopic spin.) To find 
a more explicit form for the B fields and to relate the 
B,’s corresponding to different representations S, we 
proceed as follows. 

Equation (3) is valid for any S and its corresponding 
B,. Now the matrix S~'0S/dx, appearing in (3) is a 
linear combination of the isotopic spin “angular mo- 
mentum” matrices 7‘ (i=1, 2, 3) corresponding to the 
isotopic spin of the y field we are considering. So B, 
itself must also contain a linear combination of the 
matrices 7‘. But any part of B, in addition to this, B,, 
say, is a scalar or tensor combination of the 7’s, and 
must transform by the homogeneous part of (3), 
B,’=S-B,S. Such a field is extraneous; it was allowed 
by the very general form we assumed for the B field, but 
is irrelevant to the question of isotopic gauge. Thus the 
relevant part of the B field is of the form 


B,=2b,-T. (6) 


(Bold-face letters denote three-component vectors in 
isotopic space.) To relate the b,’s corresponding to 
different representations S we now consider the product 
representation S=S‘S5. The B field for the combina- 
tion transforms, according to (3), by 


B,' = [SOPALS@} LBS(@§(o) 


i 0S) 4 aS) 
+ [Ss] ficiisiin -+--[ 5 }1—., 
€ Ox € OX, 


Ly 
t Note added in proof.—-It may appear that B, could be intro- 
duced as an auxiliary quantity to accomplish invariance, but need 
not be regarded as a field variable by itself. It is to be emphasized 
that such a procedure violates the principle of invariance. Every 
quantity that is not a pure numeral (like 2, or M, or any definite 
representation of the y matrices) should be regarded as a dynam- 
ical variable, and should be varied in the Lagrangian to yield an 
equation of motion. Thus the quantities B, must be regarded as 
independent fields. 
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But the sum of B,‘” and B,, the B fields correspond- 
ing to S“ and S, transforms in exactly the same way, 
so that 


B,= B,+B,© 


(plus possible terms which transform homogeneously, 
and hence are irrelevant and will not be included). 
Decomposing S“S into irreducible representations, 
we see that the twelve-component field b, in Eq. (6) is 
the same for all representations. 

To obtain the interaction between any field y of 
arbitrary isotopic spin with the b field one therefore 
simply replaces the gradiant of y by 


(8,—2ieb,-T)y, (7) 


where 7" (i=1, 2, 3), as defined above, are the isotopic 
spin “angular momentum” matrices for the field y. 
We remark that the nine components of b,, «= 1, 2, 3 
are real and the three of by are pure imaginary. The 
isotopic-gauge covariant field quantities F,, are ex- 
pressible in terms of b,: 
F,,= 2f,,°T, (8) 
Ob, db, 


fi,» ~————— 2eh,, X b,. (9) 
Ox, OX, 


where 


f,, transforms like a vector under an isotopic gauge 
transformation. Obviously the same f,, interact with 
all fields y irrespective of the representation S that y 
belongs to. 

The corresponding transformation of b, is cumber- 
some. One need, however, study only the infinitesimal 
isotopic gauge transformations, 

S=1—2iT-dw. 
Then 


1a 
b,’=b, +2b,Xdw+- —de. 


€ OX, 


FIELD EQUATIONS 


To write down the field equations for the b field we 
clearly only want to use isotopic gauge invariant 
quantities. In analogy with the electromagnetic case we 
therefore write down the following Lagrangian density :* 


—},,-f,,. 
Since the inclusion of a field with isotopic spin 4 is 


illustrative, and does not complicate matters very much, 
we shall use the following total Lagrangian density : 


= — hfe —Pyu(O,— ier b,)y—mpy. (11) 

One obtains from this the following equations of motion: 
Af,,/dx,+2€(b, Xf.) +J,=0, 
Yu(O,—ier- b,)y+myp =0, 


* Repeated indices are summed over, except where explicitly 
stated otherwise. Latin indices are summed from 1 to 3, Greek ones 
from 1 to 4. 


(12) 
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where 


J,=iehy,. (13) 


The divergence of J, does not vanish. Instead it can 
easily be shown from (13) that 


0J,,/dx,= —2eb,XJ,,. (14) 
If we define, however, 


%.= J+ 2eb,X ci 


then (12) leads to the equation of continuity, 


(15) 


a%,,/ax,=0. (16) 


Ji.23 and Q, are respectively the isotopic spin current 
density and isotopic spin density of the system. The 
equation of continuity guarantees that the total iso- 
topic spin 


T= { 3ats 


is independent of time and independent of a Lorentz 
transformation. It is important to notice that %,, like 
b,, does not transform exactly like vectors under isotopic 
space rotations. But the total isotopic spin, 


Of: 
=— | —dssz, 
Ox; 


is the integral of the divergence of f,;, which transforms 
like a true vector under isotopic spin space rotations. 
Hence, under a general isotopic gauge transformation, 
if S—+S on an infinitely large sphere, T would transform 
like an isotopic spin vector. 

Equation (15) shows that the isotopic spin arises both 
from the spin-} field (J,) and from the b, field itself. 
Inasmuch as the isotopic spin is the source of the b 
field, this fact makes the field equations for the b field 
nonlinear, even in the absence of the spin-} field. This is 
different from the case of the electromagnetic field, 
which is itself chargeless, and consequently satisfies 
linear equations in the absence of a charged field. 

The Hamiltonian derived from (11) is easily demon- 
strated to be positive definite in the absence of the field 
of isotopic spin 4. The demonstration is completely 
identical with the similar one in electrodynamics. 

We must complete the set of equations of motion (12) 
and (13) by the supplementary condition, 


db,/dx,=0, (17) 


which serves to eliminate the scalar part of the field in 
b,. This clearly imposes a condition on the possible 
isotopic gauge transformations. That is, the infinitesi- 
mal isotopic gauge transformation S=1—i¢-d must 
satisfy the following condition : 


fi) 1 @ 
2b, X —bo+- —io=0. 
OX, € Ox,? 


(18) 





YANG AND R. L. 


MILLS 


This is the analog of the equation d’a/dx,?=0 that 


_must be satisfied’by the gauge transformation A,’ 


=A,+e"(da/dx,) of the electromagnetic field. 
QUANTIZATION 


To quantize, it is not convenient to use the isotopic 
gauge invariant Lagrangian density (11). This is quite 
similar to the corresponding situation in electrodyna- 
mics and we adopt the customary procedure of using a 
Lagrangian density which is not obviously gauge in- 
variant: 


1 db, db, db, 
L= —- —-—+2e(b,Xb,)— 
Ox, Ox, %y 


ane (b,x b,)?+J, s b.—V(y.9.-+m)y. 


The equations of motion that result from this Lagran- 
gian density can be easily shown to imply that 


(19) 


P ) 
——a+2eb,xX—a=0, 
Ox,? Ox, 


a= 0b,/dx,. 


where 


Thus if, consistent with (17), we put on one space-like 
surface a= 0 together with da/dt=0, it follows that a=0 
at all times. Using this supplementary condition one can 
easily prove that the field equations resulting from the 
Lagrangian densities (19) and (11) are identical. 

One can follow the canonical method of quantization 
with the Lagrangian density (19). Defining 


I, = — db,/dx4+2e(b, x b,), 
one obtains the equal-time commutation rule 


[b,*(x), T1,7(x") ener = —5,96,.6"(x—2x’), (20) 


where b,‘, i= 1, 2, 3, are the three components of b,. The 
relativistic invariance of these commutation rules 
follows from the general proof for canonical methods of 
quantization given by Heisenberg and Pauli.® 

The Hamiltonian derived from (19) is identical with 
the one from (11), in virtue of the supplementary 
condition. Its density is 


H=Hot+ Hin, 


1 db, db, 
Ho= —301,: 1,+- —-—+4(7;0;+- m)y, 
2 Ox; Ox; 


(21) 
H ine= 2€(b;X by) - 1y— 2€(b, X b;) - (0b, /Ax;) 
+é(b;Xb,)?—J,-b,. 


The quantized form of the supplementary condition 
is the same as in quantum electrodynamics. 


* W. Heisenberg and W. Pauli, Z. Physik 56, 1 (1929). 





ISOTOPIC SPIN AND ISOTOPIC GAUGE 


PROPERTIES OF THE b QUANTA 


The quanta of the b field clearly have spin unity and 
isotopic spin unity. We know their electric charge too 
because all the interactions that we proposed must 
satisfy the law of conservation of electric charge, which 
is exact. The two states of the nucleon, namely proton 
and neutron, differ by charge unity. Since they can 
transform into each other through the emission or ab- 
sorption of a b quantum, the latter must have three 
charge states with charges +e and 0. Any measurement 
of electric charges of course involves the electro- 
magnetic field, which necessarily introduces a prefer- 
ential direction in isotopic space at all space-time points. 
Choosing the isotopic gauge such that this preferential 
direction is along the z axis in isotopic space, one sees 
that for the nucleons 


Q=electric charge=e(}+¢€"'T*), 
and for the b quanta 
O= (e/e)T*. 


The interaction (7) then fixes the electric charge up to 
an additive constant for all fields with any isotopic 
spin: 


Q=e(e"T*+R). 


The constants R for two charge conjugate fields must be 
equal but have opposite signs." 


(22) 


Fic. 1. Elementary vertices for 
b fields and nucleon fields. Dotted 
lines refer to b field, solid lines with 
arrow refer to nucleon field. 


We next come to the question of the mass of the 
b quantum, to which we do not have a satisfactory 
answer. One may argue that without a nucleon field the 
Lagrangian would contain no quantity of the dimension 
of a mass, and that therefore the mass of the b quantum 
in such a case is zero. This argument is however subject 
to the criticism that, like all field theories, the b field is 
beset with divergences, and dimensional arguments are 
not satisfactory. 

One may of course try to apply to the b field the 
methods for handling infinities developed for quantum 
electrodynamics. Dyson’s approach" is best suited for 
the present case. One first transforms into the inter- 
action representation in which the state vector V 


1 See M. Gell-Mann, Phys. Rev. 92, 833 (1953). 
1 F, J. Dyson, Phys. Rev. 75, 486, 1736 (1949). 
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INVARIANCE 
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Fic. 2. Primitive 
divergences. 


-0- 


10V/dl= Hin, 


where H jn was defined in Eq. (21). The matrix elements 
of the scattering matrix are then formulated in terms 
of contributions from Feynman diagrams. These 
diagrams have three elementary types of vertices 
illustrated in Fig. 1, instead of only one type as in 
quantum electrodynamics. The “primitive divergences” 
are still finite in number and are listed in Fig. 2. Of 
these, the one labeled a is the one that effects the propa- 
gation function of the b quantum, and whose singularity 
determines the mass of the b quantum. In electro- 
dynamics, by the requirement of electric charge con- 
servation,” it is argued that the mass of the photon 
vanishes. Corresponding arguments in the b field case 
do not exist” even though the conservation of isotopic 
spin still holds. We have therefore not been able to 
conclude anything about the mass of the b quantum. 

A conclusion about the mass of the b quantum is of 
course very important in deciding whether the proposal 
of the existence of the b field is consistent with experi- 
mental information. For example, it is inconsistent with 
present experiments to have their mass less than that of 
the pions, because among other reasons they would then 
be created abundantly at high energies and the charged 
ones should live long enough to be seen. If they have a 
mass greater than that of the pions, on the other hand, 
they would have a short lifetime (say, less than 10-” 
sec) for decay into pions and photons and would so far 
have escaped detection. 

2 J. Schwinger, Phys. Rev. 76, 790 (1949). 

'8In electrodynamics one can formally prove that Gy,ky=0, 
where Gy, is defined by Schwinger’s Eq. (A12). (Gy,Ay, is the 
current generated through virtual processes by the arbitrary 
external field A,.) No corresponding proof has been found for the 
present case. This is due to the fact that in electrodynamics the 
conservation of charge is a consequence of the equation of motion 
of the electron field alone, quite independently of the electro 


magnetic field itself. In the present case the b field carries an iso- 
topic spin and destroys such general conservation laws. 


satisfies 
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The exact expression for the transition rate for quantum-mechanical scattering problems is derived 
formally without recourse to adiabatically switching on the interaction or averaging the initial state in 
time. The equivalence is shown of the stationary definition of the S matrix and an appropriate definition 


by the time-dependent method. 





INTRODUCTION 


N the derivation of the expression for the transition 
rate in the formal theory of scattering, a certain 
difficulty arises in connection with oscillatory terms in 
the time development of the state vector, which is due 
to the assumption of an initial “plane wave state” for 
the incident system, and which has sometimes been 
circumvented by a mathematical device usually de- 
scribed as “adiabatically switching on the interaction.” 
This has been avoided in a recent treatment by Gell- 
Mann and Goldberger,’ in which they introduced in- 
stead an averaging of the initial state in time. This has 
the effect of removing the oscillatory terms, which arise 
from the presence of bound states (if any) of the total 
Hamiltonian. In the following formal derivation of the 
expression for the transition rate, neither of the above 
devices, which are artificial from the standpoint of their 
physical interpretation in terms of the principles of 
quantum mechanics, is employed. 
We assume that the total Hamiltonian H is the sum 
of two parts, 


H=K+V, (1) 


where K, the “noninteracting part,’’ and V, the “inter- 
acting part’ of the total Hamiltonian are Hermitian 
time-independent operators in the Schroedinger repre- 
sentation. We will denote by ¢, a continuum eigen- 
function of K of energy Ea, 


K ga= Eaga. (2) 


H is assumed to have the same continuous spectrum as 
K; and y.* and y¥a_~, the outgoing and incoming wave 
eigenfunctions of H corresponding to ¢a, satisfy the 
Lippmann-Schwinger equations” 


1 
Vo*= Gatlim — ~Viba*, (3) 
0+ Fo —Ktie 
and 


Hpa*= Eat. (4) 
H may have in addition discrete eigenstates y, 


Hy, = Ei, (5) 
1M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 


(1953). 
? B. A. Lippmann and J. Schwinger, Phys. Rev, 79, 469 (1950). 


where the y, will be assumed not to overlap the con- 
tinuous spectrum. 


THE TRANSITION RATE 
We start from the general relation (in units h=1), 
U (to, ts) a ¢iKtsg- iH (tet) e-iKt (6) 


where U/(ts,/;) is the operator that generates the wave 
function at time /, from the wave function at time ¢; in 
the interaction representation,’ and are interested in 
the convergence as />— © of 


U (0,1) Ca= ett te-ikoty |. 


Expanding* ¢, in the complete set of eigenfunctions 
of H, 


7 f dob Wats.) +Xi Vinee), 
we obtain 
UO) ¢0= Yall) +B0(0), 
Ba(t)= dor ef FF (Wi, Ga) (7) 


1 
Ya(t) fol Got —— hpaneents Vy.t sea We eB e-Ba)t 
E.t+te— K 


where in the last line we have substituted from (3) 
and the limit as e—>0+ is understood. By the ortho- 
normality of the ¢,’s, we have 


Va(t) = Wat+pat (t), (8) 


1 
pat (t)= f de® f dE,——_——— 
E.—ie— Ey 
x (Vp.t, paPere be we, 69) 


where, following Watson,°* we have explicitly separated 
out the integration over the energy in the integration 
over all physical quantities needed to specify the states 


3 See, e.g., reference 1, Sec. IIT. 

* The expansion coefficients (¥.*,g.) are singular. However, see 
below where a wave packet is taken for initial state; this intro- 
duces an integration over these quantities. 

5K. M. Watson and K. A. Brueckner, U. S. Atomic Energy 
Commission Document AECU-2765 (unpublished). 
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BOUND STATES AND 


y.+. We put (suppressing the dependence on a): 


( Vy.*, ¢a)Wor = f(c°,E.), 


x= (E,—E,)t. 


and 


Using the limit-integration theorem denoted symboli- 
cally by 


1 
lim — -P( )sina(a, (10) 
rt arin = \x 


where P denotes principal-value integration, we have 
for fixed (<0: 


4 é iz x 
par()= f dor f dx- i(« la ) 
Eat b t 
~~ x 
tin fac f dx6(x)e~ “i(¢, Ea ). 
Eat t 


The second integral is immediately 
tin f de'f(C,b). 


(We have assumed £, definitely greater than the lower 
limit of the continuous spectrum, which we have taken, 
without loss of generality, equal to zero.) The principal 
value term is, in the limit /->— ~, 


~ix f de® f (c°, Ea). 


lim pat (t)=0. 
| ne) 


Thus 
(11) 


It remains to look at the contribution (7) from the 
bound states. This oscillates as />— ~, unless all the 
(Wi,¢a) vanish. Thus in the case where the total Hamil- 
tonian H admits bound states, the limit of U (0,1) ga as 
i—— © does not exist in general.® 

Suppose, however, we take as initial state a wave 
packet ¢; which being normalizable can therefore be 
expanded in the ¢a’s. We shall assume that this expan- 
sion contains a superposition of ¢,’s over a small range 


6 In their treatment of this problem, Gell-Mann and Goldberger 
(see reference 1) introduced an averaging of the initial state in 
time. They were led to define 


0 
U (0, — © )ya= lim ef dle*U (0,1) ga. 
€—0+ -® 


The fact that the contribution from the continuum has a limit 
by the ordinary definition implies that the limit exists and has 
the same value (~a*) by this generalized definition. However, 
it is clear from (7) that with this generalized limit, the contribution 
from the bound states vanishes. 


FORMAL 


THEORY OF SCATTERING 


of energies. We have 
‘ 


U(0,!) o.= f da( ga, d)[Vat-+pet(t)+Ba(t)] 


=Vittpt (+B), (12) 


where the last equality defines the barred quantities. 
Now 


Ex(bi,¢a) = (Hi, ¢a) - (Wi,H ga) = Ealbi,¢a)+ (Wi, V a) ’ 


so that, by (12) and (7), 


ef Fi Eat 
By =¥ faa ————-P (Wi, V Ga) (Gay Gi). 
l E.i-E, 


Since we assume that the bound states do not overlap 
the continuous spectrum, the denominator never 
vanishes. By our assumption that ¢, involves a super- 
position of ¢,’s over a range of energies, we therefore 
obtain, because of the rapidly varying exponential, 
lim B,(t)=0. (13) 
t-+—-20 
Also 
lim A;*(t)=0, (14) 
t-+--2% 
so that 
lim U (0,t) d= i". 


t+ 


(15) 


By the definition (12) of ¥,*, 


(yr,e'Kte~i4 hh +) = (ene fdalenavare at) 


= [aConta') (ene ie™ vot, . (6) 
(gr, e'*'Ve Ht) +) 
= fda(gr,V¥0") (oa ae fe), (17) 


By (6) and (12), 
d 
—|(¢,U (t,to) Bi) |* 
it 


¢ 

= 2 Re{ i i(gn,e'* ‘Ve iH Y, ‘ + pi" (to) + Bi (to) }) 

XK (gre! te ++ pit (to) + Bi (to) I)*}. (18) 

We now obtain, from (13), (14), (16), (17), and (18), 
and the orthonormality of the ¢,’s, 


Wra= lim lim 
Giga loro 


d 
—|(¢,U (t,to) di) |? 
dt 


= 2 Re{ —1i( ¢, Vbat) (goat)*}, 
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iridependent of t. By (3) and (10), we have’ 


(oat) =5(b—a) 


. 


E.— Ey 


1 
+ P( — -) —inb(Eg— Bs) |, Va"). 


Noting that the principal value term does not con- 
tribute to the real part, and defining 


Toa= (¢,Va*), 
we finally get 


Wra= 26(b—a) ImTy¢+205(Ey— Es) |Tso|?, (19) 


which is the well-known exact expression for the 
transition rate. 


EQUIVALENCE OF THE STATIONARY AND THE 
TIME-DEPENDENT DEFINITIONS OF THE S MATRIX 


Snyder* has pointed out the necessity for a demon- 
stration of the equivalence of the stationary and time- 
dependent definitions of the S matrix. This can be 
achieved by the methods of the preceding section.’ In 
case we had expanded in terms of the y~’s instead of 
the y*’s,” we would have obtained, instead of (8) and 
(9), 


Ya(t) =Wa +pa (t), 


1 
p= f de (We wdberetnt 
E.tie—Ea 


Proceeding as in the derivation of (11), we find that 
the principal value term and delta function term no 
longer cancel, but have the same sign, and we get 


lim pa (1) = ~ ani f acnvy (c°,Ea),¢aW (c°,Ea). (20) 


Taking the limit as -+— © of 


Ya(t) =Watt+pat (t) =Wa +Pa ~(t) 
’ There is still an integration over final states to be performed 
eventually. In fact, inserting (19) into the relation expressing 
conservation of probability, 


fabio. =0 


provides, as Snyder has noted (see reference 8), an immediate 
proof of the well-known “optical theorem” [reference 8, Eq. (45) ]. 

*H. S. Snyder, Phys. Rev. 83, 1154 (1951). 

*S. T. Ma [Phys. Rev. 87, 652 (1952)], has considered this 
problem from a different point of view, making use of a yee 
of “conditional equality.” Necessary integrations required for the 
validity of “conditional equalities” arise naturally when a wave 
packet is taken for the initial state. (See, e.g., Eq. (36a) of ref- 
erence &, and note that an integration over E, is required there.) 

IT owe this suggestion to Professor Goldberger. It is assumed 
here that the ¥*’s and ¥~’s span the same space. 


HACK 


thus provides, by (11) and (20), the relation 
Yat= ve ~2ni f dcXVI-(C,Es) 0" (Ea) 


Because the inner product occurs between states of 
the same energy, we can apply the reciprocity theorem,? 


(Vi (0, Ea), a) =(9(0,E a), Va"), 
so that 


Wat -_ Wa ay ani fdci( Be Ea) (Ge, Vat We . 


Making use of the orthonormality of the y~’s, we 
obtain from the stationary definition of the S matrix 
introduced by Gell-Mann and Goldberger, 

Sta= (Wo Wat) =5(b—a) — 29d (Ey— Ea) Tra. 

In the treatment of the S matrix by the time- 
dependent method the same difficulty arises that was 
discussed in the preceding section. It is now clear that 
we should take a wave packet for the initial state and 
at the end of the calculation let the wave packet 
approach a plane wave. Thus we define 


Soa= lim lim lim (¢»,U (t,t) ¢,). (21) 


Giga te to > 


By (6), (15), and (16), 
lim (¢»,U (t,to) :) = (¢n,e'*'e~ 4 p+) 
tq-*+-@ 


el Eo Ea)t 


” (o,21)+ f da gas -(¢6,Vipat) (Ga, Hi); 
E,tie— Ey 


4 


where the last line follows from substituting (3) into 
(16), and the limit as e-0+ is understood. Thus, 
making use again of (10), 


lim lim (¢,U (t,to) di) 
to tq 
= (¢0, Gi) — dni f das (Ey Ea) (90, Vat) (Ga, Fi), 


and we therefore again obtain 
Sva=6(b—a) — 29ib (Ey— Ea) Ta. (22) 


Thus the definition (21) of the S matrix by the time- 
dependent method also leads to (22), whether or not 
there are bound states of H, provided these do not 
overlap the continuous spectrum. 
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It is shown that a system of spinor fields can be classified uniquely into several sets, called families, when 
the interaction is given. This is made possible by noting that an interaction imposes some restriction on the 
commutation relation between different spinor fields. The fermion system is then classified, by a method of 
construction, into a set of families characterized by the following conditions. (1) Spinor fields of the same 
family anticommute with each other. (2) Commutation relations between any pair of spinor fields of different 
families are completely unspecified. To this end, we use a mathematical device which is derived from the self- 
evident requirement that equations of motion for fermions are determined unambiguously by the variation 
principle. We have applied the present method to the classification of observed spinor fields and discussed the 


structure of families in some detail. 


I. INTRODUCTION 


T is known that reactions of various elementary 
particles which have heretofore been discovered are 
subject to several selection rules. One of them is the so- 


called conservation law of heavy particles which has 


been noticed in connection with the stability of matter.' 
Although the deeper cause of this law is still beyond our 
comprehension, it seems to indicate at least that 
nucleons and V particles form a distinct set from other 
fermions. Thus, these particles are usually said to form 
a “nucleon family.” Of course the notion of a nucleon 
family is expected to represent implicitly certain fea- 
tures of the interaction of heavy particles with other 
elementary particles. It has, however, been a rather 
obscure concept. It will be worth while to ask whether or 
not it is possible to give a definite physical meaning to 
the nucleon family. Furthermore, it will be useful if one 
can extend the concept to establish the notion of a 
general family which is applicable to any spinor field. 

It was first noticed by Nishizima? that a restriction is 
imposed on the commutation relation between different 
spinor fields by the integrability condition of the 
Schrédinger equation in the interaction representation. 
Generalizing his idea, Oneda and Umezawa’ tried to use 
the commutation property of various spinor fields to 
define the family. Their method is incomplete, however, 
since they did not give a prescription to determine the 
commutation relation between different spinor fields. 
The purpose of this paper is to improve their method 
and give a satisfactory and unambiguous definition of 
family on the basis of empirical knowledge about the 
interaction. We do not intend, however, to give any 
explanation for the existence of the conservation law of 
heavy particles 


* Now at the Department of Physics, Columbia University, 
New York. 

1Tt was first noticed by Wigner that a sum of the number of 
protons, neutrons, and V particles, or more exactly, the difference 
of the number of these particles and their antiparticles, is con- 
served in any known reactions, see E. P. Wigner, Proc. Am. Phil. 
Soc. 93, 521 (1949); Proc. Nat. Acad. Sci. U. S. 38, 449 (1952). 

2K. Nishizima, Progr. Theoret. Phys. (Japan) 5, 187 (1950). 

3S. Oneda and H. Umezawa, Progr. Theoret. Phys. (Japan) 9, 
685 (1953). 


In Sec. II, we shall give a lemma based on a funda- 
mental requirement of the usual quantized field theory 
which is useful in studying the interacting spinor fields. 
In Sec. III, we shall see how a given interaction 
Lagrangian restricts the commutation relations between 
different spinor fields and how this result is used to 
classify them into several families. We shall apply our 
method to the classification of the actual fermion system 
observed in recent experiments. 


II. PRELIMINARY REMARKS 


Let us consider an assembly of n fermion fields 
described by the operators p', 7, ---, wy" and their 
conjugates interacting with each other and with several 
boson fields. To describe this, one can of course start 
from a c-number Lagrangian and introduce commuta- 
tion relations afterwards so that one obtains a consistent 
picture of field quantization. Instead, however, we shall 
use here a g-number Lagrangian L from the beginning.‘ 
This is a Lorentz-invariant polynomial of fermion and 
boson operators. It is composed of the free part Ly and 
the interaction part L;. We shall assume that the 
anticommutation relations, 


(Wa'(x,t), ba" (x’,t)} =5a6(x—x’), 


; ‘ (2.1) 
{Wa'(x,t), We*(x’,)}=0, etc., i=1, 2, ---, n, 


are already proved to hold for the free fermion fields and 
that the ordinary commutation relations hold for the 
free boson fields. On the other hand, the commutation 
relation between different kinds of spinor fields is not 
determined by L».° 

In order to study how a given L; imposes restriction 


‘J. Schwinger, Phys. Rev. 82, 914 (1951); 91, 713 (1953). 
® For example, a transformation of free-field variables like 


Hay, Y=C¥=VC, CY=-VC, 
C= exp[ ix f. don'p (x v(x’) |, 


transforms a commutation relation of y' and ¥ (for n= 2) into an 
anticommutative one and vice versa without changing any other 
relations, where o, is a space-like surface which passes through 
the point x. See O. Klein, J. phys. et radium (7), 9, 1 (1938). L. 
Michel, Proc. Phys. Soc. (London) A63, 514 (1950). 


with 
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on the commutation relation between different spinor 
fields, it is convenient to make use of the following 
lemma: 

Lemma 1. Each term of L; has to involve an even 
number of operators (including *) which anticommute 
with y'(i=1, 2, +--+, m). 

This is derived in the following way from the require- 
ment that the equations of motion for all field operators 
must be determined uniquely from the Lagrangian L by 
the principle of stationary action. Making use of a two- 
valued function ¢€;; defined by*® 


VWi=eNny', viVi=eny"™, etc., (2.2) 
with 
-{! if y‘ and ¥’ commute, (2.3) 


€ij>= 4 s 
"1-1 if Wy‘ and ’ anticommute, 


one can rearrange L in such a way that ‘ stands on the 
left end of all terms. Let us call it Z;. In the same way, 
v‘ can be brought to the right end of all terms which we 
shall call L,. By varying L; and L, with respect to p'‘, 
one obtains two equations of motion for y'. The unique- 
ness postulate requires that they should be identical. It 
is easy to see that this is satisfied if and only if the 


relation 
IL yo 1 


holds for each term of L; which involves ‘. The left- 
hand side is a product of functions ¢;; for the term of L, 


(2.4) 


considered, and —1 on the right-hand side is the value ~ 


of the function €;,; for Lo. Lemma 1 follows immediately 
from (2.4). Obviously the same result is obtained for any 
product of terms of 1; when they are space-like relative 
to each other, 

This lemma is equivalent to the one used by Oneda 
and Umezawa but is derived in a much simpler way. We 
shall also notice that Nishizima’s result is involved in 
this lemma since an integrability condition like 
[H,(x), H2(x’) ]=0 for space-like x—2'(x%x’) follows 
immediately from it. 


III. CLASSIFICATION OF SPINOR FIELDS 


We are now ready to classify the spinor fields with a 
given interaction Lagrangian into several families. Be- 
cause of the Lorentz invariance, L; can be written as 
follows: 


Lp= LO LO4 +--+ LOP4.-., (3.1) 


where L is a sum of all terms which are products of 2k 
spinors.’ In considering the effect of 1; on the commuta- 
tion relation, we shall take account of the terms of this 
expansion successively. 

Let ¥* be an operator which appears in at least one 
term of L®, Consider all y*’ that are partners of y* in 
L®, Then consider all ¥*” that are partners of at least 


® In the case i=j, an additional ¢ number may appear in (2.2). 
We can neglect it, however, since it is not necessary for our 
purpose. 

7 Being unnecessary, terms involving only boson operators are 
dropped in (3.1). 
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one of Y*’ in L® and so on. Let us call an assembly of all 
spinors thus obtained a “2-family” and denote it as 


Fs {y’*, Vv”, Se Vv", asm }. (3.2) 


This is uniquely determined irrespective of which spinor 
in this set one starts from. By Lemma 1, a pair of spinors 
forming together a term of L® must anticommute with 
each other. It can further be shown that all spinors 
belonging to F, anticommute with each other. One 
can construct another 2-family F,'? starting from a 
spinor which appears in L® but does not belong to 
F,®. Obviously F, and F,® have no common 
element. In this manner, one can construct successively 
several 2-families. When there are spinors which do not 
appear in L®, however, they do not belong to any of 
these families. The commutation property of such a 
spinor with other spinors cannot be determined by L®. 
We shall adopt the definition that each of them forms a 
2-family by itself. Then the entire set of spinor fields are 
classified into several 2-families having the following 
properties. (1) Spinor fields of the same 2-family 
anticommute with each other. (2) Commutation rela- 
tions between spinors of different 2-families are un- 
specified as far as L® is concerned. 

The effect of L can be taken into account in a 
similar but more complicated way. We first notice that 
if three spinors in a term of L“ belong to the same 2- 
family, the fourth spinor must anticommute with the 
three spinors even if it does not belong to the same 
2-family. This can be proved by solving Eq. (2.4) for 
this term. By Lemma 1, it is easily shown that any pairs 
of operators from these two 2-families are anticom- 
mutative with each other. In general, if there is a term 
of L“ which involves three spinors (or one spinor) from 
a 2-family Ff, and one spinor (or three spinors) from a 
set of 2-families in which any pair of spinors are proved 
to anticommute with each other, it can be shown that 
all spinors of F, anticommute with all spinors of the 
latter set. 

In this way one can construct a maximum set of 
2-families in which any pair of spinor fields are anticom- 
mutative. We shall call it a 4-family. By the same 
procedure we shall construct as many 4-families as 
possible. If there still remain several 2-families which do 
not belong to any of these 4-families, we shall consider 
that each such 2-family forms a 4-family by itself. Then 
the whole set of 2-families can be classified into a set of 
4-families in an unambiguous way. Obviously, spinor 
fields of the same 4-family anticommute with each other. 
Furthermore, it is easy to see that commutation rela- 
tions between spinor fields belonging to different 4- 
families cannot be determined by L“. Thus, as far as 
L® is concerned, a 4-family defined above is actually 
maximal in the sense that it cannot be extended to a 
larger set in which any pair of operators are anticom- 
mutative. 

The same reasoning can be applied to L‘, L, and 
so on, leading to the classification of spinor fields into 
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6-families, 8-families, and so on. If terms beyond L® do 
not provide us with a new restriction on the commuta- 
tion relations, the 2k-families will be the most precise 
classification of spinor fields which one can expect from 
the study of a given L;. We shall then define a 2k-family 
as a family. Summarizing the above argument, one can 
conclude that when the interaction Lagrangian is given, 
an assembly of spinor fields is classified uniquely into 
several families having the following properties. (1) Spinor 
fields of the same family anticommule with each other. 
(2) Commutation relations between spinors of different 
families are completely unspecified. 

It is to be noticed that the distinction between spinor 
operators and their conjugates is not essential in this 
result More detailed information about the fermion 
system will be obtained if one takes their difference into 
account. For this purpose it is useful to observe the 
behavior of y and ¥* with respect to the transformation 
of their phases. We shall not go into the details of this 
problem, however, but simply refer to one of the results 
obtained. It is the following: If there is a conservation 
law of the number of particles at all, it must be applied 
to a family or an assembly of families and not to a 
smaller set of spinor fields. 

In applying our method to the actual problem, we 
must note that what we find from the study of various 
reactions is in general not the Lagrangian itself but the 
S matrix. Accordingly, the foregoing discussion might 
have to be somewhat modified. In fact, however, one can 
develop essentially the same argument as before making 
use of the following lemma: 

Lemma 2. Each term in the normal product expansion* 
of the S matrix involves an even number of operators which 
anticommute with w'. 

This can be derived at once by applying Lemma 1 to 
the operators of the interaction representation. 

The existence of the following fermions has been 
more or less established : electron (e), neutrino (v), muon 
(uw), « particle (x), proton (p), neutron (m), and V 
particles (V° and V). Some of them might turn out to 
be bosons by further investigation. For the sake of 
definiteness, we shall assume that they are all fermions. 
Furthermore, we shall adopt only those interactions 
which are customarily assumed.’ Then, it is easy to see 
that the fermions are classified into the following four 
2-families : 


B= fe), FL = {oy}, 


F.=({x}, F,%=(pn,V%V%). (3.3) 


8G. C. Wick, Phys. Rev. 80, 268 (1950). 

® In this paper, we shall not discuss such problems as the neutral 
muon, the Majorana neutrino, or the assumption of the existence 
of heavy bosons in beta decay suggested by Y. Tanikawa and K. 
Saeki, Progr. Theoret. Phys. (Japan) 10, 232 (1953). 
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By making use ef the direct interactions of fermions, 
they are further classified into the lepion and nucleon 
families as follows: 


FLO an {v,e,u,x}, F,“ = {p,n, y®, Very, (3.4) 


Since we have, at present, no evidence for the existence 
of any more complicated elementary interaction, this is 
the most precise classification we can expect from our 
knowledge about the reactions between various ele- 
mentary particles. 

From our general argument, it is clear that if some 
new fermions are added to F,™ in the future, the 
conservation of heavy particles should be extended to 
include them. On the other hand, if an interaction is 
found which makes the lepton and nucleon family 
anticommutative, it is impossible to apply the con- 
servation law to nucleons and V particles." It is not 
known yet whether or not the conservation of particle 
number should hold for the lepton family too. It is 
interesting to notice, however, that there are two pos- 
sible cases characterized by the interactions 


ewye'+cc, 
feerwynw'+ CC, 


in which the conservation law can be true for the leptons. 
Their difference lies in the point that two neutrinos are 
distinguishable in (3.5) while they are identical in (3.6). 
Since the electric charge is known to be conserved 
absolutely in any process, (3.6) is forbidden if ¥* and y* 
have the same electric charge while (3.5) is forbidden if 
y* and y* have electric charges of opposite signs. 
Evidently they are mutually exclusive. An advantage 
in adopting (3.6) was stressed by Konopinski and 
Mahmoud" since it automatically forbids several unob- 
served processes like 


(3.5) 
and 
(3.6) 


pte et+y, 
pte ettette, 
pt+ p (or n) <> e*+p (or n), 


under the assumption of validity of the conservation 
law for the lepton family. It is to be noticed, however, 
that it is impossible to explain other unobserved 
processes such as the r—e decay in this way. 

The author would like to express his gratitude to 
Professor R. Oppenheimer for his kind hospitality at the 
Institute for Advanced Study. He is very greatly 
indebted to Professor Y. Nambu for many valuable 
discussions. 


” Tanikawa proposed just such an interaction in his theory of 
beta decay. By assuming a special interaction, he could avoid the 
collapsing of matter though the conservation law of heavy spinor 
particles does not hold in his theory. See reference 9. 

( "FE. J. Konopinski and H. M. Mahmoud, Phys. Rev. 92, 1045 
1953). 
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The collision matrix for a quantized Dirac field in an external electromagnetic potential is evaluated 
by a method which utilizes the close relation between the theory of positrons and the formal one-particle 
Dirac theory. The main mathematical tool employed is a theorem by Baker and Hausdorff on exponentials 
of noncommuting quantities. One obtains the collision matrix expressed as a product of exponentials, 
involving creation and destruction operators in a way suitable for the calculation of matrix elements in 
the occupation number representation. In the Appendix the evaluation of the collision matrix for a real 
scalar field in interaction with a given source distribution is carried out by means of a similar technique. 





1. INTRODUCTION 


HE purpose of the present note is to evaluate the 
collision matrix for a Dirac field subject to an 
external time-dependent (unquantized) electromagnetic 
potential. This problem can be solved by means of the 
techniques developed by Feynman! and Dyson,’ and has 
been treated repeatedly by various authors.’ We shall 
present here an alternative solution, based on the defini- 
tion of the collision matrix in the Heisenberg representa- 
tion given by Yang and Feldman.‘ Our presentation em- 
phasizes the close correspondence between the formal 
one-particle theory, in which negative energy states are 
allowed, and the quantized theory of positrons. In 
Sec. 3 we obtain an exponential and obviously unitary 
form for the collision matrix and in Sec. 4 we proceed 
to order the creation and destruction operators. The 
developments of these two sections parallel those of 
Friedrichs,® and are indeed the relativistic analog of 
the treatment he devised for the solution of a similar 
and related problem. In particular we also achieve the 
ordering of the creation and destruction operators by 
the use of a theorem by Baker® and Hausdorff’ on 
exponentials of noncommuting quantities. Although 
the formula given by Baker and Hausdorff has been 
occasionally used in field theory in simple cases when 
the higher commutators vanish (as it happens for 
instance in the problem of a given source distribution 
treated in the Appendix of this paper), it will become 
clear that our use of the theorem is of completely 
different nature. One of the aims of this paper is just 
to illustrate this particular type of application. 
Our main result is expressed by the ordered form of 
the collision matrix given in formulas (41) and (42) or 


* Supported by the U. S. Office of Naval Research. 
'R. P Feynman, Phys. Rev. 76, 749 (1949). 

* F. J. Dyson, Phys. Ree. 75, 1736 (1949). 

* For instance, K. Yamazaki, Progr. Theoret. Phys. (Japan) 
7, 449 (1952); Yamazaki uses the operator calculus of R. P. 
Feynman, Phys. Rev. 84, 108 (1951). His results bear some 
similarity to our formula (41). 

‘C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950). _ 

*K. O. Friedrichs, Communications on Pure and Applied 
Mathematics 6, 1 (1953); see also the appendix of Quantum 
Theory of Fields (Interscience Publishers, Inc., New York, 1953). 

¢H. F. Baker, Proc. London Math. Soc. (2) 3, 24 (1905). 

7F. Hausdorff, Berichte Saechsischen Akad. Wiss. (Math. 
Phys. Kl.) Leipzig 58, 19 (1906). 


(43) below. It is not an S-ordered expression as defined 
by Wick® (in our formulas not all creation operators 
act after the destruction operators), although it could 
be transformed into an S-ordered expression. We shall 
not carry out the transformation, which involves some 
algebra, since, as we shall see, our solution is useful as 
it stands. 

The problem treated here is the most significant one 
which we were able to solve in this way. It does not 
seem easy to generalize the present method to the more 
complex case of truly nonlinear interactions of quan- 
tized fields. 

One of the motivations for the present work was the 
hope that it may represent a first step to a rigorous 
mathematical treatment of the problem in consider- 
ation. However we shall not investigate here the 
conditions under which our expressions are meaningful 
and our equations have solutions. In particular this 
applies to the reciprocals, exponentials and logarithms 
of the singular operators used in this paper; for small 
strengths of the potentials one can define these expres- 
sions by series expansions. We shall make use without 
justification of simple formal properties of these 
expansions. 


2. STATEMENT OF THE PROBLEM 


We first consider a c-number Dirac field subject to 
an external potential 


(yd/dx+m+O)=0, (1) 
9/dx=y"/dx", Q(x,x’) = —iey"b,(x)6(x—x’), (2) 
vy yy? 2g. 

Our time coordinate 2° is real, c=h=1, @=—1, 


gi=g™@=g¥=1, g=0 for \+y; the matrix 7 is anti- 


Hermitian; y', y’, and 7’ are Hermitian. It has some 
formal advantages to write the potential, as we have 
done, as a singular integral operator. We shall also use 
symbolic integral operators associated with the well 
known singular functions S, S+, S***, etc. : an expression 
such as S'*Oy(x), for instance, stands for 


SS Sx x/)da! Q (21 2!" dee!" (x). 
*G. C. Wick, Phys. Rev. 80, 268 (1950). 
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(The integrations extend over all space-time and the 
spinor matrices are multiplied in the usual way.) Be- 
sides the Pauli adjoint of aspinor }=,= —y,*y.,° (sum 
over repeated spinor indices) we shall define the adjoint 
of an integral operator 


R= (R) po(x,x’) = — 7 pr°Raz* (x’ x) 700° 


(notice the interchange of x and x’). Expressions like 
SX(x’)R(x',x)dx’ and fx (x’) R(x’ x” W(x" )dx'dx” will 
then be abbreviated respectively as xR and xRy. In 
the particular case of our potential we have 


Q=0. (3) 


The following relations involving the singular kernels 
will be used? 


S= Sedv— Sret= S+45-, 
S=—S, §rt=Sedv, St=—S+, S-=-S-, 


0 
)s~ on (+m sw Ves = 1 : 
Ox 


For any solution y of (1) we define the incoming and 
outgoing fields, 
vr=y—S™OY, (4) 


yotay—SVOy. (5) 


It is clear from this definition that both y'" and yw" 
satisfy the free-field equation, 


(y0/dx+m)y"=0, 
(y8/dx-+-m)yr"t=0. 


In scattering problems one considers (4) as an integral 
equation for y, to be solved for given y satisfying (6). 
We shall not investigate here the conditions for the 
existence and the uniqueness of the solution of (4). It 
is likely that, with suitable restrictions on the potential, 
both existence and uniqueness will be ensured, and the 
homogeneous equations corresponding to (4) and (5) 
will have no solutions. 

Eliminating ¥ from (4) and (5), the relation between 
y'" and y"*t can be written as 


prt=ypin— SO(1— SQ) “yin, (7) 


The linear operator transforming y'" into ¥°"* can be 
identified with the collision matrix for the formal one 
particle theory. As we shall see in Sec. 3, it is unitary 
with respect to the appropriate inner product. 

If the Dirac field is quantized all the above relations 
are still valid as relations between the operators y, yi" 
and ¥“*, The operators y'" and ¥°"* both satisfy the 
free-field equation and the free-field (anti-) commuta- 
tion relation and we are led to the problem to find a 


(6) 


* The symbol S is used here to denote the adjoint of the integral 
operator S, and not, as it is customary in the literature, the 
singular kernel 4(Sedv4 Sree) for which we reserve the letter G 
(see Sec. 5). 
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unitary operator S such that 
Sy," (x)S=y,""(x). (8) 


According to Yang and Feldman, § is the collision 
matrix; we should like to express it in terms of the 
incoming fields only. We also should like to find a 
form for S, in which the creation and destruction 
operators are ordered in such a way that it is possible 
to evaluate the effect of the application of S to a state 
vector in the occupation number representation. 


3. EXPONENTIAL FORM OF THE COLLISION MATRIX 


In this section and in Sec. 4 we want to investigate 
the relation between equations of the type of (7) and 
(8). We consider general linear transformations oper- 
ating in the space D of the solutions of 


(yd/dx+m)o=0. (9) 


We shall first assume that the fields are unquantized. 
Every solution of (9) and its adjoint can be written, 
respectively, as 


o=Shi, o=G5=—9.5. 


Here the spinor ¢; is not uniquely determined by @ 
since it can be changed into ¢:+n where Sn=0. The 
operator S projects a general spinor function of x onto 
D. We can define the inner product of two solutions ¢ 
and £ of (9) in the following way: 


(Eb) = —i& Son. 


This inner product depends only upon the solutions £ 
and @ themselves; it is a complex number, and it would 
not be difficult to show that it is equal to the more 
customary expression /*pd*x where the three- 
dimensional integration is extended over a manifold 
x°= constant. 

If @ is in D, a linear relation such as 


x= (14+ SV)p= (1+ SY)S¢i, 
x=4(1—YVS)=—¢,S(1—Y5), 


(10) 


(11) 
(12) 


insures that x also is in D. If we are interested only in 
linear operations in D we can consider Y to be to a 
certain extent arbitrary; it could be changed and still 
give the same linear relation in D provided SYS 
remains the same. This situation will come up in 
various instances because of the presence of a projection 
operator, such as S, in the formulas. 

We shall now require that the linear operator 1+SY 
in (11) is unitary with respect to the inner product (10). 
The operator is length-preserving if 


(Eb) = (14+. SV)€, (14+SV)¢) 
= —if,(1—SP)S(1+VS)y, 


for arbitrary £, and ¢;, which means 


(1—SP)S(1+VS)=S. (13) 
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The operator is also unitary if, in addition, 
(14+SY)S(1—YVS)=S. 


The relation (7) between y'" and y“* is a particular 
case of (11) for 


(14) 


Y=—Q(1—S'Q)", (15) 


and one could check, using (3), that for this particular 
choice of Y both (13) and (14) are verified. 

As a consequence of relations (13) and (14) we can 
assume the existence of an operator P such that 


(14+-SV)S=e8?S (16) 
and 


SPS=SPS (17) 


hold; condition (17) means that P is anti-Hermitian 
in D in the sense of the inner product (10). 

We now go over to the case of quantized fields. The 
conditions (13) and (14) are necessary and sufficient 
to insure that x satisfies the free-field commutation 
relations if @ does, and vice versa. For instance, if 

(¢,¢} = —iS, (18) 


we have from (14) 
= —i(1+SV)S(1—YS)=—iS. 


We can express the relation between x and @ by 
means of a transformation analogous to (8). With the 
definition 


[P]= Biff Panter door) 


—)(x'),(x)}dxdx’, (19) 


the commutator identities 
[¢,(x),[P]]=(SP¢),(x), 
(¢,(x),LP]J= —(@PS),(x), 

follow from (18). [No use is made here of (17), but we 


shall assume that (17) is satisfied. ] As will be shown 
below, one has as a consequence 


(20) 
(21) 


x=e5?o=§ ‘pS, (22) 


x= ge ?S=$—'gS, (23) 
with 


S=exp[P]. 


Owing to (17), S is unitary; formula (24) solves the 
problem of finding an exponential form for the collision 
matrix. We see that the operator in the exponent of 
(24) is the second quantized operator of the operator P 
in the exponent of (16) in the sense of the theory of 
positrons (Heisenberg’s rule). It should be noted that 
for | P] only the value of SPS is relevant. 

To verify (22), for instance, consider the derivative 
of the operator 


f(A) = OUP EASPO (xe ALP] 


(24) 
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with respect to the parameter \. We have 
f= eAS?(SPO(x)— (O(a), [PIO 
and because of (20), f’(A)=0; therefore {(1)= /(0)=¢. 


4. ORDERED FORM OF THE COLLISION MATRIX 


We now proceed to the separation of the creation 
and destruction operators by suitably decomposing 
(24) into a product of exponentials. We define as ‘Lie 
polynomial” a homogeneous polynomial in certain 
variables a, 6, ---, which can be constructed from Lie 
polynomials of lower order by forming commutators 
and linear combinations with constant coefficients. 
Any formal series of Lie polynomials will be called a 
“Lie function.” 

Making use of (20) and (21) one can easily verify 
the second commutator identity, 

(CMP=CP 
where P satisfies 


SP )SP2S—SP2SP\S=SPS. 


(25) 


(26) 


It is then apparent, by repeated application of (25), 
that, if l(@,8) is a Lie function, the relation SPS 
=1(SP,,SP2)S=SI(P,S,P2S) entailslP]=l([P1],[P2]), 
and vice versa. This result can be obviously generalized 
to Lie functions of more than two variables. 

Following Friedrichs, we shall now make use of a 
theorem discovered independently by Baker and 
Hausdorff: if a, 8, and y satisfy the formal relation 
e*e =e, then 


y=at+6+}[a,8 }+ (1/12) (Las }3]+[[Ba Ja})+- > 


is a Lie function of a and 8." The generalization to the 
product of more than two exponentials is obvious. The 
observation of the preceding paragraph allows us to 
conclude that if 

eSPigSPgSPa§ = 2SPS. (27) 
then 

elPilelPalelPal = el Pl (28) 

and vice versa. 

Equation (28) can be used to obtain the form of the 
operator S ordered in the desired way with respect 
to creation and destruction operators by having each 
of the exponentials in the left-hand side contain only 
certain creation or destruction operators. More pre- 
cisely, let us define the two projection operators E* 
and £~ which transform a function of the space-time 
variable x into its positive- and negative-frequency 
parts, respectively. They satisfy 


Et f(x)=ft(x), E-f(x)=f-(x), 
E++E-=1, (EtP=Et, (E-)*=E, 
E+E-=E-Et+t=0, Et=Et, E-=E-. 


(29) 


Tt is not possible to give an explicit formula for y, but one 
can give a recursive construction of it. For details see, for instance, 
W. Magnus, Report No. BR-3, New York University Mathe 
matics Research Group, 1953 (unpublished). 
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It follows that 


I(x)E+=f-(x), f(x)E-=ft(x), (30) 


and that 


E*tS=S+t=SE+, E-S=S-=SE (31) 


We shall require that P,, P2, and P; not only satisfy 
(27) with the right-hand side given by (16) but also 
be of the form 

iP\=EtAE,, 
iP,= E+BE+—E-CE_, 
iP3;= E-DE*. 


One can then easily see from (29) and (30) that 


[PiJj=¢ Ag ’ 
(P.l=¢ Bot + (Co \ot+4i TrBSt++ 4iTr0 a 
[Ps ]=¢*tD¢*; 


here we have made use of 


(33) 


(¢-,Ot}=—iS-, {ot,o-}=—iSt, (34) 
and the symbol Tr denotes a trace taken by summing 
over the spinor indices and integrating over the four- 
dimensional variable x. 

Our present problem is to find the operators A, B, C, 
and D such that (27) is satisfied. Substituting (32) into 
(27) we obtain the relation which these operators must 
satisfy. The first exponential in the left-hand side of 
(27) reduces to 


eS?i=exp(—iSEtAE-) 
=exp(—iEtSAE-)=1—-iEtSAE, 
because the higher-order terms in the development of 
the exponential vanish as a consequence of the property 
of the projection operators E~E+=0. Similarly, for the 
other two exponentials, one has (using also E+E~ =0) 
e5?a= exp(—iSE-~DE*) =1—iE-SDE* 
and 
e?2= exp(—iSEtBEt+iSE-CE_) 
=exp(—iEtSBE*) exp(iE-SCE_). 


From (16), the relation to be satisfied becomes 


(1—1E+SAE-) exp(—iEt+SBE*) exp(tE~SCE-) 
X (1—i1E-SDE*)S=(14+SYV)S. (35) 
The presence of the projection operators S, E+, and E 
in this formula has again the consequence that A, B, 
C, and D are not uniquely determined by SYS; only 
their relevant projections are, and this agrees with the 
fact that only their projections occur in (33). Sepa- 
ration of the various frequency signs in (35) gives the 
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four relations 
Cexp(iS-C)—1]S-=S-VS-, 
exp(iS~C)iS~ DSt = S~YS*, 
iSt+A exp(iS-C)S-=StYS-, 

[exp(—iS+B)—1—S*A exp(iS-C)S~D JS*t = StYVS*. 


(36) 


Before we can proceed to transform (36) we must 
derive some consequences of the unitarity conditions 
(13) and (14). We first have the relation 


S(1— PS+*)V¥S=SV(1+S-V)S, (37) 


which is equivalent to (13), since S=S*t+S~. From 
(37) we obtain 
S+(1—PS+) VS-=StVP(1+S-V)S, 


and, multiplying by (1+YS~)"! on the right and by 


(1—S*+¥)~ on the left, we have 
StV(1+S-V)7S-=StV(1—St+VP)"S-. (38) 
In a similar way, from (14), we obtain 
S-V(1+S-Y)'St=S-P(1—S+P)“S+, (39) 
We can now proceed to solve the four equations (36). 
The first three of them give, without difficulty, 
iS~CS~ = {log1+S-V)}S-, 
iS-DS* = $- (14+ VS-)“VSt=S-Y (14+S-Y)-1S 
=§-P(1—S+P)-1S+, 
iStAS~=S*+V A+S-V)71S-=S+P(1-—S+P)1S-. 
From the fourth, one has 


exp(—iStB)St=[14+StV+S+A exp(iS-C)S-D]S* ; 


substituting for S+AS~ the expression just found, and 
for exp(iS~C)S~DS* the value given by the third 
equation (36), one obtains 
exp(—i5StB)S* 

={14+S5+Y—S+¥ (1—S*+P)S-V}S4 

= (1—S+V){(1—S+ PF) (14.5+V)—S+PS-V)S* 

= (1—S+¥)-"{14+.S+(Y— P—PSYV))}S* 


=(1-St+f¥)-. (40) 


Here we have used the fact that 
St+(V—¥—YSV)St+=0, 


which is a consequence of (13). Equation (40) can be 
solved in the form 


iS+BS*+= {log(1—S+V)}S*. 


Summarizing our results, we now make use of (24), 
(28), and (33), and have for the collision matrix 


S=exp(¢ Ad ) expl¢ Bot+ (Co~)¢* ] exp(¢tA¢g*) 


Xexp(4i TrS+B+ i TrS-C), (41) 
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in which we can take 
iA=V(1+S-Y)", 
iS-CS~ = {log(1+S-Y)}S-, 
iS*+BS+ = {log(1—S*¥)}S*. 


(42) 


The ordered form (41) is not S-ordered, because not 
all destruction operators are to the right of all creation 
operators. Nevertheless, it can be directly used as it is 
to calculate matrix elements of S between a final and 
an initial state in which, let us say, only a finite number 
of particles are present. Expanding the first and third 
exponential in a power series it is clear that only a 
finite number of terms of each has to be retained, 
because the exponents contain only creation and 
destruction operators, respectively. As for the second 
exponential, it obviously commutes with the operator 
which gives the number of particles, and therefore its 
effect on any vector representing a state in which only 
a finite number of particles is present can be evaluated 
without much difficulty and without series expansions. 
The fourth exponential is just a numerical factor, the 
vacuum expectation value of the collision matrix. As 
compared with an S-ordering, the form (41) has the 
advantage that some terms of the S-ordered expansion 
are already summed together in the second exponential 
operator. It is possible, on the other hand, to S-order 
this second exponential ; one would then obtain a closed 
expression for S equivalent to the Feynman-Dyson 
expansion. We shall not do it here, since it requires 
some manipulations, and does not represent an im- 
provement over (41). 


5. EVALUATION OF THE COLLISION MATRIX 


The results of the preceding section can now be 
applied to the particular case of interest in which Y is 
given by (15) and ¢=y'". 

By use of the Feynman function S$”, characterized by 

LiS? = Sret4 S- = Sadv— $+, 
a straightforward calculation gives 
1+.S-Y¥=1—S-O(1—S'0)4 
= (1—41S"0)(1—S'Q)-, 
1—S+P=14+St0(1—S*4"9)" 
= (1—44S5"Q)(1—S*4"Q)-. 
Therefore the expressions given in (42) become 
A=iO(1—}iS*Q)7 
iS~C=log{ (1—4i8"Q)(1—St0) 4} 
iS+B=log{ (1—428"Q)(1—S**"Q)"}, 


(43) 


dropping a common factor S* or S~. 

We can evaluate the traces occurring in (37) making 
use of the identity Tr logag=Tr loga+Tr log’, valid 
also if a and 8 do not commute. This identity is a 
consequence of the fact, stated in the Baker-Hausdorff 
theorem, that logaf is a Lie function of loga and logs; 
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indeed the trace of the commutator of two operators 
is zero. One has 


hi TrS+B+4i TrS-C = Tr log(1—}iS*Q) 


~—4 Tr log(1—S**Q)—} Tr log(1—S*4"Q). (44) 


It is clear that so far in all our considerations we 
have not made use of the particular form (2) of the 
operator Q), i.e., our formulas would be true also if 0 
would not contain a 6-function factor (nonlocal inter- 
action). If however (2) is valid, as we shall assume from 
now on, the sum of the second and third term in the 
right-hand side of (44) vanishes. To show this, consider 
the series development of the logarithms. The terms 
of first order give 


A TrStO+4 TrS*4vO 
= TrGQ= —ie tr{G(O)y"} f ,(x)dx, (45) 


where we have introduced che singular function® 
"_1( Cx "re 
G=}(S*4v4-Sret) | 


used the definition (2) of Q, and denoted by tr the trace 
taken over the spin indices only. But the right-hand 
side of (45) is zero, owing to 


tr{G(0)y*} =0. 


The higher-order terms are also zero. For instance 


TrS''OS'*O= — ef [s@—vy,(e) 


XK Stet (a! — x) yy (x) dxdx’ 


=(), 
because S*'*t(x—2’) is zero whenever the point x is 
outside the future light cone emanating from x’, and 
therefore at least one of the two S'* functions occurring 
in (46) vanishes. 

The vacuum expectation value of the collision matrix 
now becomes simply exp Tr log(1—}iS%Q). This ex- 
pression has been previously given by various authors." 
Its expansion is identical with the evaluation of the 
same quantity given by Feynman;" it is known from 
his work that Tr log(1—}2S"Q) has an infinite imagi- 
nary part, coming from the second term of the expansion 
(the first term is zero), and is otherwise finite. One 
can drop this infinite imaginary part; this amounts to 
a redefinition of the collision matrix by a phase factor, 
and does not affect transition probabilities. It is 
connected with the charge renormalization. 

In conclusion, the author wishes to express his thanks 
to Professor K. O. Friedrichs and to Dr. H. E. Moses 
for many helpful discussions. 


1 For instance M. Neuman, Phys. Rev. 85, 129 (1952). 
2 See reference 1, Sec. 5. 
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APPENDIX. GIVEN SOURCE DISTRIBUTION 


We consider briefly the evaluation of the collision 
matrix for a real Bose field influenced by a given source 
distribution. For simplicity we take a scalar field 


(| |—m?*)(x) = p(x). 


The solution of this problem can be obtained, for 
instance, by use of Feynman’s operator calculus,” and 
has been given also by other authors." We want here 
to make use of the formula 


(A.1) 


e=t8 = erBell3.0l (A.2) 


valid whenever a and 8 commute with their commu- 
tator, in particular if this commutator is a number. 
Equation (A.2) is an immediate consequence of the 
more general formula given by Baker and Hausdorff. 

With a notation perfectly analogous to the one used 
in the main text, we define the incoming and outgoing 
fields : 


(A.3) 
(A.4) 


gr =otArp, 
gt=ptA™'’p. 
Here the elimination of @ can be completely achieved 
po't=gir+ Ap, (A.5) 
and the collision matrix, defined by 
S—'gir§ = ¢o"t, (A.6) 

is given by the exponential 
S=exp[ — ip¢'" |. 


In the following let us simply write ¢@ for ¢'". To 
verify (A.7) one can introduce the operator, 


f(A) =e 9 (H+AAp)e??, 
and notice that, as a consequence of 


f(r) =¢ eo (Ap— il ph, |)e***=0, 


(A.7) 


one has 


f(1)=f(0). 
18 See Eq. (49) of Feynman’s paper quoted in reference 3. 
4 W. Thirring and B. Touschek, Phil. Mag. (7) 42, 244 (1951); 
R. J. Glauber, Phys. Rev. 84, 395 (1951). 
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Application of (A.2) immediately gives an ordered 

form of the collision matrix, if we take a=—ip¢, 

B= —ipd*, [8,a ]=ipA~p which is a number. One has 


S=exp[—ip(¢*+¢-)] 


=exp(—ipp-) exp(—ipd*t) exp(jipA~p). (A.8) 


From this ordered form one can easily derive an 
expression for the probability P, that » particles are 
created from the vacuum. It is given by >>| (®,,Sp) |?, 
if we denote by #) the vacuum of incoming particles, 
by ®, a state in which # particles are present and sum 
over all states ®,. It is clear from (A.8) that 


1° 


(ipo) oad 
P=! ®,, by Pexp(}ipA-p)| ; (A.9) 
| | 


n! | 


indeed, the destruction operator ¢* in the second 
exponential applied to the vacuum gives zero, and the 
only term in the expansion of the first exponential 
which has a matrix element different from zero is the 
one which creates particles. In (A.9) the sum > can 
now be extended to states with any number of particles 
since only matrix elements which are zero are added. 
One then has 


1 
P= (Do, (ipp* )"( 
(n!)? 


ipp-)"by) exp(—4pAp) ; (A.10) 


here use has been made of (A~)*= A? and of 
i(At—A~)=A". 


One can bring the destruction operators in (A.10) to 
the right of the creation operators by use of the commu- 
tation relation. This gives m! terms equal to (ipAtp)"; 
observing that 

pAtp=—pdp, 


one has finally for P, the well-known Poisson distri- 
bution 2/5 


1 
P,=—W"e-*, 
n! 


W = hpA™p. 


16 See, for instance, reference 14 
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In this paper, we propose a physical model leading to the causal interpretation of the quantum theory. 
In this model, a set of fields which are equivalent in many ways to a conserved fluid, with density |y|?, and 
local stream velocity, dE/dt=V.S/m, act on a particle-like inhomogeneity which moves with the local stream 
velocity of the equivalent fluid. By introducing the hypothesis of a very irregular and effectively random 
fluctuation in the motions of the fluid, we are able to prove that an arbitrary probability density ultimately 
decays into |y|*. Thus, we answer an important objection to the causal interpretation, made by Pauli and 
others. This result is extended to the Dirac equation and to the many-particle problem. 


1. INTRODUCTION 


CAUSAL interpretation of the quantum theory 

has been proposed,'? involving the assumption 
that an electron is a particle following a continuous and 
causally defined trajectory with a well-defined position, 
E({), accompanied by a physically real wave field, 
¥(x,/). To obtain all of the results of the usual inter- 
pretation, the following supplementary assumptions 
had to be made: 


1. ¥(x,/) satisfied Schrédinger’s equation. 

2. d&/di=VS/m, where y= R exp(iS/h). 

3. The probability distribution in an ensemble of 

electrons having the same wave function, is P= |y!?. 
These assumptions were shown to be consistent. 

Assumption (3), however, has been criticized by 
Pauli and others‘ on the ground that such a hypothesis 
is not appropriate in a theory aimed at giving a causal 
explanation of the quantum mechanics. Instead, they 
argue it should be possible to have an arbitrary prob- 
ability distribution [a special case of which is the 
function P=6(x—xo), representing a particle in a well- 
defined location |, that is at least in principle inde- 
pendent of the y field and dependent only on our degree 
of information concerning the location of the particle. 

In a more recent paper,’ one of us has proposed a 
means of dealing with this problem by explaining the 
relation, P= |y|* in terms of random collision processes. 
It was shown in a simplified case that a statistical 
ensemble of quantum-mechanical system with an arbi- 
trary initial probability distribution decays in time to 
an ensemble with P= |y|*. This is equivalent to a proof 
of Boltzmann’s H theorem in classical mechanics. Thus, 


1 L. de Broglie, Compt. rend. 183, 447 (1926); 184, 273 (1927); 
185, 380 (1927). 

21D. Bohm, Phys. Rev. 85, 166, 180 (1952). 

8 Les Savants et le Monde, Collection dirigée par André George, 
Louis de Broglie, Physicien et Penseur (Editions Albin Michel, 
Paris, 1953). 

‘J. B. Keller, Phys. Rev. 89, 1040 (1953) 

5D. Bohm, Phys. Rev. 89, 1458 (1953) 


we can answer the objection of Pauli, for no matter 
what the initial probability distribution may have been 
(for example, a delta function), it will eventually be 
given by P= |p)”. 

In the work cited above, however, certain mathe- 
matical difficulties make a generalization of the results 
to an arbitrary system very difficult. (The difficulties 
are rather analogous to these appearing in classical 
statistical mechanics when one tries rigorously to treat 
the approach of a distribution to equilibrium, by means 
of demonstrating a quasi-ergodic character of the 
motion). In the present paper, we shall avoid these 
difficulties by taking advantage of the fact that the 
causal interpretation of the quantum theory permits 
an unlimited number of new physical models, of types 
not consistent with the usual interpretation, which lead 
to the usual theory only as an approximation, and 
which may lead to appreciably different results at new 
levels (e.g., 10~"* cm). The model that we shall propose 
here furnishes the basis for a simple deduction of the 
relation, P= |~|?; and in addition, gives a possible 
physical interpretation of the relation d&/dt=VS/m 
(postulate 2), which follows rather naturally from the 
model. This model is an extension of the causal inter- 
pretation of the quantum theory already proposed, 
which provides a more concrete physical image of the 
meaning of our postulates than has been available 
before, and which suggests new properties of matter 
that may exist at deeper levels. 


2. THE HYDRODYNAMIC MODEL 


The model that we shall adopt in this paper is an 
extension of a hydrodynamic model, originally proposed 
by Madelung* and later developed further by Taka- 
bayasi’ and by Schenberg.* To obtain this model, we 
first write down Schrédinger’s equation in terms of the 


® EF. Madelung, Z. Physik 40, 332 (1926). 

7 T. Takabayasi, Progr. Theoret. Phys. (Japan) 8, 143 (1952); 
9, 187 (1953). 

8M. Schenberg, Nuovo cimento (to be published). 
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variables, R and S, where y= R exp(iS/h): 


OR?/dt+div(R°VS/m) =0, (1) 
aS (VS)? hk? VR 

i a +V=0. (2) 
al 2m 2m R 


Now Madelung originally proposed that R? be inter- 
preted as the density p(x) of a continuous fluid, which 
had the stream velocity v=VS/m. Thus, the fluid is 
assumed to undergo only potential flow. Equation (1) 
then expresses the conservation of fluid, while Eq. (2) 
determines the changes of the velocity potential S in 
terms of the classical potential V, and the “quantum 


potential” : 
—-W VR —hTV) 1 (“)) 
2m R 4m oe 29 , 


As shown by Takabayasi’ and by Schenberg,* the 
quantum potential may be thought of as arising in the 
effects of an internal stress in the fluid. This stress 
depends, however, on derivatives of the fluid density, 
and therefore is not completely analogous to the usual 
stresses, such as pressures, which are found in macro- 
scopic fluids. 

The above model is, however, not adequate by itself; 
for it contains nothing to describe the actual location, 
&(¢), of the particle, which makes possible, as we have 
seen in previous papers,?> a consistent causal inter- 
pretation of the quantum theory. At this point, we 
therefore complete the model by postulating a particle, 
which takes the form of a highly localized inhomo- 
geneity that moves with the local fluid velocity, v(x,/). 
The precise nature of this inhomogeneity is irrelevant 
for our purposes. It could be, for example, a foreign 
body, of a density close to that of the fluid, which was 
simply being carried along with the local velocity of 
the fluid as a small floating body is carried along the 
surface of the water at the local stream velocity of the 
water. Or else it could be a stable dynamic structure 
existing in the fluid; for example, a small stable vortex 
or some other stable localized structure, such as a small 
pulse-like inhomogeneity. Such structures might be 
stabilized by some nonlinearity that would be present 
in a more accurate approximation to the equations 
governing the fluid motions than is given by (1) and (2). 


3. FLUCTUATIONS OF THE MADELUNG FLUID 


Thus far we have been assuming that the Madelung 
fluid undergoes some regular motion, which can in 
principle be calculated by solving Schrédinger’s equa- 
tion with appropriate boundary conditions. We know, 
however, that in all real fluids ever met with thus far 
(and indeed, in all physically real fields also) the motions 
never take precisely the forms obtained by solving the 
appropriate equations with the correct boundary con- 
ditions. For there always exist random fluctuations. 
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These fluctuations may have many origins. For ex- 
ample, real fluids may be subject to irregular disturbance 
originating outside the fluid and transmitted to it at 
the boundaries. Moreover, because the equations of 
motion flow of the fluid are, in general, nonlinear, the 
fluid motion may be unstable, so that irregular tur- 
bulent motion may arise within the fluid itself. And 
finally, because of the underlying constitution of the 
fluid in terms of molecules in random thermal motion, 
there may exist a residual Brownian movement in the 
fluid, even for fluid elements that are large enough to 
contain a great many molecules. Thus, in a real fluid, 
there are ample reasons why the usual hydrodynamical 
equations will, in general, describe only some mean or 
average aspect of the motion, while the actual motion 
has an addition some very irregular fluctuating com- 
ponents, which are effectively random. 

Since the Madelung fluid is being assumed to be some 
kind of physically real fluid, it is therefore quite natural 
to suppose that it too undergoes more or less random 
fluctuations in its motions. Such random fluctuations 
are evidently consistent within the framework of the 
causal interpretation of the quantum theory. Thus, 
there are always random perturbations of any quantum 
mechanical system which arise outside that system. 
(Indeed, as we have already shown in a previous paper,° 
the effects of such perturbations are by themselves 
capable of explaining the probability distribution, 
P= \y *, at least for certain simple sysiems.) We may 
also assume that the equations governing the y field 
have nonlinearities, unimportant at the level where the 
theory has thus far been successfully applied, but 
perhaps important in connection with processes in- 
volving very short distances. Such nonlinearities could 
produce, in addition to many other qualitatively new 
effects, the possibility of irregular turbulent motion. 
Moreover, we may conceive of a granular substructure 
of matter underlying the Madelung fluid, analogous to 
(but not necessarily of exactly the same kind as) the 
molecular structure underlying ordinary fluids. 

We may therefore assume that for any or all of these 
reasons, or perhaps for still other reasons not mentioned 
here, our fluid undergoes a more or less random type of 
fluctuation about the Madelung motion as a mean. 
Thus, the velocity will not be exactly equal to V.S/m, 
nor will the density, p, be exactly equal to yw *. All that 
we require is that the relations p= |y|? and v= V.S/m 
be valid as averages. Indeed, it is not even necessary 
that the exact velocity be derivable from a potential. 
Thus, we would have d&/dt= V.S’/m+V XA, more gener- 
ally,?~* where (VXA)y=0 and (VS’)y=(V.S)4. Hence 
Schrédinger’s equation will not apply to the fluctua- 

® Such vortex components of the velocity may also explain the 
appearance of “spin” provided that they could have a regular 
component as well as a random component. Indeed, in another 
paper, the Pauli equation will be treated from this point of view 
But here we concern ourselves only with a level of precision in 
which the spin can be neglected, so that Schrédinger’s equation 
is a good approximation for the mean behavior of the fluid. 
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tions. However, the conservation equation dp/dl 
+div(pv)=0 will be assumed to hold even during a 
fluctuation. Such an equation is implied almost by the 
very concept of a fluid; for if there were no conservation, 
then the model of a fluid would lose practically all of 
its content. 

From the above assumptions, it is clear that if we 
followed a given fluid element, we would discover that 
it undergoes an exceedingly irregular motion, which is 
able in time to carry it from any specified trajectory of 
the mean Madelung motion to practically any other 
trajectory. Such a random motion of the fluid elements 
would, if it were the only factor operating, lead even- 
tually to a uniform mean density of the fluid. For it 
would on the average carry away more fluid from a 
region of high density than it carried back. The fact 
that the mean density remains equal to |y|?, despite 
the effects of the random fluctuations, implies then 
that a systematic tendency must exist for fluid elements 
to move toward regions of high mean fluid density, in 
such a way as to maintain the stability of the mean 
density, p= |y|*. As for the origin of such a tendency, 
the question is, of course, not important for the problem 
that we are treating in this paper. We may, however, 
suggest by way of a possible explanation that the inter- 
nal stresses in the fluid are such that whenever p devi- 
ates from |y|*, a kind of pressure arises that tends to 
correct the deviation automatically. Such a behavior is 
analogous to what would happen, for example, to a gas 
in irregular turbulent motion in a gravitational field, 
in which the pressures automatically adjust themselves 
in such a way as to maintain a local mean density close 
to p=poe™™#*/KT if the temperature 7 is constant. (In 
this connection, note that as shown in theoretical 
treatments of turbulence, the irregular turbulent motions 
themselves raise the effective ‘‘pressure”’ in the fluid, so 
that the effective “temperature” 7 is equal to the sum 
of the mean kinetic energy of random molecular motion 
and that of irregular turbulent motion.) 

We must now make some assumptions concerning the 
behavior of the particle-like inhomogeneity. We assume 
that even in a fluctuation, it follows the fluid velocity 
v(x,/). Such a behavior would result if the inhomo- 
geneity were a very small dynamic structure in the 
fluid (e.g., a vortex, or a pulse-like inhomogeneity) or if 
it were a foreign body of about the same density as the 
fluid, provided that the wavelengths associated with 
the fluctuations were appreciably larger than the size 
of the particle. For in this case, the inhomogeneity 
would have to do more or less as the fluid did, since it 
would act, for all practical purposes, like a small element 
of fluid. 

The presence of fluctuations with wavelengths smaller 
than the size of the body could complicate the problem, 
especially if we were considering inhomogeneities, such 
as vortices and pulses, which were dynamically main- 
tained structures in the fluid itself. For, such fluctua- 
tions would treat different parts of the inhomogeneity 


5.1? Vreter 

differently, and thus, in general, would tend to lead to 
a dispersal of the inhomogeneity. Let us recall, however, 
that we are by hypothesis considering only equations 
having such nonlinearities in them as to lead to stable 
inhomogeneities. It is true that the equations of ordi- 
nary hydrodynamics do not do this. But it is not 
necessary that the sub-quantum-mechanical Madelung 
fluid should have exactly the same kinds of properties 
as are possessed by ordinary fluids. Indeed, we have 
already seen that instead of the usual classical pressure 
term, it has a quantum-mechanical internal stress, 
which depends on the derivatives of the fluid density, 
rather than on the density itself. Thus, we may reason- 
ably postulate that it also has some characteristically 
new kind of nonlinear term which leads to stable 
inhomogeneities. Hence, small fluctuations of wave 
length much less than the size of the body will merely 
cause irregular oscillations in the inhomogeneities, the 
effects of which will, for practical purposes, cancel out. 
Large fluctuations may destroy the inhomogeneity or 
transform it into new kinds of inhomogeneity. This 
could, however, represent certain aspects of the “crea- 
tion,” “destruction,” and transformation of “ele- 
mentary” particles, which is characteristic of phenomena 
connected with very high energies and very short 
distances. But in the low-energy domain, which we are 
treating now, where Schrédinger’s equation is a good 
enough approximation, such processes will not occur. 

We see then that if there are fluctuations of wave- 
length a great deal shorter than the size of the body, 
they will have a negligible effect on the over-all motions 
of the body (whether it be a foreign body or a stable 
dynamic structure in the fluid). In this case, the body 
will follow the mean velocity of the fluid in a small 
region surrounding it. To take into account the possi- 
bility that such fluctuations may exist, we shall there- 
fore hereafter let v(x,/) and p(x,t) represent respectively 
the mean velocity and mean density in a small neigh- 
borhood surrounding the body, while V.S(x,t) and 
p(x,t) represent the means of these quantities in a region 
that is much larger than the size of the body, but still 
small enough so that ¥(x,t) does not change appreciably 
within this region. The consistency of these assumptions 
evidently requires that the body be very small; but 
with a choice, for example, of something of the order of 
10-" cm for its size, one obtains ample opportunity to 
satisfy the above assumptions in a consistent way. 

It is clear, of course, that fluctuations having a 
wavelength close to the size of the body will neither 
cancel out completely, nor will they necessarily cause 
the body to move exactly with the mean of the fluid 
velocity in a small neighborhood surrounding it. We 
may assume, however, that the magnitude of the 
longer-wavelength fluctuations is so great that we can 
neglect the effects of fluctuations of these intermediate 
wavelengths. Thus, a rather wide range exists of kinds 
of fluctuations that could lead to the type of motion 
that we are assuming for the inhomogeneity. 
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On the basis of the above assumptions, it is evident 
that the inhomogeneity will undergo an irregular 
motion, analogous to the Brownian motion.” Let us 
now consider a statistical ensemble of fluids, each having 
in it an inhomogeneity, and let us denote the prob- 
ability density of such inhomogeneities in the ensemble 
by P(x,t). Let us further assume that the fluid motion 
is so irregular that in time a fluid element initially 
in an arbitrary region dx’ in the domain in which the 
mean fluid density |¥(x,/) ? is appreciable, has a non- 
zero probability of reaching any other region dx in 
this domain. We can then quite easily see in qualitative 
terms that the probability density P(x,/) must 
approach |y(x,/)|* as an equilibrium value. 

First of all, it is clear that if, for any reason whatever, 
the distribution P= y/?, is once established, then it 
will be maintained for all time, despite the random 
fluctuations in the fluid motion. For the inhomogeneities 
simply follow the fluid velocity in a small neighborhood 
surrounding the body. Now by hypothesis the fluid 
fluctuations are just such as to preserve the equilibrium 
mean density of P= |y *. Therefore, they must also 
preserve the equilibrium probability density of par- 
ticles in the same way. 

Let us now consider what happens when P is not 
equal to |y|. Suppose, for example, that there were a 
larger number of particles in a specified element of 
volume than is given by P= |y\*. Now, the random 
motions carry particles away from such an element at 
a rate proportional to their density in this element. The 
systematic tendency for particles to come back to the 
element, which results from their following the fluid, as 
it drifts back at a rate sufficient to maintain the mean 
equilibrium density of p= |y|*, will however be just 
large enough to cancel the loss that would have taken 
place if the probability density of particles had been 
P=\y|*. Since the density was actually greater than 
this, more particles are lost than are compensated by 
the drift back and the density therefore approaches 
P=|y|*. If the probability density of particles in this 
element had been less than P= |~|*, the element would, 
of course, have tended to gain particles until it had a 
density of |y|*. 

In the next section, we shall give a mathematical 
demonstration of the above result, the correctness of 
which should however, already be evident from the 
qualitative considerations cited above. 

Finally, we may mention that the picture of a fluid 
undergoing random motion about a regular mean is 
only one out of an infinite number of possible models 
leading to the same general type of theory. Indeed, all 
the properties that we have assumed for our fluid could 
equally well belong to some 4-vector field (p,j) which 
was conserved, and which underwent random fluctua- 


%” Brownian motion models of the quantum theory have already 
been proposed elsewhere, but on a very different basis. See, 
I. Fenyes, Z. Physik 132, 81 (1952); W. Weizel, Z. Physik 134, 
264 (1953); 135, 270 (1953). 
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tions about a mean given (in the nonrelativistic limit) 
by p=/w/? and j= (h/2mi)(V°VY—YPVy*) = R°VS/m, 
where y is a solution of Schrédinger’s equation. And if 
p and j were assumed to satisfy sufficiently nonlinear 
equations, there could also exist pulse-like solutions! 
for p and j that moved with a 4-velocity parallel to 
(p,j). 

Although it is important to keep in mind these more 
general possibilities when one is actually trying to 
formulate a more detailed theory, we have found it 
convenient in this paper to express our assumptions 
and results in terms of a hydrodynamical model, 
because this model not only provides a very natural 
and vivid physical image of the behavior of the y field, 
but also a simple explanation of the formula, d&/dt 
=VS/m, (postulate 2) expressing the velocity of an 
inhomogeneity in terms of the local mean stream 
velocity. 


4. PROO? THAT PROBABILITY DENSITY APPROACHES 
FLUID DENSITY IN RANDOM FLUCTUATIONS 
OF A FLUID 


We shall now prove the following theorem. Suppose 
that we have a conserved fluid that undergoes random 
fluctuations of the velocity, v(x,t), and of the density, 
p(x,t), about respective mean values vo(x,/) and po(x,/) 
[ so that Op/dt+div (pv) =0 and Opo/ dt+div (povo) =0 }. 
Suppose in addition that there is an inhomogeneity that 
follows the fluid motions, with the local stream velocity, 
v(x,/). Then if the fluctuations are such that a fluid 
element starting in an arbitrary element of volume, dx’, 
in the region where the fluid density is appreciable has 
a nonzero probability of reaching any other element of 
volume dx in this region, it follows that an arbitrary 
initial probability density of inhomogeneities will in 
time approach P= po(x,t). 

This theorem is seen to apply to our problems as a 
special case, in which we set po= |¥(x,/)|? and vo(x,/) 
= VS(x,t)/m, where ¥(x,t) satisfies Schrédinger’s equa- 
tion, provided that we regard p(x,/) and v(x,/) as the 
mean fluid density and velocity in a small region sur- 
rounding the inhomogeneity. This theorem is a general- 
zation of a well-known theorem concerning the approach 
to equilibrium in a Markow process." Essentially, we 
have generalized the theorem to treat the time-de- 
pendent probabilities of transition and time-dependent 
limiting distributions with which we have to deal in 
our problem. 

To prove this theorem, we note that, as shown in the 
previous section, a given fluid element follows an 
extremely irregular trajectory, in which its density 
p(x,t) fluctuates near the mean density po(x,t). Now 
because the volume of a given fluid element is always 


"See L. de Broglie, La Physique Quantique, Restera-t-elle Inde- 
terminisle (Gauthier-Villars, Paris, 1953), where the idea of L. de 
Broglie and J. P. Vigier on this subject are discussed. 

2W. Feller, Probability Theory and Its Applications (John 
Wiley and Sons, Inc., New York, 1950). 
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changing in accordance with the changing mean fluid 
density in the new regions that it enters, it is rather 
difficult in rectangular coordinates to keep track of 
how much fluid is transferred on the average from 
one element of volume to another. To facilitate the 
treatment of the problem, we shall therefore take 
the preliminary step of introducing a new set of coor- 
dinates, &(x), &(x), (x), which are so defined that an 
elementary cell in the space of £), £, &; always contains 
a mean quantity of fluid proportional to its volume. 
Such a set of coordinates is easily defined. For the 
mean quantity of fluid in a given volume element is 


dQ = po(x,t)dx = po(x,l) J (Ax,/0§,)dkidEed Es 
= pod Edt sdts/Jo(dt,/dx,), 


where J (d,/x,) is the Jacobian of the transformation. 
Now we want to have J(0,/0x,) =cpo(x,t) (where we 
shall choose ¢ to be unity for convenience). 

Since there is only one equation, it is clear that only 
one of the & can be defined in this way, so that the 
other two can be chosen according to what is convenient. 
Thus, if we fix the forms of & and &3, we see that the 
above equation becomes a linear differential equation 
defining £), in terms of &, £3, and po. Such an equation 
always has solutions wherever £2, £3, and po are regular. 
There may exist singular points or curves, but we shall 
later show how these are to be dealt with. 

As an example, consider a cylindrically symmetric 
density function p(R)=e *"/R. We first express the 
volume element in cylindrical polar coordinates (with 


R= X24 V2); 
p(R)RdRdgdZ = e~*dRdgdZ. 


Now we want ¢«“dR=dé,, or §;=e~*. As for & and &;, 
we can in this case leave them equal to ¢ and Z respec- 
tively. 

Here we see that when R goes from 0 to ~, £; goes 
from unity to zero. This is an example of a charac- 
teristic property of the & space to be limited in volume 
when the function po(X) is appreciable only in a limited 
domain. Such a property is to be expected, because we 
are mapping the x, on the é, in just such a way that 
each region maps into a new volume proportional to 
the amount of fluid originally in that region. Thus even 
infinite regions of x, space may map onto negligible 
regions of £, space, if they contain negligible quantities 
of fluid. 

The solution of the differential equation for &, will 
lead in general to multiple-valued functions. This, 
however, causes no trouble, as we need merely establish 
a convenient cut somewhere which defines which branch 
of the function that we are using. Thus the transition 
to cylindrical polar coordinates, R?= X*+ Y*; ¢= tan 
x (V/X), leads to a multiple valued function for ¢, 
but we deal with this problem by establishing a cut, 
say at ¢=0, and then defining the range of variation 
of @ as being from zero to 2x. In order to cover the 
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entire XY plane only once, a similar definition can be 
made with any multiple-valued function. 

If po(x,t) vanishes at certain points, then at those 
points we cannot solve for all the ¢ in terms of the x, 
(as, for example, in cylindrical polar coordinates we 
cannot solve for @ at R=0). As long as po(x,/) vanishes 
only at a set of isolated points, or at most, on a set of 
one-dimensional curves, where will be no real difficulty. 
For the vanishing of po(x,t) means only (as in the case 
of cylindrical polar coordinates) that some of the é, are 
not defined along these curves. To avoid any ambiguities 
arising from the lack of definition, we may surround 
each of these curves with a tube, as small in radius as 
we please, and thus exclude them from the region 
under consideration without excluding any significant 
physical effects. 

If, however, there are two-dimensional surfaces where 
po(x,t)=0, this creates more serious mathematical dif- 
ficulti¢s. Since such surfaces do not, in fact, arise in any 
real problem of interest to us,'* we shall assume that 
po(x,/) vanishes at most on a set of one-dimensional 
curves. 

Finally, let us note that since pp changes with time, 
our £, will change with time correspondingly. Thus, we 
are adopting a moving set of coordinates (but not in 
general one that moves with the mean motion of the 
fluid elements). 

In the space of the £,, the mean fluid density will be 
a constant which also does not change with time. As a 
result, the problem of describing the fluctuations will 
be greatly simplified. For in the £ space there is no 
tendency for the fluctuation to favor any special 
region since the equilibrium density, which was po(x,t) in 
rectangular coordinate, is now a constant. Thus, in the 
t, space, the fluctuations have a truly random character, 
independent of the fluid density at any particular point. 

We are now ready to set up the equations governing 


'SIn the case of interest to us, po= |y(x,t)|*. At first sight, it 
may seem that we shall have to be concerned with surfaces on 
which py vanished, because in a perfectly stationary state, ¥(x,/) 
can be zero on certain nodal surfaces. In the case of a perfectly 
stationary state, y can be real [or more generally, writing 
y= U(x,t)+iV (x,t), we may have a functional relationship 
between U (x,t) and V(x,t) permitting both to vanish on some 
two-dimensional surface]. However, for the general complex 
function y, which we obtain in a nonstationary state, it may be 
shown that there is no such functional relation between U and V, 
so that ¥ can vanish at most on a set of one-dimensional curves. 

Now a perfectly stationary state is an abstraction that never 
really exists. For all systems that have ever been dealt with are 
perturbed to some extent by interactions with other systems. Thus, 
in a gas, a hydrogen atom suffers 10" collisions per second. In a 
metal, the electrons suffer a correspondingly large number of 
collisions with each other and with the cores. In the nucleus, there 
is a continual process of perturbation due to the fluctuating elec- 
tronic and ionic fields acting on the spin and quadripole moments 
of the nuclei. Even in interstellar space, atoms undergo at least 
one collision with electrons in 107 seconds. Thus, all states are 
slightly nonstationary, and no perfectly nodal planes of the y 
function ever really appear in nature. 

A set of perfectly nodal surfaces could interfere with our proof 
that P—|y|*; for they would represent surfaces that would never 
be crossed so that the regions on different sides of these surfaces 
could be completely isolated from each other. 
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the changes of the probability density P(x,/) for the 

inhomogeneities. We first transform to the &, space, 

writing 

P(x,)d& ~~ P(x,t) 

P(x,t)dx = —————_ = —_dE=F(E,t)dt, (3) 
J (d§,/0%,) po(X,t) 


where we have defined the vector &= (£),£2,¢3) in the 
&, space, with the volume element, d& = dé&,d&.dé. The 
probability density for the space of the &, is clearly 
F=P/po. To prove that P—po, we then merely have 
to show that in £ space, F(E,t) approaches a constant. 
We now define the probability that fluid in an element 
6€, centered at the point & at the time ¢/, has in the 
process of fluctuation come from an element 6€’ at 
an earlier time /’ with its center &’ lying in a region dé’. 
(Note that dé’ is the magnitude of the volume element," 
whereas dé’ is the size of the cell in which the center of 
the volume element was located at the time /’), This 

probability is . 
dP = K (&,€/t,t’)dk’. (4) 


Clearly, by definition, 
[Rear =1, (5) 


Now the exact form of K (&,&’,/,/’) will depend on the 
precise nature of the fluctuations that are taking place 
in the fluid. We shall see, however, that in order to 
prove that F(&,f)—>1, it is sufficient to assume that 
K (&,&’,t,’) fails to be zero over the part of & space 
corresponding to the region of x space in which po(x,/) 
is appreciable. This is clearly just a mathematical 
expression of the assumption appearing in the first part 
of this section that there is a nonzero probability that 
an element starting at any point x in this region has 
a nonzero probability of arriving at any other point «’ 
in the region. 

Note, however, that the region of x space in which po 
is appreciable will include, for practical purposes, the 
whole of the & space (except for a region of negligible 
dimensions). Thus, we may postulate that K (E,’,t,(’) 
fails to be zero in the whole of &— space (except possibly 
along some one-dimensional curves where po(x,/) may 
be zero, which we can exclude by means of tubes of 
negligible dimensions). 

As for other properties of K, they are irrelevant for 
our purposes here, although we shall discuss some of 
them in Sec. 6, in another connection.'® 


‘4 On the average, 5¢ will not change as the fluid element moves 
because the fluid density fluctuates near a constant volume in space. 

SIt may be noted at this point that the kernel K(E,E’ t,t’) 
already contains implicit within it a description of the mean fluid 
velocity VS/m. To show this, consider {—(/=6t to be a small 
interval of time. Then K (x,x’t,t’—5t) will be large in only a small 
region of & space corresponding in x space to a region centered 
around (x—x’—V.Sét/m)=0. The motion of the center of this 
region describes the mean fluid velocity. The spread of this region 
describes the random deviations from the mean. In a typical 
random diffusion process, this width is given by (Ax)*~ét, for 
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Let us now discuss the motions of the inhomoge- 
neities. Since these latter follow the fluid in its fluctua- 
ations, it is easily seen that the probability density of 
inhomogeneities, F(€,t), is just the average of F(&’,/’) 
weighted with the probability K (&,£’,t,t’). Thus, 


F(&,t) = [raeunrenae. (6) 


Now, let E(/) represent the value of & for which /'(&,¢) 
is a maximum, £,,(¢) the value for which it is a minimum. 
(If there is more than one pair of such points, let us 
consider any single pair.) We also let Fax (&t)=M(d), 
and Fyin(E,t)=m(t). Setting E=Ew(t) in Eq. (6), and 
using (5), we obtain 


M(= f KEW ORE ME 
PRC, Mae! =M(t'); (7) 
and with &=€,,(¢) in Eq. (6), we get similarly 
m(t) = f K (Em(t), Ett) F (8 td’ 
J RG. Hm ede = m(e), (8) 


Thus, 
(9a) 


(9b) 


M(the M(t’), 
m(t)S m(t’). 


In order for the equal sign to hold in Eq. (9a), it is 
necessary that / (&’,t’) be a constant. For by hypothesis, 
K (&,&’,t,’) fails to vanish anywhere in the & space; and 
if F(&’,t’) is not a constant, then the integral (7) must 
obtain contributions from regions in which F(&’,t’) <M. 
Similarly, we can show that the equal sign can hold in 
(9b) only if F(é’,t’) is a constant. But if F(&’,t’) is a 
constant in & space, then by (6) we have 


F(€,t) POE) f KK dt = POE), 


Thus, F (&’,t’) = constant is also an equilibrium solution, 
since it does not change with the passage of time. The 
result, of course, is more or less to be expected from 
the physical argument given at the beginning of this 
section showing that P= o(x,/) is an equilibrium solu- 
tion, so that = P/pp=constant must likewise be one. 
We conclude then that if F(&’,/’) is not a constant, Eqs. 
(9a) and (9b) must be written as 


M(t)h<M(t'), 
m(t)>m(t'). 


short times. For longer times, the functional form of K is deter 
mined in a complicated way, which is however of no concern to 
us in this paper. 


(10a) 
(10b) 
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Now we can show that Eqs. (10a) and (10b) imply 
that F(x,/) must approach a constant, with the passage 
of time. To do this, let us consider a series of times, 
hy, ta, tae lay tng’. We apply (10a) and (10b) from 
one element of the series of times to the next. Thus 


M (tn) <M (tn), (11a) 
m(t,) > m(ty-1). (11b) 


It is clear that M(t,) and m(t,) must each approach 
constant limits. For M(t,) is always decreasing and 
yet remains greater than some fixed number, m(,), 
where /, is any element of the series such that /,>4,. 
Similarly m(t,) is always increasing and yet less than 
M(t,). Now there are just two possibilities: (a) The 
two constant limits are different ; (b) they are the same. 
We easily see that alternative (a) is self-contradictory. 
To do this, we denote the two limits by M and m, respec- 
tively. Then M—m=lim[M (t,)—m/(t,) |. But by (11a) 
and (11b), we have 


M—m<lim [M (tn_1)—m(tn-1) | 
=lim [M(t,)—m(tn) |=M—™m. 


Because this is a contradiction, alternative (b) must 
hold. Then F(&,) must approach a constant limit, and 
P(x,t) must approach apo(x,/), where a is a constant. 
If, as happens in quantum theory, the integral of 
po(x,t) is normalized to unity, then since by definition 
the integral of P is also normalized to unity, we must 
have a=1, and 


P(x,()—po(x,!). (12) 


5. APPLICATION TO DIRAC EQUATION AND 
EXTENSION TO MANY-PARTICLE 
PROBLEM 


We may apply the preceding results to the causal 
interpretation of the Dirac equation,'® where, as in the 
Schrédinger equation, we have a stream velocity, 
Vvo=V*ay/P"y, and a conserved density, po=y*y. If 
we assume a fluid of the same kind as that treated in 
Sec. 4, and replace VS/m by *ay/p*y and |[y|*? by 
¥*y, then according to the results of Sec. 4, the prob- 
ability density will ultimately approach yy. 

Our results can also be extended very readily to the 
case of many particles. We first discuss this extension 
in a purely formal way. We have a wave function, 
W(x),X2°*-Xy,/), defined in a 3.V-dimensional config- 
uration space. Writing ¥=R exp(iS/h), we have a set 
of 3N velocity fields, v,.=V»S(X1,X2,° + -Xw,/), where V,, 
refers to differentiation with respect to the coordinates 
of the nth particle. We have a conservation equation 
in the configuration space.'? We may now assume that 
each particle follows the line of flow given by 
V,,(X),X2,°°*Xw,t). Thus, our model is formally just a 

161), Bohm, Progr. Theoret. Phys. (Japan) 9, 273 (1953). 

17 See reference 2, Paper I, Eq. (16). 


J. Psi VEIGIER 

3N-dimensional extension of the model given previ- 
ously. Hence, if we assume random fluctuations of the 
3N-dimensional velocity field, we shall obtain the 
result that the probability density in configuration 
space, P(x,,X2,---Xw,l), approaches |¥(x1,X2,°--Xw,f)|?. 

To obtain a possible physical picture of the meaning 
of this model, we may use the causal interpretation of 
the V-particle problem recently proposed by de Broglie.!* 
De Broglie has shown that the usual formulation in 
terms of a wave function in the 3.V-dimensional con- 
figuration space can be replaced by an equivalent 
formulation, according to which each particle is accom- 
panied by its own 3-dimensional wave field, which 
depends on the precise locations of the other (V—1) 
particles. Since each wave field satisfies its own 
Schrédinger’s equation, the preceding demonstration 
still applies. 

The above model would imply that each particle 
moves in its own fluid, and that the fluids interpene- 
trate each other. For the case of equivalent particles, 
however, de Broglie has suggested that all particles can 
be regarded as moving in a common three-dimensional 
fluid, the velocity of which, at any point x, is dependent 
on the locations of all the particles, x,. Thus, we would 
merely need as many fluids as there are types of par- 
ticles. 


6. ON THE RELATION BETWEEN THE THEORY OF 
MEASUREMENTS AND FLUCTUATIONS 
IN THE « FIELD 


We have demonstrated that with time, the limiting 
distribution, P= |y¥|*, will be established for any func- 
tional form of K (&,&’,t,t’), at least within a region which 
is such that K (€,€’,t,t’), does not vanish for any pair of 
points &’ and & in the region in question. But without 
a further specification of the K(&,&’,t,/), the rate of 
approach to the limiting distribution cannot be esti- 
mated. 

The very fact that no conclusion drawn from the 
assumption that P= |y|* has as yet been contradicted 
experimentally, suggests, however, that at least to a 
fairly high degree of approximation, P is equal to |y|* 
in all quantum-mechanical systems which have thus 
far been investigated. Hence, we are led in our model 
to assume that the existing fluctuations are at least 
rapid enough to insure the approximate maintenance 
of the relation, P=|y/* in the very wide variety of 
systems which has thus far been studied. 

In connection with the theory of measurements, 
however, there arises an important case in which the 
rate of approach to the equilibrium distribution must 
be quite slow, if the theory as a whole is to be con- 
sistent. This is the case of two wave packets separated 
by a classical order of distance, throughout which the 
mean density ||? is completely negligible. 

To show why this case is important, let us recall 


18 See reference 11; also Compt. rend. 235, 1345, 1372 (1953). 
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briefly some results of the theory of measurements 
given in a previous paper.’ 

It was shown that in a measurement process, the 
interaction between measuring apparatus and observed 
system breaks the wave function into a series of clas- 
sically separated packets, corresponding to the various 
possible results of the measurement. The particle, 
however, enters one of the packets and thereafter 
remains in it. It is important that the particle remain 
in this packet; because if it does, the other packets will 
never play any physical role, so that they can thereafter 
be neglected and the complete wave function replaced 
by a simplified one corresponding to the actual result 
of the measurement. Thus, we understand how a 
measurement can come to have a definite result, despite 
the spread of the wave function over a range of possi- 
bilities. 

Now, if the introduction of a random fluctuation of 
the y field led to an appreciable diffusion of the particle 
from one of these classically separated packets to 
another, the above definiteness of the result of a meas- 
urement would be destroyed. It is essential therefore 
for the over-all consistency of the theory that the prob- 
ability that the particle diffuse across a large region 
where po(x,/) is very small shall be negligible.' 

It is easy to see, however, that almost any reasonable 
assumptions concerning the fluctuations will lead to 
this result. For the mean current of particles is (pv)y. 
Now p is everywhere of the order of magnitude of 
po(x,!), which is by hypothesis very small in the region 
between the wave packets. Thus a large probability of 
a fluctuation that would carry a particle across this 
space would mean an enormous fluctuation velocity in 
this region. The mere assumption that fluctuation 
velocities do not differ by large orders of magnitude in 
different parts of the fluid is therefore sufficient to 
insure that the probability of diffusion across this space 
be very small. 


7. CONCLUSION 


The essential result of this paper has been to show 


that the probability density P=!y!|? follows from 


reasonable assumptions concerning random fluctuations 
of the y field. Now, it has already been demonstrated? 


that once the probability distribution P=/y|? has, 


for any reason whatever, been set up in a statistical 
ensemble of quantum-mechanical systems, then the 
results predicted for all measurement processes will be 
precisely the same in the causal interpretation as in 

'’ Note that the slowness of this particular type of diffusion 
does not interfere with the validity of the relation P= |y!?, for 
the wave function as a whole (i.e., over a whole set of wave 
packets). For the relation P= |y|? will already have been estab- 
lished by random fluctuations before the measurement took 
place; and as we have seen, once established, the relationship 
persists and is not thereafter altered by the fluctuations no matter 
what happens. But what we have been discussing is another 
probability ; namely, the probability that if a particle has entered 
a given packet, it will within a given time diffuse to another packet 
It is this probability that is negligible. 
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the usual interpretation. The difference between the 
two points of view, however, is this: in the usual inter- 
pretation, the irregular statistical fluctuations in the 
observed results” obtained in general when we make 
very precise measurements on individual atomic systems 
are assumed, so to speak, to be fundamental elements 
of reality, since it is supposed that they cannot be 
analyzed in more detail, and that they cannot be traced 
to anything else.”! In the model that we have proposed 
here, however, the statistical fluctuation in the results 
of such measurements are shown to be ascribable con- 
sistently to an assumed deeper level of irregular motion 
in the w field. 

In this paper we have proposed as a possible picture 
of this deeper level the more specific model of a fluid, 
undergoing a random fluctuation of its velocity and 
density about certain mean values determined from 
Schrédinger’s equation, and having in it an inhomo- 
geneity that follows the local stream velocity of the 
fluid. Of course, this proposal has not yet reached a 
definitive stage, since we have given only a very general 
description of the assumed fluctuations and of the 
properties of the inhomogeneity. Nevertheless, such a 
model, incompletely defined in character as it is, already 
suggests a number of interesting questions. 

For example, the fluid may have vortex motion. In 
another paper” it will be shown that such vortex 
motion provides a very natural model for the non- 
relativistic wave equation of a particle with spin (the 
Pauli equation). Work now in progress indicates that a 
generalization of such a treatment to relativity may 
yield a model of the Dirac equation. 

Another interesting problem to be studied is the 
possible effects of the assumption of nonlinear equa- 
tions for the y¥ field, which could, as we have seen in 
Sec. 2, explain the existence of the irregular fluctuations 
that lead to P=/y|*. Such nonlinear equations can 
lead to many qualitatively new results. For example, 
it is known that they have a spectrum of stable solu- 
tions having localized pulse-like concentrations of 
field,”* which could describe inhomogeneities such as we 

2” Let us recall that as discussed in reference 5, Sec. 3, there 
exist real observable large-scale phenomena obtained in a measure- 
ment process, which depend on the properties of individual atoms 
(e.g., clicks of a Geiger counter, tracks in a Wilson chamber, etc.) 

21 For example, they cannot in general be ascribed to the uncon- 
trollable actions of the measuring apparatus, as demonstrated by 
Einstein, Rosen, and Podolsky, Phys. Rev. 47, 774 (1933) and 
also D. Bohm, Quantum Theory (Prentice Hall Publications, New 
York, 1951), p. 614. As Bohr has made clear [Phys. Rev. 48, 696 
(1935) ] the measuring apparatus plus observed object must be 
regarded as a single indivisible system which yields a statistical 
aggregate of irregularly fluctuating observable phenomena. It 
would be incorrect, however, to suppose that these fluctuations 
originate in anything at all. They must simply be accepted as 
fundamental and not further analyzable elements of reality, which 
do not come from anything else but just exist in themselves. For 
a complete discussion of this problem, see, Albert Einstein, 
Philosopher-Scientist, Paul Arthur Schilpp, Editor (Library of 
Living Philosophers, Evanston, 1949). 

2 Bohm, Tiomno, and Schiller (to be publish<d). 

*s Finkelstein, LeLevier, and Ruderman, Phys. Rev. 83, 326 
(1951) 
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have been assuming in this paper. Such pulse-like con- 
centrations of field would also tend, for many types of 
field equations, to follow the local stream velocity." 
The transitions between different possible forms of the 
inhomogeneous pulse-like part of the solution, combined 
with transitions between various modes of vibration in 
the rest of the fluid, could perhaps describe changes 
from one type of particle to another. Thus, we see that 
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at least in its qualitative aspects, the model seems to 
have possibilities for explaining some of the kinds of 
phenomena that are actually found experimentally at 
the level of very small distances. 

The authors would like to express their gratitude to 
the Conselho Nacional de Pesquisas of Brazil and the 
Section des Relations Culturelles of France, which 
provided grants that made this research possible. 
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Expansion of Wave Packets 
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The Fourier coefficients of a wave packet are proved to be equal to the coefficients obtained when the 
wave packet is expanded in terms of a set of functions appropriate to a scattering problem. 


N a recent paper discussing the use of ingoing waves 
in scattering problems, Breit and Bethe! made use 
of the fact that when a wave packet is expanded in 
terms of a set of functions appropriate to a scattering 
problem, the expansion coefficients are in most cases 
identical with the Fourier coefficients of the packet. 
This note indicates a more precise proof of this theorem. 
Let ¥(r) be a wave packet which is well localized in 
both coordinate and momentum space; r¢ and k¢ denote 
the center of the packet in the two spaces. We assume 
that the spread of the packet in coordinate (mo- 
mentum) space is small compared with r°,(k*). Let 
¥x(r) be a complete set of wave functions appropriate 
to a scattering problem. As Breit and Bethe point out, 
we get a complete set of functions if we choose p, to 
behave asymptotically as a plane wave plus an outgoing 
spherical wave; thus 
Vu (r)~e'™*+ fi, (O,e)e""/r. (1) 
We will expand y(r) in terms of y, and denote the 
expansion coefficients by B(k); the Fourier coefficients 
of ¥(r) are A(k). Thus 


v(r) = (29) If Bikey (eth, (2) 


v(r)= (any f 4 (k)e"* "dk. (2') 


It can now be proved that, except when r° and k¢ are 
parallel, B(k)~A(k). In particular, Breit and Bethe 
used the fact that B(k)~A(k) when r° and k¢ are 
antiparallel. 


1G. Breit and H. A. Bethe, Phys. Rev. 93, 888 (1954) 


Let C(k) = B(k) — A(k), and form 
J (r°,k°) = (21) 4f cd | *dk. 


We assume that ¥(r) is far enough removed from the 
origin so that the asymptotic form of ~, may be used in 
computing B(k). This gives 


C(k) = (Qn) f V8) fe*O,o)e-**/rde, (3) 


and 


J (r°,k°) = (2")*? f drp*(r) f dr'y(r’) 


x f dk fx (0,¢) fe*(0’,¢’) 


Xexplikr—ikr’]/rr’. (4) 


The completeness relation for ¥, combined with Eq. (1) 
yields the result 


favs (0,0) fx*(0’,¢") (r9’)—* exp ikr —ikr’ | 


a a f dk f,(0,¢) explikr—ik-r’ ]/r 


- fakpree’ exp —ikr’+-ik-r]/r’. (5) 


Inserting (5) into (4) and noting that one integration 
may now be performed, we find that J reduces to 


J = — (2m) fa f actlvr fale) 
x A (k)e**/r J+ (cc)}. 


(6) 
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Since ¥(r) is well localized and far removed from the 
origin in both coordinate and momentum space, we may 
write 


J=- (| (1°) fue (Ore, Pre) 


x faking a) (k)e**r+ () 


and we may also expand kr as 
kr = — kor°+ (k-k°)r°/ko+ (0-1) ko/r’. 
Thus finally 


J (rk) = —L (7°) fcc (Oxe, eee) exp(—ik'r’) 


XK A*(re(k°/r°) Wk (r7/k°))+ (cc) ]. (7) 


Now since ¥(r) vanishes unless rr‘ and since (r°/k*)k° 
is a vector of magnitude r° in the direction of k*, unless 
r° and k° are nearly parallel y((r°/k°)k*) will be very 
small. A similar argument applies to A*((k*/r‘)r°). In 
particular, if k* and r¢ are antiparallel J will be essen- 
tially zero. 

Breit and Bethe make clear the fact that we would 
also have obtained a complete set for x by choosing the 
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asymptotic behavior of yy to be that of a plane wave 
plus an incoming spherical wave. Had we made this 
choice it is clear that J would be essentially zero except 
when r¢ and k¢ are antiparallel. 

As pointed out by Breit and Bethe, these results may 
be argued physically by remarking that the outgoing 
(ingoing) spherical wave part of ¥, can contribute to the 
expansion of ¥(r) only if in the past (future) the wave 
packet passed close enough to the origin to be scattered. 
In view of this it would be expected that the size of 
J(r°,k°) would be determined by the maximum of the 
probability of finding the particle at the origin at any 
time in the past (future). If a Gaussian packet is used 
for ¥(r), it is indeed possible to demonstrate this. For a 
Gaussian packet with equal relative spread in coordi- 
nate and momentum space, Ar/ré=Ak/k*, the maxi- 
mum of the probability of finding the particle at 
the origin at any time in the past is proportional to 
exp[ — 2(r°/Ar)?(1—cosy) ], where y is the angle be- 
tween k* and r°. For this same packet J is proportional 
to exp[ —4(r°/Ar)?(1—cosy) |. In applying this theorem, 
Breit and Bethe may choose Ar/r* as small as desired, 
and thus they may say with complete precision that J 
vanishes unless y =0. 
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Generalized Variational Principle for the Scattering Amplitude* 


S. I. Rusinow 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 2, 1954) 


The Schwinger variational principle in differential form for the S-wave phase shift has been generalized 
so as to be applicable to the entire scattering amplitude 


ARIATIONAL principles for the calculation of 

phase shifts in nuclear scattering problems were 
first introduced by Schwinger! and Hulthén? and have 
by now been given numerous other formulations.*~* All 
these depend upon Schrédinger’s equation in its 
differential form. Schwinger’ has also provided varia- 
tional principles for both the phase shifts and the scat- 
tering amplitude which are based on the integral 
equation formulation of Schrédinger’s equation, but 
sometimes the use of a varaitional principle involving 
the differential formulation is more feasible for nu- 
merical calculations. The generalization of Hulthén’s 
method for the phase shift to the entire scattering 
amplitude has been given by Kohn.* In the present note 
it will be shown that a similar generalization exists for 
the corresponding Schwinger differential formulation.' 
This permits the use of trial functions involving the 
“inside” wave function® representing the difference 
between the wave function and its asymptotic form. 

Let Schrédinger’s equation be written as 


Ay +ky— V(r\y=0, (1) 


and let the subscripts 1, 2 denote two particular solu- 
tions of Eq. (1) having the asymptotic form 


kr 


ei 
lim i= e™*'+ f(kik)—, i=1,2. (2) 
roe r 


This represents an incident plane wave in the direction 
k, and a scattered wave in the direction k with ampli- 
tude f(k;,k). For simplicity, let ¥;=e™''+9r-'g,, and 
form the expression 


1 ov: i 
fallen rf #:)( ay Ye 
r r r 
$1 
“ Von] emt ‘)) =0. (3) 
r 


* Supported in part by the joint program of the U. S. Atomic 
Energy Commission and the U. S. Office of Naval Research. 

1 J. Schwinger, Phys. Rev. 72, 742 (1947); 78, 135 (1950). 

*L. Hulthén, Kgl. Fysiograf. Sillskap. Lund, Férh. 14, No. 21, 
257 (1944); Den 10. Skandinaviske Matematiker Kongres 1946 
(Jul. Gjellerups Vorlag, Copenhagen, 1947), p. 201. 

3 L. Hulthén, Arkiv Mat. Astron. Fysik 354° 25-1 (1948). 

4L. Hulthén and S. Skavlem, Phys. Rev. 87, 297 (1952). 

5 T. Kato, Phys. Rev. 80, 475 (1950). 

*H. Feshbach and S. I. Rubinow, Phys. Rev. 88, 484 (1952) 

7 J. Schwinger, hectographed notes, Harvard University, 1947 
(unpublished). See also J. M. Blatt and J. D. Jackson, Phys. Rev 
76, 18 (1949), and reference 8. 

*W. Kohn, Phys. Rev. 74, 1763 (1948) 


By the use of Green’s theorem, 


d p 
farem(s +H) 
r r 
do foi go, O 
- fas i wn), (4) 
On\rf, r On 


where the surface integral extends over an infinitely 
large sphere. Consequently, the function ¢, may be 
replaced by its asymptotic form xi=/(k;,k)e’. The 
resulting expression is readily evaluated’ and is equal 
to —4nf(ki, —k»). The terms in Eq. (3) involving 2 
and Ag; may be integrated by parts, yielding the 
symmetric form 


1{ 86:06: 1 86, d¢s 
anja, —k)= fdr | - Bee ics eho oo 
r Or or Pr 06 06 


1 Op 1 Odo 


: +k'oid.— V (r)[re™ *+¢, | 
r’ sind dg d¢ 


Oo, 1""” 
xLrete+on]] + faa o ‘ ~ 48) 


or 


re=() 


Following Schwinger’s analysis, the divergent con- 
tribution arising from the evaluation at infinity of the 
last term above is eliminated by subtracting an exactly 
similar contribution from the equation for the asymp- 
totic function. Thus, the function x; satisfies the equa- 


tion 
1s & 
( xix) =0 (6) 


r\oOr 


After multiplying by r-'x, and integrating over all 
space, one obtains 


1 0x1 OXe Oxi)" 
fe-- +Hxaxe) + tox | =0. (7) 
- Or Or Or J,m0 


re 


Subtracting (7) from (5), one obtains the following 


*P.A. M. Dirac, Principles of Quantum Mechanics (Clarendon 
Press, Oxford, 1947), third edition, Sec. 50. 
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variational principle for f(k,, —k»): 


1 0g, Ode 1 Od, Od» 
4a f (ki, —ke)= fdr - iS eae ae cg ts eames 


r° Or Or r* 00 06 


1 dg; Od» 


r’ sind dg d¢ 


1 0x1 OXe 
- far | — + kx 1x2 


y* or or 


+ko:¢2— V (r)[re*8+-¢, | 
X[re'*?* +» | 


+ik f dake.) f(ks), (8) 


the last term above being contributed by the last term 
in Eq. (7). This expression is stationary with respect to 
arbitrary variations in the functions ¢,,x, provided that 
these have the correct radial dependence at infinity, 


e.g., 
limég; = 6x; =5/(Ki,k)e"*”. (9) 


One can now introduce the “‘inside’’ wave function 
defined by 

Y .=xi-i, (10) 
which satisfies the boundary conditions 


Y,(0)=f(k,,k), 


11 
Y ,(0)=0. ( 


FOR SCATTERING 


AMPLITUDE 
Equation (8) may now be written as 


OY, OY, 


1 
4a f (ky, ~k») = 4a fn(ki, —ky)+ fa: ; v9 
« r* 


Or or 


r’ sin’?é dg 


V (r)[ rei" (¢9— V2) -+rei“#(x,— VY) ] 


ik f df (kak) f(ka,k), (12) 


where f4(k,, —k») is just the Born approximation 


4m fn(ky, —k,)= ~ fares TV (r)etke'', (13) 


Equation (12) is stationary with respect to variations 
in Y,. 

I am indebted to Herman 
illuminating conversations out of 
developed. 


for several 
this work 


Feshbach 
which 
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Ultrasonic Attenuation in Superconducting 
Lead 


H. E. BOmMer 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received August 2, 1954) 


N a previous paper Bémmel and Olsen' described an 

attempt to find an influence of superconductivity 
on ultrasonic velocity and attenuation. Using a fre- 
quency of 1 Mc/sec, the authors could find only a not 
very reproducible increase of the sound attenuation 
during the penetration or ejection of the magnetic flux 
used to destroy superconductivity. Experiments are 
now being carried out in the frequency range from 9-27 
Mc/sec and the preliminary results show marked effects. 

The superconductive specimens used were two cylin- 
drical single crystals of lead, about 1.25 cm in diameter, 
2.2 cm and 0.63 cm long. The first one was used for 
measurements with longitudinal waves and the second 
for shear waves. Unfortunately, some recrystallization 
could not be avoided during cutting and surfacing of 
the originally perfect crystal specimens. The absolute 
ralues of the measured attenuations must, therefore, 
be too high, due to losses at grain boundaries, etc. In 
further experiments, the technique of preparing the 
specimens will be improved. 

The measurements were made by an ultrasonic pulse 
technique with apparatus similar to one described by 
McSkimin.? With the samples used, the apparatus was 
sensitive enough to detect changes in attenuation in 
the order of 10~* neper cm and changes in velocity in 
the order of 1 part in 10°. A variable longitudinal mag- 
netic field could be applied in order to keep the speci- 
mens normal-conducting below the transition tem- 
perature, 7°. 

The results obtained with longitudinal and shear 
waves were very similar. 

No change could be observed in sound velocity 
within the whole frequency range. This means that any 
change due to the superconducting transition must be 
of the order of 1 part in 10° or less. This is in agreement 
with what one would expect from thermodynamical 
reasons." 

The sound attenuation showed a very pronounced 
decrease in the superconducting state, the amount of 
which increased with increasing frequency. Figure 1 
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Fic. 1. Attenuation of longitudinal waves in superconducting lead 
as function of temperature. 


gives a typical result obtained with longitudinal waves 
at a frequency of 26.64 Mc/sec. When the specimen 
was cooled and kept normal conducting by a magnetic 
field, the attenuation curve, after passing through a 
flat minimum at about 9.8°K increased continuously, 
with no discontinuity at 7,, till about 4°K and then 
flattened out between 4°K and 1.5°K. When the speci- 
men was cooled without application of a magnetic field, 
the attenuation dropped down very sharply at the 
transition temperature and seemed to remain constant 
between about 5°K and 1.5°K. 
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Fic. 2. Change in attenuation between normal and superconduct- 
ing state for longitudinal waves as function of frequency. 
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Fic. 3. Effect of “frozen in” field on attenuation in 
superconducting lead. 


Figure 2 shows how the difference Aw in attenuation 
between the normal and superconducting states at 
4.2°K changes with frequency, approximately a square 
law curve within the used frequency range. The ratio 
Aa/a, (a,=total loss in normal conducting state at 
4.2°K) changed from about 0.15 at 9 Mc/sec to 0.38 
at 26.64 Mc/sec. These latter values must be regarded 
as minimum values since, for the reasons mentioned 
above, the actual values of a, are probably smaller. 
For the same reason it has not yet been possible to make 
a statement about the actual value of the residual 
attenuation in the superconducting state which might 
be of great interest. 

When superconducivity was destroyed by the mag- 
netic field H and then re-established by turning off the 
field, the attenuation did not drop down to the original 
a, but (depending on the shape of the specimen and the 
speed of the field change) only to a 30-60 percent higher 
value a’ (marked in Fig. 1 by the dotted line), indi- 
acting that a great part of the magnetic flux remained 
“frozen in.” The attenuation as a function of H fol- 
lowed the curve given in Fig. 3. The form of this ‘“‘mag- 
netization curve” and the large hysteresis have not yet 
been fully explained and will be the subject of special 
investigation. 

The curves in Fig. 1 look somewhat similar to the 
well known curves of thermal! conduction as a function 
of temperature. This could suggest that a great part of 
the acoustic loss at low temperature might be due to 
loss from heat conduction, but since one gets the same 
effect with shear waves, this possibility seems to be 
ruled out. 

Further experiments with better crystal samples, 
other elements, compounds, normal conducting ma- 
terials, and a greater frequency range are in progress. 
The reported results might be a further support for the 
conception that superconductivity is mainly due to 
interactions between electrons and lattice vibrations, 
but it seems reasonable not to begin theoretical specu- 
lations about the observed effect before further experi- 
ments are carried out. Besides its theoretical interest, 
the effect might provide a very useful means for the 
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study of superconducting properties, as, for example, 
observations in the intermediate state, etc. 

The author wishes to express his gratitude to Mr. 
H. J. McSkimin for lending him his ultrasonic equip- 
ment and to Mr. T. B. Bateman for valuable help with 
the experiments. 

'H. E. Bommel and J. L. Olsen, Phys. Rev. 91, 1017 (1953). 

2H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 

*D. Schoenberg, Superconductivity (Cambridge 
Press, Cambridge, 1952), p. 74. 
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New Minority Carrier Phenomenon 
in Germanium 


STEPHEN J. ANGELLO AND THEODORE E. EBERT 
Materials Engineering Department, 
Westinghouse Electric Cor poration, East Pittsburgh, 

Pennsylvenia 
(Received June 29, 1954) 


T is now well known that minority carriers can be 

injected into germanium by means of a point contact 

or P-N junction biased in the direction of easy flow of 

current carriers. An experiment reported by Haynes and 

Shockley' is considered a classical illustration of this 
phenomenon. 

We have discovered that a P-N junction of indium 
alloyed to germanium and biased in the high-resistance 
direction can withdraw minority carriers from a bar of 
N-type germanium, and that the deficit can be propa- 
gated down the bar by means of an electrical field. The 
phenomenon is the exact inverse of the Haynes- 
Shockley effect and consequently we have named the 
withdrawal of minority carriers “minority carrier 
egression.”’ 

In Fig. 1, a bar of V-type germanium is provided with 
two indium alloyed P-N junctions labeled emitter and 
collector. In the Haynes-Shockley experiment, the 
emitter is biased positively by the proper position of 
switch S», The synchroverter switch S$; opens and closes 
the emitter circuit with a repetition rate of 1000 cps and 
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Fic, 1. Circuit used to compare minority carrier 
injection and egression. 
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F 16. 2. Haynes-Shockley effect compared with 
minority carrier egression. 


an oscilloscope sweep is synchronized with S, to give a 
repetitive presentation. The collector is biased nega- 
tively to attract positive holes. Positive holes in excess 
of the equilibrium density cause an increase in collector 
current which appears as an increased voltage across 
resistor R,. This voltage is presented on the oscilloscope. 
A sweeping voltage V; causes positive holes to go from 
the emitter to the collector. 

In Fig. 2, the upper trace is the Haynes-Shockley 
effect compared with the emitter voltage appearing 
across R, to show the switching instant. The lower trace 
appears when switch S, is reversed. In this case, the 
leakage current of the collector is decreased after a 
time delay for propagation of the effect and remains 
depressed as long as the emitter bias remains. It is to 
be noted that the sweeping voltage V; has the same 
polarity in both cases. 

The phenomenon of electron egression has implica- 
tions in the physical mechanism of the operation of 
transistor devices. 


1 J. R. Haynes and W. Shockley, Phys. Rev. 75, 691 (1949). 


Effective Masses of Electrons in Silicon* 


R. N. Dexter AND Benjamin Lax, Lincoln Laboratory, Massa- 
chusetts Institute of Technology, Cambridge, Massachusetts 


AND 
A. F. Kip ano G. DresseLnaus, Department of Physics, University 
of California, Berkeley, California 
(Received August 9, 1954) 


HE original cyclotron resonance experiments on 

germanium were made possible by virtue of rf 
ionization of carriers by the microwave electric field.' 
This technique could not be used on silicon because of 
the relatively large trapping energies for carriers. 
Recent experiments by the groups at Berkeley and at 
Lincoln Laboratory have used optical excitation of car- 
riers.2 We report here the independently obtained 
results of the two laboratories on the effective mass m* 
of electrons in silicon. The principal values of m* agree 
within the experimental error. The experiments were 
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Fic. 1. Cyclotron resonance absorption of electrons in silicon 


as a function of magnetic field H when H is parallel to the [001] 
direction. 


carried out on single crystals at liquid helium tempera 
ture. Microwave frequencies were in the 23-kMc/sec 
region. 

The resonance peaks were observed when the mag- 
netic field was parallel to the [001 ] and [110] directions 
and one peak was observed when the magnetic field was 
along the [111] axis. This suggests that the constant 
energy surfaces at the bottom of the conduction band 
in silicon can be represented by six ellipsoids of revo- 
lution along the cubic axes in the Brillouin zone, in 
agreement with the conclusions drawn from magneto- 
resistance® and piezoresistance‘ experiments. 

The principal values of the mass tensor are con- 
veniently obtained from the peak positions when the 
magnetic field is along the [001 ] direction. An absorp- 
tion trace for this orientation is shown in Fig. 1; the 
peaks correspond to effective masses m2 and (mm:)}. 
These data indicate a transverse mass m,=0.19 my and 
a longitudinal mass m,=0.98 mo, where mo is the free 
electron mass.’ The average effective mass for these 
values is m*=3 mymz/(2 m+ m2) =0.26 mo. The ratio 
m,/m.,= 5.2 is consistent with the value estimated from 
the magnetoresistance effect.* By using these values of 
m, and mz, following Shockley,* two theoretical curves 
for m*/mp as a function of @ were computed, where @ is 
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Fic, 2. Effective mass of electrons in silicon as a function of 
magnetic field orientation in the (110) plane. 
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the angle between the [001 | direction and the magnetic 
field in the (110) plane. These curves are shown in 
Fig. 2 in comparison with experimental points obtained 
with several samples. 

The half-widths of the resonance lines were of the 
order of 1000 oersteds. From this fact it was estimated 
that the mean collision time was about 2107" sec. 
This is approximately 4 the collision time found for 
pure Ge at 4°K. 

The authors would like to express their appreciation 
for the samples of silicon kindly provided by General 
Electric Research Laboratories and Bell Telephone 
Laboratories. We would also like to thank Professor C. 
Kittel and Dr. H. J. Zeiger for severa! helpful discus- 
sions. 

* The M.I.T. research reported in this document was supported 
jointly by the Department of the Army, the Department of the 
Navy, and the Department of the Air Force. The University of 
California research has been supported in part by the U. S. Office 
of Naval Research and the U. S. Signal Corps. 

1 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953); 
Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 (1954). 

2 Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 

3G. L. Pearson and C. Herring, Physica (to be published), 
paper presented at the International Conference on Semicon 
ductors, Amsterdam, Netherlands, June 30, 1954. 

4C.S. Smith, Phys. Rev. 94, 42 (1954). 

5 The estimated error in the mass values is about +5 percent. 

®W. Shockley, Phys. Rev. 90, 491 (1953). 


Effective Masses of Holes in Silicon* 


R. N. Dexter, University 0, Wisconsin, Madison, Wisconsin, and 
Lincoln Laboratory, Massachusetts Institute oj Technology, 
Cambridge, Massachusetts 
AND 
BENJAMIN Lax, Lincoln Laboratory, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 
(Received August 9, 1954) 


gee YTRON resonance experiments have been 
4 carried out on p-type silicon at 23 kMc/sec and 
4°K. Carriers were excited by infrared light as described 
for germanium.' The beam from the light source was 
chopped at 900 cps, with a resulting amplitude modu- 
lation of the absorption signal. High sensitivity was 
achieved by a phase-sensitive detection method.? The 
reference signal for the detector was obtained from a 
phototube in the chopped beam. 

Two resonance peaks were observed corresponding to 
effective masses m,* and m,*. The effective masses 
measured in the principal directions are summarized 
in Table I; mo is the free electron mass. From these data, 
by means of simple statistics, the approximate average 
effective mass of holes was calculated to be 0.39mp. 

The observations are consistent with the model used 
for germanium,'* in which the top of the valence band 
occurs at k=0 and in which the constant energy surfaces 
in the Brillouin zone can be represented by two sets of 
warped surfaces centered about the origin. For these 
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TABLE I. 





Magnetic field 


parallel to: (001) 


0.171 
0.46 


(111) 
0.160 
0.56 


(110) 
0.163 





m,*/mo 
m2*/mo 


surfaces, the energy E is given as a function of the wave 
vector k by 


E= (—h?/2mo){ak’+ Lk —c(kat+ ky'+-k,4) }4}, (1) 


where a, 6, and ¢ are constants. The approximate theo- 
retical calculation of the resonance frequency and the 
effective mass at resonance was carried out as previously 
described'* but a more exact expansion of the radical 
was used. The result is 


1/m* = (1/mo)[A4+B,(1—3 cos*6)*], (2) 


whereA , = a+6’+ (c/12b’), By = Fc/32b’, b’ = (UP — 4c), 
and the plus and minus signs refer to the effective 
masses m,* and m,*, respectively. The constants can 
be determined from the values for m,* at @=0 and for 
m,* at @=0° and 55°. The result for silicon is: a=4.0, 
?=8.1, and c=6.5. By using these values in Eq. (2), 
a theoretical curve was calculated for m,* and plotted 
in Fig, 1. 

According to the perturbation theory’ which de- 
scribes the valence band structure of germanium 
around k=0, three degenerate bands are split by spin- 
orbit interaction into the two bands described by Eq. 
(1) and a lower band for which the energy is 

E;= eas Ey- (hak? /2mpo) = vo— (h?k?/2m;*), (3) 
where £p is the splitting at k=0.°* If this expression is 
correct for silicon, ms3*=0.25my. We have not been 
able to detect holes in this normally filled band. 

The authors would like to thank Mrs. Laura Roth 
and Dr. H. J. Zeiger for helpful suggestions and the 
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Fic. 1. The effective mass m,* of the heavy holes in silicon is 
plotted as a function of 6, the angle between the [001] direction 
and the magnetic field in the (110) plane. The points are experi 
mental, and the curve is theoretical. 
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Genera] Electric Research Laboratories and the Bell 
Telephone Laboratories for providing samples of 
silicon. 

* The research reported in this document was supported jointly 
by the Department of the Army, the Department of the Navy, 
and the Department of the Air Force. 

! Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 

* A similar technique was developed by A. F. Kip, Physica (to 
be published), paper presented at the International Semicon 
ductor Conference, Amsterdam, Netherlands, June, 1954. 

* Dresselhaus, Kip, and Kittel, Phys. Rev. 95, 568 (1954). 

‘Lax, Zeiger, and Dexter, Physica (to be published), paper 
presented at the International Semiconductor Conference, Am- 
sterdam, Netherlands, June, 1954. 

* F, Herman, Physica (to be published), paper presented at the 
International Semiconductor aon, Amsterdam, Nether 
lands, June, 1954. 

*C. Kittel, Physica (to be published), paper presented at the 
International Semiconductor Conference, Amsterdam, Nether- 
lands, June, 1954. 


Finley-Freundlich Red-Shift Hypothesis 


H. L. HELFER* 
Department of Terrestrial Magnetism, Carnegie Institution of 
Washington, Washington, D. C. 
(Received August 9, 1954) 


N view of the possible serious physical implications!” 

of the Finley-Freundlich hypothesis* that light, 
passing through an enclosure of energy density u= 67" 
and dimension h, suffers a red shift A\/A=AT7“h 
(A=2X10~™ cgs units), it appears desirable to state 
here two astronomical arguments preventing acceptance 
of this proposal unmodified. 

Consider an eclipsing binary star system (i= 90°) in 
which the relative orbit is circular with radius a. Take 
u,=b,7 4 as the energy density at the surface of star i, 
the radius of which is R;. The energy density in space 
at a point at distance / from star i is u=u,R?/h*. If 6 
is the angle introduced in Fig. 1, the integrated energy 
density along the line of sight towards star 2, due to its 
companion’s presence,’ is U»= (u,R,°/a)[(r—6)/sind J, 
outside of eclipse. A change in the total energy density 
along the line of sight of many times 4,R;°/a, would 
occur in a single revolution. The quantity ™,R,°/a cor- 


Fic. 1. A typical 
binary system. 
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responds to a predicted Freundlich shift of amount 
AV=cA T'R;?/a. 

Table I contains the predicted AV, together with 
other quantities of interest for five systems selected 
from the Fourth Lick Catalog of Spectroscopic Binaries,® 
Although there exists a slight uncertainty in spectral 
types and consequently in temperature, the predicted 
effect is certainly orders of magnitude too large and 
one can afford to be slightly uncritical of the observa- 
tional data. Use of more recent spectral classifications® 
decreases AV by only 50 percent for the fainter star in 
7X Herculis, and not at all for the fainter star in Z 
Vulpeculae. The data for the system V Cygni are par- 
ticularly reliable. 

It may be maintained that the hypothesis holds only 
in the presence of matter, the above argument then 
not being conclusive since the presence of matter in the 
orbital plane has not been demonstrated. 

The unusual! system of € Aurigae’ provides a natural! 
test of this further possibility. While objections®* have 
been raised to parts of the interpretation of this system, 


TABLE 1. Data for five systems. Column 1 gives the Fourth 
Lick Catalog number, Column 2 the star name, Column 3 the 
spectral type (HD Rev.) of each component (in all cases listed 
the spectral type being the same for both components), Column 4 
the effective temperature corresponding to the spectral type, 
Column 5 the mean radius of the two components, the solar 
radius being taken as unity, Column 6 the semimajor axis of the 
relative orbit using the same unit of length, Column 7 the per- 
centage contribution of each star to the total luminosity of the 
system, Column 8 the semiamplitudes of the two radial velocity 
curves, and Column 9 the predicted AV. In all cases the inclina 
tion of the orbital plane exceeds 86.5°. 
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TT Aur. 197; 246 
116; 135 
121; 140 
96; 214 
245; 241 


68; 32 
55; 45 


it still appears quite probable that during the eclipse, 
the light of the cF star passes through the outer part of 
its companion J star. During eclipse ionized lines arising 
from the outer parts of the J star indicate the presence 
of gaseous material. At eclipse, we therefore have the 
ideal situation of a long path length though matter in 
the presence of a radiation field. 

If one uses the Yerkes model,’ the maximum dip of 
the cF star below the J star’s edge is 2.410" cm and 
the radius of the J star is 2X10" cm. If the J star was 
perfectly spherical, the F star’s light would travel 
along a chord of the / star, 2X10" cm long. If one uses 
T= 1200°K, the predicted AV is 2400 km/sec. Judging 
from the observations, this is at least 200 times too 
large. If the path length is chosen so as to be equal to 
the effective length over which optical absorption 
occurs,’ AV is decreased by a factor of ten. It is to be 
noted that the temperature used for this calculation is 
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quite conservative, the considerable ionizing radiation 
emanating from the cF star being ignored. 

It is to be noted that ¢ Aurigae systems such as the 
prototype and VV Cephei provide means for similar 
tests, and that Struve" has already pointed out the pos- 
sibility of interpreting the observational bases of this 
theory by more conventional mechanisms. 


* Carnegie Institution Fellow in Radio Astronomy, 1953-1954. 

'M. Born, Proc. Phys. Soc. (London) A67, 193 (1954). 

*:D. ter Haar, Phil. Mag. 45, 320 (1954). 

3E. F. Freundlich, Proc. Phys. Soc. (London) A67, 192 (1954); 
Phil. Mag. 45, 303 (1954). 

‘ The contribution to the total energy density along the line of 
sight made by the star itself has been omitted. Its inclusion would 
imply a shift of the solar lines from their laboratory wavelength 
of 200 km/sec. 

5 J. H. Moore, Lick Observatory Bul. 18, No. 483 (1935). 

®° F. B. Wood, Univ. Penn. Astron. Pub. 8, 1 (1953). 

7 Kuiper, Struve, and Stromgren, Astrophys. J. 86, 570 (1937). 

8S. Gaposchkin, Pulls. Astron. Soc. Pac. 66, 112 (1954). 

9Z. Kopal, Observatory 74, 14 (1954). 

QO. Struve, Sky and Telescope 13, 225 (1954). 


K Band in Additively Colored KCl 


H. W. Erzer anp F. E. Geicer, Jr. 


United States Naval Research Laboratory, Washington, D. C. 
(Received August 9, 1954) 


HE F-band absorption in alkali halides is accepted 

to be the result of a 15-2 transition of an electron 
trapped at a negative ion vacancy in the lattice. Mott 
and Gurney! first suggested that the shoulder on the 
high-energy side of the F band (the K band?) was 
associated with 1s-p transitions and transitions to the 
ionization continuum. Dexter* has calculated the ab- 
sorption cross section per electron at the F band, and at 
its presumed series limit using hydrogen like wave 
functions. No evidence has been presented definitely 
to contradict the assumption that the K band is an 
integral part of the F band, and for this reason the 
most recent review article on color centers maintains 
this point of view. The data presented here indicate 
that the ratio of the absorption of the F and K bands 
is not a constant. Therefore the two bands are not a 
result of transitions from the ground state of the same 
center. 

The KCI crystals used in the room temperature work 
were high purity crystals grown by the Kyropoulos 
technique. The crystals were additively colored at 
600°C in potassium vapor. Next, thin crystals which 
were cleaved for absorption measurements (made in 
the Beckman Model DR Spectrophotometer) were 
wrapped in a light tight aluminum foil and heated to 
500°C. After allowing sufficient time for the dispersal 
of any aggregate or colloidal bands the crystals were 
quenched. Curve a of Fig. 1 shows the absorption ob- 
tained without exposing the crystal to light. Curves 6, 
c, d, and e were obtained after subsequent exposures of 
the same crystal to light of wavelengths greater than 
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Fic, 1. A sequence of absorption measurements at room tem- 
perature of additively colored KCl (~4X10!"/cc). Irradiation 
made with a tungsten lamp through a Corning No. 3482 filter. 
Curve (a), no optical bleach; (b), illuminated 20 seconds; (c), 40 
seconds; (d), 100 seconds; (e), 220 seconds 


S000A. The crystals used for the liquid nitrogen data 
were Harshaw crystals colored at 477°C for 28 hours, 
quenched immediately to room temperature and meas- 
ured in a Cary automatic recording spectrophotometer. 
Curve a of Fig. 2 shows the absorption of the crystal 
measured at — 160°C prior to bleaching. In curve b the 
same crystal after irradiation into the F band at +50°C, 
is measured again at liquid nitrogen temperature. The 
Cary spectrophotometer was used as a monochromator 
with a slit width of 1.5 mm or about 250A. Both sets 
of curves show after irradiation a partial bleaching of 
the F band and an unexpected growth of the K band. 
The Rj, R2, M, and N bands grow as expected at room 
temperature, but at 50°C the R; and R, bands appear 
to decrease while the M band increases. 

The data presented here do not yet allow a description 
of the K center, but indicate that the center is not due 
to a transition of an electron in the ground state of the 
F center to excited states or to the conduction band. It 
should be pointed out that the data of Molnar’ indicate 
that the K band grows as the F band is bleached, but 
apparently no significance was attached to the increase 
in absorption in the K band region. It is unlikely that 
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Fic. 2. Absorption measurements on additively colored KCl 
at — 160°C. Curve (a), no optical bleach; Curve (6), after 24-hour 
bleach with F light (5600 A) at +50°C. 


the K band observed here could be the V-type center 
as suggested by Duerig® since the crystals were colored 
additively and should contain no holes. The AK band 
appears then to be some combination of an electron and 
negative ion vacancy in such a way as not to form a 
normal F center. Further work is planned to determine 
the nature of the center. 

The additive coloration, by R. J. Ginther, of the 
crystals used in the room temperature measurements is 
deeply appreciated. 

1N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), p. 114. 

2 F, G. Kleinschrod, Ann. Physik 27, 97 (1936). 

*D. L. Dexter, Phys. Rev. 83, 435 (1951). 

4F. Seitz, Revs. Modern Phys. 26, 1 (1954). 

5 J. P. Molnar, thesis, Massachusetts Institute of Technology, 


1940 (unpublished). 
®W. H. Duerig, Phys. Rev. 94, 65 (1954). 


Injection Breakdown in Iron-Doped 
Germanium Diodes 
W. W. TYLER 
General Electric Research Laboratory, Schenectady, New York 
(Received August 5, 1954) 


= dissolved in germanium introduces two deep 
energy levels in the forbidden band. It is possible to 
produce both n- and p-type samples of Fe-doped Ge 
which exhibit high resistivity when cooled to liquid 


nitrogen temperature. Thermal ionization energies 
characteristic of m and p samples are ~0.27 ev and 
~0.34 ev, respectively. Studies of the recovery of photo- 
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conductivity after exposure to light indicate that n-type 
samples are much more photosensitive and slower in 
recovery than are p-type samples, suggesting that 
states introduced by Fe act as hole traps in n-type 
crystals.’ The purpose of this letter is to describe briefly 
an experiment with diodes which tends to confirm 
the presence of hole traps in high-resistivity n-type 
Fe-doped Ge. 

Diodes were formed by fusing an indium contact on 
one face of an ~1/8-in. cube of germanium. The 
“ohmic” base contact on the opposite face was of fused 
tin. Sixty-cycle ac voltage was applied to the diodes 
and current-voltage characteristics were observed on a 
calibrated oscilloscope. At 300°K the diodes show 
normal behavior with high reverse saturation currents 
due to the low carrier life:ime (~5 usec) in the Fe-doped 
crystals. When cooled to liquid nitrogen temperature 
(77°K), in the dark, a typical diode behaves like a high 
resistance for small voltages of either polarity. (The 
equilibrium value of resistivity for the Fe-doped Ge at 
this temperature is ~10" ohm-cm.) On increasing the 
applied ac voltage (to ~15 volts peak) injection cur- 
rents of several microamperes are seen on the forward 
cycle. At sufficiently high voltage (~50 volts peak) a 
breakdown process takes place after which the effective 
resistivity of the Ge drops to about 100 ohm-cm. This 
breakdown condition is maintained until the applied 
voltage is reduced to less than several volts. Light 
(hv>0.7 ev) falling on the diode greatly reduces the 
voltage necessary to initiate the breakdown condition. 

Figure 1 shows the current voltage characteristic of 
a typical diode before breakdown. The diode is im- 
mersed in liquid nitrogen. Pre-breakdown injection 
current of about 1 microampere is noticeable on the 
forward cycle. Breakdown is initiated by a short light 
pulse from a neon lamp. Figures 2 and 3 show current- 
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Fic. 1, Current-voltage characteristic before breakdown. Hori- 
zontal scale calibration is 2 volts per small division. Vertical scale 
calibration is 2 microamperes per small division. 
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Fic. 2. Current-voltage characteristic after ‘breakdown. Scale 


calibration is the same as in Fig. 1. 


Fic. 3. The same characteristic shown in Fig. 2 except that the 
vertical scale calibration has been changed to 2 milliamperes per 
small division. 


voltage characteristics after breakdown. In Fig. 3 
current sensitivity has been decreased by a factor of 
10%. The peak forward current of 15 milliamperes is 
limited by external resistance. A thermocouple fused 
to the diode indicates no detectable (<0.05°K) increase 
in temperature after many minutes of operation under 
these conditions. The breakdown may be extinguished 
by decreasing the series resistance, permitting suf- 
ficiently high forward currents to heat the Ge to 
~100°K. 

The process described has been termed injection 
breakdown. Although the kinetics of the voltage- 
induced breakdown are not quantitatively understood, 
the steady-state breakdown condition may be explained 
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by assuming high, nonequilibrium conduction in the Ge 
due to mobile electrons which neutralize trapped holes, 
with injected holes continuously being retrapped, re- 
placing evaporation or recombination losses. On sixty- 
cycle operation, a sufficient number of nonequilibrium 
carriers remain after the reverse cycle so that applied 
forward voltage again localizes at the junction and 
injection saturates the traps during the first part of the 
forward cycle (assuming sufficient current density). 
Because of this reloading process, a small discontinuity 
is always observed in the current voltage characteristic 
during the first part of the forward cycle. This is barely 
discernible in Fig. 3 as a change in slope near the origin. 
Heating the Ge to ~100°K increases the rate of hole 
evaporation sufficiently that it is difficult to maintain 
the breakdown condition. 

Two observations of Newman support the model 
proposed for the steady-state operation of the break- 
dowa diode. The infrared absorption of injected carriers 
in the breakdown diode does not show the structure 
characteristic of hole absorption which is found in most 
normal diodes.? With the applied voltage just greater 
than the minimum sustaining voltage, it is possible to 
extinguish the breakdown by irradiation of the diode 
with monochromatic light in the wavelength interval 
(~0.35 to 0.7 ev) which had previously been found 
effective in quenching intrinsic photoconductivity in 
n-type Fe-doped crystals.’ 

! Tyler, Woodbury, and Newman, Phys. Rev. 94, 1419 (1954) 
The details of this work are being prepared for publication. 


2R. Newman, Phys. Rev. (to be published). 
3 R. Newman and W. W. Tyler, Phys. Rev. (to be published). 


Effect of Dislocations on the Optical 
Absorption Edge in Nonmetals*t 


R. M. BLaKNEy AND D. L. Dexter 
Institute of Optics, University of Rochester, Rochester, New York 


(Received August 16, 1954) 


HE absorption spectra of many nonmetals exhibit 

a long-wavelength tail which has been attributed 
to lattice disorder.' Seitz? discussed the absorption 
spectra of the silver halides in the near ultraviolet and 
concluded on the basis of the magnitude of the radiation 
matrix element for a crystal containing edge type dis- 
locations, that this type of lattice disorder can account 
for the long-wavelength tail observed.’ This letter sum 
marizes the results of calculations on the order of mag 
nitude of the absorption coefficient to be expected in 
a crystal containing edge-type dislocations. 

There are three ways in which dislocations can modify 
the fundamental absorption edge: -(1) Optical (i.e., 
momentum) selection rules are relaxed by the deviation 
from periodicity. (2) Local density variations in the 
neighborhood of the dislocations change the local width 
of the forbidden gap, permitting lower-energy allowed 
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transitions to occur between the valence and conduc- 
tion bands. (3) Various kinds of charged debris are 
created by and associated with the dislocations; as in 
the case of the a center, some of these imperfections 
would be effective in lowering the energy of the tran- 
sition of the neighboring ions. 

The absorption coefficient on the long-wavelength 
side of the fundamental absorption edge was calculated 
according to mechanism (1) for a crystal in which the 
energy contours in k space for the valence band are 
those for a p band, while those for the conduction band 
are for an s band. The calculation involved a sum- 
mation over all & states in the two bands which could 
be evaluated only by means of simplifying assumptions 
which restrict the validity of the results to the region 
near the absorption edge. The length of the tail (meas- 
ured from the absorption edge toward lower energies) 
cannot exceed the width of that branch of the valence 
band which bends upward. 

For a dislocation density of 10" lines per cm’, a 
crystal with a valence band two volts wide, an energy 
gap of six volts, and with 0.4 taken to be the ratio of 
the effective mass of an electron in the conduction band 
to its mass in the valence band, an absorption coefficient 
of 20 cm™ is calculated at 1 ev from the edge. In a 
crystal with a valence band one volt wide, an energy 
gap of nine volts, and 0.2 for the effective mass ratio, 
an absorption coefficient of 20 cm~ is reached only 0.2 
ev from the edge. The displaced oscillator strength per 
dislocation line intersection is about 0.2 in both cases. 
An alternative mechanism, considered by Bardeen and 
co-workers,‘ for obtaining nonvertical, or forbidden 
electronic transitions seems much more effective than 
that treated here for crystals of normal lattice disorder. 
(In the former mechanism, the transition occurs by 
the simultaneous emission of absorption of a phonon in 
order to conserve momentum.) 

The shift in the absorption edge due to mechanism 
(2) was estimated by adopting the Heitler-London 
point of view and using deformation potential theory® 
to calculate the change in the absorption edge per atom 
as a function of the local density. This treatment shows 
that most of the absorption on the long-wavlength side 
of the edge occurs in the immediate vicinity of the edge 
and does not extend beyond about 0.5 ev beyond the 
edge. (This figure was obtained for a maximum dila- 
tation of 0.1 and a reasonable value of 5 ev per unit 
dilatation for the deformation potential constant.) 

It was concluded that neither mechanism (1) nor (2) 
can account for the long-wavelength tail extending into 
the visible as observed in the silver halides. However, 
in a cold-worked crystal, the vacancies, incipient 
vacancies, clusters, and other charged products of the 
moving dislocations represent regions of the crystal 
particularly effective in modifying the fundamental 
absorption edge. Measurements on the effects of cold 
working and annealing on good single crystals would be 
helpful in indicating the importance of mechanism (3). 
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* This paper was presented at the Bristol Conference on Defects 
in Crystalline Solids in July, 1954, and the details of these cal- 
culations will appear in the published proceedings of this meeting. 

t Research supported in part by funds from the U. S. Air Force 
under a contract monitored by Headquarters, Air Research and 
Development Command, Baltimore, Maryland. 

'N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1948), p. 94. 

2 F. Seitz, Revs. Modern Phys. 23, 328 (1951). 

5H. Fesefeldt, Z. Physik 64, 741 (1930); H. Fesefeldt and 
Z. Gyulai, Géttingen Nachr. 1929, 226. 

‘ Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954). 

5 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 


Structure of the Intermediate State of 
Superconductors* 


B. SERIN 


Rutgers University, New Brunswick, New Jersey 
(Received August 6, 1954) 


E have qualitatively verified the observations of 

Meshkosky and Shalnikov'? on the discontin- 
uous structure of the intermediate state of supercon- 
ductors. We used lead rather than tin for the sample, 
and employed a different technique for observing the 
normal and superconductive regions. 

The discontinuous magnetic field changes at the 
normal-superconductive interfaces were detected by 
using commercially available magnetic recording tape.* 
After the tape was magnetized at low temperatures, the 
details of the magnetization were revealed by making a 
magnetic powder pattern‘ on the tape after it had been 
warmed to room temperature. A similar technique was 
tried without success by Shalnikov and Meshkovsky,' 
who finally used the changes in the electrical resistance 
of an extremely small bismuth wire to detect the discon- 
tinuous magnetic field changes. 

The sample consisted of two polycrystalline lead 
hemispheres of 0.25-in. radius cast from Johnson- 
Matthey and Company lead. Each hemisphere was 
mounted in a Plexiglass holder, and the two holders 
were bolted together with the tape in between them so 
that flat sides of the hemispheres were pressed against 
the two surfaces of the magnetic tape. The tape is 
().002 in. thick. A small patch of tape was also placed in 
the bottom of one holder so that it pressed against the 
outside surface of the hemisphere in the neighborhood 
of the pole. A bismuth wire was mounted in one of the 
holders near the equator. Suitable leads were attached 
so that the electrical resistance of the wire could be 
measured, and the magnetic field at the surface of the 
sphere thereby determined. 

The sample was cooled in liquid helium to about 
1.4°K. A uniform magnetic field was then applied in a 
direction passing through the poles, and thus transverse 
to the long direction of the tape between the hemi- 
spheres. The field was increased slowly and the re- 
sistance of the bismuth wire measured. The initial 
penetration of the magnetic field into the sphere was 
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Fic, 1. Photomicrograph of powder pattern obtained on tape 
placed near the pole. 


detected by the abrupt, large decrease in the slope of 
the resistance as a function of field. The field at which 
penetration occurs is } of the threshold field value. The 
threshold field was thereby determined to be about 800 
oersted. After initial penetration, the external field was 
further increased to about 0.8 of the threshold value, 
corresponding to a ratio of magnetic induction to 
critical field inside the sphere of about 0.4 The external 
field was then reduced to zero, and the apparatus 
warmed up. 

Figure 1 is a photomicrograph of a powder pattern 
obtained on the tape placed at the pole on the outside 
of the hemisphere. The light areas are the magnetized 
regions where the iron powder has collected, and these 
correspond to the regions of normal phase in the sample. 
The pattern is complicated, but it is clear that the 
distances between the regions are about 0.05 mm. 
Similar patterns were obtained on the tape placed 
between the hemispheres, and qualitatively similar 
results were obtained with three different samples. The 
tape placed on the outside seems to become more 
strongly magnetized and thus exhibit clearer patterns, 
probably because the magnetic field at the outer surface 
has a component which lies in the tape as well as one 
transverse to it. 

We hope that this extremely simple technique can be 
used to explore aspects of the intermediate state in 
which further investigations are needed.® 

* This work has been supported by a joint program of the 
U. S. Office of Naval Research, the Rutgers University Research 
Council, and the Radio Corporation of America. 

1A. Meshkovsky and A. Shalnikov, J. Phys. (U.S.S.R.) 11, 1 
(1947). 

2 For a review of the later work which is printed in Russian 
see D. Shoenberg, Superconductivity (Cambridge University Press, 
London, 1952), pp. 103-110. 


3 “Scotch” Brand Sound Recording Tape No. 111A, Minnesota 
Mining & Manufacturing Company, St. Paul, Minnesota. 
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‘5. ¥, 
(1949). 
5 Note added in proof.—Another technique, quite different from 
the one above, has been recently reported by Schawlow, Matthias, 
Lewis, and Devlin, Phys. Rev. 95, 1344 (1954) 
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Magnetic Cloud Chamber Study 
of V* Events* 


Y. B. Kim, J. R. BuRWELL, R. W. HuGcett AND 
R. W. THompson 
Department of Physics, Indiana University, Bloomington, Indiana 
(Received August 16, 1954) 


HE object of this note is to give a preliminary 
report of the V* events observed to date with the 
rectangular magnet chamber.! 
The transverse momentum p, has been measured for 
31 cases* with an average uncertainty of +5 percent. 
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Fic. 1. The distributions of transverse momenta of V* events 
The histograms give the number of events per 50-Mev/c interval 
(a) is the distribution for V* (13 events) and (b) for V~ (18 
events). The values of the individual p,’s are indicated by the dots. 
Events with py<35 Mev/c are omitted in order not to include 
possible x-y decays. The theoretical distributions for a two-body 
decay (with p’=220 Mev/c) and for a three-body decay (with 
p’ max = 220 Mev/c) are shown by the solid line and by the dashed 
line in (a), and by the dashed line and by the solid line in (b). The 
average uncertainty in p, is 5 percent and the errors are not 
folded into the theoretical distributions. 
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The distributions for V* (13 cases) and V~ (18 cases) 
are shown separately in Fig. 1. Although the statistics 
are limited, there is preliminary indication of a charge 
asymmetry. The distribution for V* is peaked near the 
highest observed values; for V~ the distribution appears 
to be broader and the center of gravity occurs at a 
lower value of p,. Further indication for charge asym- 
metry is found in the distributions of decay points in 
the chamber shown in Fig. 2. The V+ decays appear to 
be more or less uniformly distributed throughout the 
chamber, whereas the V~ decays appear to occur pre- 
dominantly in the top half. Since the distributions of 
the longitudinal momentum of the secondary p, are not 
much different for V+ and V~ decays (the mean value 
of pz is 575 Mev/c for V* and 732 Mev/c for V~), this 
asymmetry in the distributions of decay points probably 
reflects a difference in lifetime. A detailed lifetime 
analysis will be reported in a later publication. Taken 
together, the two effects (difference in p, distribution 
and in lifetime) provide reasonable evidence for a 
charge asymmetry in the V+ events. Such a charge 
asymmetry in p, distribution as well as in lifetime has 
not been previously observed in the magnetic cloud 
chamber work on V* events.*~* 

The p, distribution of V* events suggests, or at least 
is entirely compatible with, a two-body decay process 
with p’~220 Mev/c, the momentum of the secondary 
in the c.m, system. This interpretation is further sup- 
ported by three V+ events (R-112,’ R-390,' R-521) in 
which the primaries are well measurable and p’ can be 
computed. The computed values of p’ for these three 
events are 231415, 222+6, 21948 Mev/c and are 
consistent with a unique value p’=222+5 Mev/c (the 
weighted mean of the three values).? Thus the present 
data provides preliminary evidence for a long-lived Kt 
particle with mass about 1000 m, which decays into an 
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Fic. 2. The distributions of decay points in the chamber. The 
illuminated region of the chamber is 11 in. wide, 22 in. high and 
5 in, deep. The decay points as seen from the central camera are 
shown by the dots 
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L* meson and one neutral fragment of mass not greater 
than that of a 7°. 

Gregory ef al.” present evidence for a long-lived 
positive particle, K,* — y*+ v, with a directly measured 
mass of 914+20m,. In two cases, the ranges of the 
positive secondary are in the intervals (83.5-90.5) and 
(88-101) g/cm? of lead. These are consistent with a 
unique value of 90 g/cm? which corresponds to p’ = 220 
Mev/c for a muon. Hodson et al." report a remarkable 
photograph which may represent 6+ — xt+ (x° — 4e) 
+212+20 Mev. Bridge ef al.” report three S-particle 
secondaries with ranges in the intervals (100-140), 
(92-108), and (100-104) g/cm? of lead. These are con- 
sistent with a unique range of 102 g/cm?® which cor- 
responds to p’=236 Mev/c for a muon and p’=266 
Mev/c for a pion. In this work the signs of the particles 
are not determined. 

If the V~ data represent a homogeneous group, the 
p,-distribution does not suggest a two-body decay 
process. This conclusion is confirmed by one event 
(R-156; py=87+2 Mev/c) in which the primary is 
measurable and the computed value of p’ is less than 
140 Mev/c. 

In another V~ event (R-423;§ p,=101+4 Mev/c) 
the charged secondary is identified to be a x~ meson from 
n-u decay. This event is entirely compatible with the 
suggested alternate decay mode of the + meson, 
rt — 2t+ 29", for which p’max= 132 Mev/c. However, 
there is difficulty in explaining the majority of V~ 
events with p,<132 Mev/c in this way since the ob- 
served decay points in the chamber suggest that the 
lifetime is much shorter than that of the 7 (about 10~* 
sec).'* There is, in fact, a tendency for V~ events with 
low p, to decay near the very top of the chamber, but 
the statistics are insufficient to regard this as more 
than the most preliminary sort of evidence for two 
groups. 

We have not, as yet, observed an example of the 
cascade decay,*!® Y~ — A°+7-. In view of the lifetime 
of A° it is very unlikely that more than a few V~ events 
are decays of this type. 

The highest p, values observed so far by us are in 
the neighborhood of 220 Mev/c. A K particle with 
mass substantially greater than 1000m,'® would give 
py values substantially greater than 220 Mev/c," 
providing the neutral fragments (or fragment) are 
light. The absence of any much higher p, values indi- 
cates that at most very few of the present V+ events 
can be attributed to such a decay. 

* Assisted by the U. S. Office of Ordnance Research and by 
grant of the Frederick Gardner Cottrell Fund of the Research 
Corporation. 

! Thompson, Buskirk, Etter, Karzmark, and Rediker, Phys. 
Rev. 90, 329 (1953). 

2 Exclusive of (a) mu decays, (b) angular deflections with 
visible recoil blobs at the points of deflection, (c) events with 
pPy<35 Mev/c. The last condition is imposed in order not to 
include possible r—» decays. Also five V* events (two V*, two V~, 
one V") are not suitable fo. measurement and are excluded from 
analysis. 
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Alpha-Emitting Isomer Polonium 211f 


W. JentscukE, A. C. JUVELAND, AND G. H. Kinsey 
University of Illinois, Urbana, Illinois 
(Received August 9, 1954) 


_, pomerd has recently found that the a-particle 
bombardment of s2Pb”* produces two short-lived 
a emitters belonging to s,Po"", with E,“)=7.14 Mev, 
T,"=25 sec, and E,°’=7.43 Mev, 7,°=0.52 sec. 
He concluded that these two states are isomeric states 
of 5,Po""', the 25-sec state being the ground state and 
the 0.52-sec state being an excited state having a low 
spin and an excitation energy of 0.3 Mev. He points 
out, however, that this explanation leads to a difficulty ; 
in the A-capture decay g5At®!! — 44Po?!! only the 0.52-sec 
activity is observed. Since, according to shell theory, 
the ground state of both s,Po"! and ysAt®! have spin 
9/2, it is hard to understand why the 25-sec activity 
is not also found. Spiess also observed long-range a 
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Fic. 1. Decay scheme of s,Po”"'. 


particles of low intensity, but did not identify them. 
We have investigated these long-range a particles and 
have shown that they are from s4Po*"'. Our results lead 
to the revised decay scheme shown in Fig. 1, The 0.52- 
sec state appears as the ground state, and the difficulty 
mentioned by Spiess thus disappears. The 7.14-Mev 
a decay does not take place from the ground state of 
ssPo"" but occurs from a 1.30-Mev 25-sec level and 
goes to the 13/2 state of s2:Pb””. 

The decay scheme shown in Fig. 1 was deduced from 
the experiments 1-5 described below. In all of these 
experiments a thin lead foil was bombarded by a 
particles for 1 minute and measurements were started 
about 30 seconds after the end of the bombardment. 

(1) The measurements of the energy of the a@ par- 
ticles, made with an ionization chamber, gave peaks at 
7.14+0.05 Mev, 7.85+0.05 Mev, and 8.70+0.05 Mev. 
Figure 2 shows the pulse-height distribution. The dif- 
ferences in the a-disintegration energies: 8.87-7.28 
=1.59+0.07 Mev and 8.87-8.00=0.87+0.07 Mev 
agree with the excitation energies of the a45/;2(4=1.63 
Mev) and the ps/2(#£=0.87 Mev) states of s,Pb”’” 

(2) The three a groups (E= 7.14, 7.85, and 8.70 Mev) 
all have the same half-life of 25 sec. A fourth weak 
group at 6.58+0.05 Mev decays with a half-life of about 
2.1 minutes and probably belongs to s,Bi""'. 

(3) The intensity ratios of the three groups remain 
unchanged while varying the bombarding a energy 
from 21.3 to 24 Mev, thereby changing the cross 
sections by a factor of about 3. These results indicate 
that all three groups are emitted from the same level 
of g4Po0*!!. 


(4) y-ray measurements with sodium iodide scin- 
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tillation counters showed the presence of a 0.56-Mev and 
a 1.06-Mev 7 ray, both decaying with a half-life of 25 
sec. The two ¥ rays are in coincidence. 

(5) Since the half-life of the ij3/2 state of s2Pb””’ is 
().84 sec,® the 7.14-Mev alpha particles should not be in 
coincidence with y rays. a~y coincidence experiments 
with pulse-heights election confirmed this conclusion. 

The absence of a 7.43-Mev a-peak in the pulse- 
height distribution indicates that the partial half-life 
of the y transition from the 25-sec state to the 0.52-sec 
state is at least a hundred times as large as that for the 
a transition. From Weisskopf’s formula‘ it follows that 
a transition with 1 >5 is necessary to explain such a 
long half-life. According to shell theory, the 0.52-sec 
level should have a spin of 9/2. The 25-sec state then 
must have a spin of at least 19/2. This conclusion is 
also supported by a-decay considerations. Calculations 
of the a-decay half-lives, made using a semiempirical 
formula,® yield the result that spin changes of about 9, 
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F1G. 2. Pulse-height distribution of the a particles from the 
25-sec state of g,Po”" 


8, and 5 units accompany the 8.70, 7.85, and 7.14-Mev 
a decays of the 25-sec level and that the 7.43-Mev a 
decay occurs with a spin change of about 4 in agreement 
with the shell theory assignment of 9/2 for the spin of 
the 0.52-sec level. These results show that the spin of 
the 25-sec state very probably lies between 19/2 and 
about 23/2. 

The simple single-particle model cannot explain the 
high spin of this excited state, since the highest reason- 
able spin for a low excited level of s,Po™! would occur 
for the 127th neutron in a 15/2 state. Spiess’ suggestion 
that the excited state of g,Po*"' is due to “core iso- 
merism’’® is consistent with our decay scheme. By 
exciting the proton core to a (hgy2f7/2) configuration, and 
assuming the 127th neutron in the gg/2 state,’ the maxi- 
mum spin of the 25-sec state would be 25/2. 

It is somewhat surprising that the expected 25-sec 
a-particle group which decays to the fs2 state of s2:Pb”” 
could not be found. There seems to be some con- 
sistency, however, since the decay of the 0.52-sec level 
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of gsPo""' to the f5/2 state of s2Pb”’ is also unexpectedly 
weak.® 

According to these results the 8.70-Mev a particles 
decay with a partial half-life of about 360 sec from a 
state with a spin of at least 19/2 into a p, state. This 
is probably the largest spin change known for a nuclear 
decay. 

The authors are grateful to Professor E. Segré for 
suggesting this investigation. We thank Professor Hans 
Frauenfelder and Professor Peter Axel for valuable dis- 
cussions and Mr. Sidney Singer for advice and help 
during the experiments. 

t Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S$. Atomic Energy Commission. 
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Vacuum Polarization in a Strong 
Coulomb Field* 


Eyvinp WICHMANN AND NorMAN M. Krovi 
Columbia University, New York, New York 
(Received August 17, 1954) 


N the interpretation of recent experiments with x-rays 

from yp-mesonic atoms, some reference has been 
made to the role of vacuum polarization both in con- 
nection with the u-mass determination! and in con- 
nection with nuclear radius determinations.?~> The 
estimates made have been based on the Uehling for- 
mula,® which is merely the first term of an expansion 
in powers of aZ. Since the experiments have been 
carried out in elements as heavy as lead, for which 
aZ=0.6, the role of higher-order corrections may be 
significant. 

Another situation in which such effects may play an 
experimentally significant role is in connection with the 
x-ray fine-structure separation (2P;—2/}) in the heavy 
elements. The large value of the nuclear radius deduced 
by Schawlow and Townes’ from the anomalous Z 
dependence of this fine structure might be brought into 
agreement with values determined by other methods by 
including electrodynamic effects. One must in this case, 
of course, include the effects of the mass operator as 
well as those of the polarization charge. 

There is, of course, also some general theoretical 
interest in the treatment of such quantities, by tech- 
niques which either avoid power series expansions in 
certain quantities, usually treated as small, or which 
establish the convergence of these power series. Ac- 
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Fic. 1. The function F(7*) defined in Eq. (4) plotted 
as a function of 7°. 


cordingly, a new attack has been made on the polari- 
zation charge problem with these objectives in view. 

It is well known that the polarization charge density 
in a static electric field can, apart from radiative cor- 
rections, be expressed in terms of the solutions to the 
Dirac equation in that field. Starting from such an ex- 
pression, making use of a contour integral representa- 
tion of the summation over the radial eigenstates for a 
given angular momentum state, and making use of the 
fact that the solution of the Dirac equation for the 
case of the Coulomb field are known, one can show that 
the Laplace transform of r’p(r) is given by 


O(p)= f Axrn(rye-rdr 


“oe if af 4 (—_— 


1 ¥ cosg 2ts(k) sing 
pon JO 
ree (1+)! (1 +f) (14-u2) 
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with 
P= (1+uz)(1—2+u2z)(1—2z)“, 
g=yl(1+/)- In(1—z)(1+-uz)(1—z+ uz)", 
s(k)=(B—¥)', u=4p(140)4, y=aZ= eq] /hc, 


where p(r) is the polarization charge density induced by 
the potential g/r. Renormalization, divergence, and 
gauge difficulties are dealt with by examining the 
behavior of Q(p) at small p and removing a term of the 
form ap~*+ bp-'+<c Inp+d, with the coefficients chosen 
to yield Q(0)=0. It can be shown that this procedure 
is equivalent to regularization. It is worth noting that 
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Q(p) is virtually as useful a quantity as p(r) itself. For 
example, the behavior of the polarization potential at 
small distances is determined by Q(p) at large p, while 
the expectation values of the potential for Schrédinger 
wave functions can be expressed in terms of the deriva- 
tives of the Laplace transform of the potential multi- 
plied by the radial variable r. This quantity is related 
to O(p) through 


1 Pp 
u(p)= frre Pdr = -f O(p’)dp’. 
p* “0 


Equation (1) serves as a convenient starting point 
for expansion in powers of y. We have confirmed that 
Q”(p), the lowest-order term (linear in ) is precisely 
the Uehling term, while for the third-order term we find 


Qk p) = 


(2) 
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p< 
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The computational problem of obtaining (3) from (1) 
seems to be orders of magnitude simpler than obtaining 
the corresponding results from Feynmann integrals. 
The appearance of the p‘lnp term corresponds to an 
asymptotic 1/r? behavior at infinity for p(r). This 
result can, in fact, be deduced from the Euler-Heisen- 
berg Hamiltonian.’ The coefficient obtained by the two 
methods are in agreement. 

Finally we note that similar results can be obtained 
without expanding in powers of y. In particular, we find 
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where /’(-*) is plotted in Fig. 1. The small-r behavior of 
the polarization potential is given by 
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It is clear from Eq. (4) that a perturbation theory 
expansion of 60 converges® with radius of convergence 
y=1. It is also interesting to note that 60 remains 
finite in the limit y—1. 

The corrections to the Uehling formula for V(r) at 
small r are very small, even for lead, so that its use for 
the u-meson work appears to be well justified. 

Formulas like (4) can be obtained for all of the coef- 
ficients in the small-p expansion of Q(p), although the 
labor involved increases with the order of the coefficient. 
In view of the smallness of (4), however, it is unlikely 
that the terms beyond the cubic are ever important. 

A fuller account of the work described above, together 
with some applications, will be subsequently submitted 
for publication. 


* Work partially performed at Brookhaven National Laboratory, 
under the auspices of the U. S. Atomic Energy Commission. 
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Polarization of Arsenic Nuclei in a 
Silicon Semiconductor* 


A. HonicG 
Department of Physics, University of California, 
Berkeley, California 
(Received August 12, 1954) 


NEW mechanism capable of producing nearly 
100 percent polarization of nuclear spins under 
moderate conditions of field and temperature has been 
found in the course of electron spin resonance studies. 

Electron spin resonances exhibiting resolved hyper- 
fine structure have recently been observed by Fletcher 
et al. on a number of impurity-doped silicon samples. 
This note is concerned with a similar sample of arsenic- 
doped silicon; it is reported to contain 1.310" As 
atoms per cm’. The sample was generously provided by 
Dr. F. J. Morin of Bell Telephone Laboratories. 

At a temperature of 4°K and at a frequency of about 
9000 Mc/sec, the four resonances reported by Fletcher 
were observed. These lines correspond to each of the 
four possible orientations in the magnetic field of the 
As” nucleus, which has a spin of 3. The lines were 
approximately 3 oersteds broad, were spaced about 73 
oersteds apart, and exhibited inhomogeneous saturation 
behavior.’ 

On each one of the resonances, the following ob- 
servations were made: If the magnetic field was swept 
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twice through the same resonance with a time ¢ elapsing 
between the two traversals, the amplitude A» of the 
second traversal of the resonance line is decreased 
relative to the amplitude of the first traversal by ap- 
proximately 

A»/A,=1-€ ‘ Tr 


where 7 is about 16 seconds. Also, by sweeping through 
two neighboring hyperfine components sufficiently 
rapidly, an enhancement of the second line relative to 
the first line was obtained, this enhancement being 
about a factor of two larger if the first line was one of 
the extrema of the hyperfine multiplet. 

The proposed explanation of this effect utilizes the 
process whereby electron spin relaxation can effect a 
nuclear spin reorientation through the I-S magnetic 
hyperfine interaction. In sweeping through a resolved 
hyperfine resonance line using sufficient rf power, we 
suppose that virtually all of the relevant As nuclei 
undergo a Am, of +1, thus depopulating the m, level 
associated with the particular line. Then, if the nuclear 
spin relaxation time is about 16 seconds, the observed 
effect results. However, in order for the net depopulation 
of the m, level to occur during the electronic resonance, 
it is necessary to have a mechanism whereby the number 
of nuclear spins flipped by electron spin relaxations is 
greatly enhanced when on the electronic resonance. A 
mechanism for this was suggested by J. I. Kaplan and 
is described in the following Letter. It consists essen- 
tially of a broadening of the power spectrum of the 
electron relaxation, centered at the electron spin 
Larmor frequency, due to the shortened lifetime of an 
electron spin state during resonance; this produces a 
larger Fourier amplitude at the nuclear Larmor fre- 
quency, thereby increasing the probability of a nuclear 
spin flip. In the present As-doped sample, it is estimated 
that, for an rf amplitude of H,=0.010 oersted, the time 
for a nuclear spin flip would be of the order of 10-? 
second due to this mechanism, as contrasted with 16 
seconds under no rf. 

Manifestations of this effect are also seen in sweeping 
through a single line. The shape of the line shows an 
asymmetry and large g shift due to a progressive de- 
population of the associated nuclear m, state. The 
inhomogeneous line width and spin diffusion time of the 
Si® nuclei enter into the quantitative analysis of this 
behavior. 

In the present case, to polarize completely the As 
nuclei in a particular m; state, one has to sweep through 
the resonances corresponding to the other three my, 
states in a time small compared to the nuclear relaxation 
time. In the case of Si doped with an impurity having 
a spin of , such as phosphorus, satisfying the resonance 
condition for one m, state would completely polarize 
the other state. The general requirement is that suf- 
ficient rf power be used so that the nuclear spin flip time 
in the presence of the rf will be short compared to the 
nuclear relaxation time in the absence of rf. It is to be 
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noted that saturation of the electronic resonance is not 
necessarily required. 

It should be possible to apply this effect toward 
obtaining polarized samples for the study of nuclear 
level decay schemes. Another consequence is that it is 
possible to measure nuclear relaxation times in systems 
where the nuclear resonance cannot be observed because 
of the strong and fluctuating local magnetic field at the 
nucleus due to the electrons. 

It is a pleasure to thank the members of the solid 
state group at the University of California for many 
stimulating discussions. 

* This work has been assisted in part by the U. S. Office of 
Naval Research and the U. S. Signal Corps. 
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Nuclear Electric Quadrupole Moment 
of Na’® 


S. SENGUPTA 
Government College, Darjeeling, West Bengal, India 
(Received August 2, 1954) 


T has recently been reported by Sagalyn' that the 

nuclear electric quadrupole moment of Na® is 
+0.110-% cm?, On Mayer’s single-particle level 
scheme, there are three possible configurations for the 
ground state of Na*. They are [_(d5/2)* }s/2, (.(dsy2)?51/2 Jay2, 
[ (dsy2)* ]z/2. The actual level order here, as given by 
Mayer,’ is d52, $1/2, dsy2. The last assignment, though 
giving a positive (), is extremely improbable, because 
of the large departure of the observed magnetic moment 
from the Schmidt limit. Mayer herself preferred the 
first assignment, especially because a calculation of pu 
with 77 coupling gives for this configuration a value of 
2.87 nm, in fairly good agreement with the experi- 
mental value of 2.22 nm. However, as has been shown 
by Sagalyn,’ the quadrupole moment in this con- 
figuration with 77 coupling comes out to be zero. Hence 
the (ds/2)* configuration also cannot be accepted. We 
are thus left with the second alternative. Calculations 
for both magnetic and quadrupole moments have been 
carried out for this configuration with jj coupling. 
The wave functions for the (d5,2)? configuration are 
calculated by the method of Gray and Wills’ and the 
total wave function for (ds5/2)*s1/2 is then antisymme- 
trized by the method given in Condon and Shortley.‘ 
The (ds5/2)? state is coupled with the 51/2 state to give 
the observed spin of 3/2. The result gives 


w=1.78 nm, 
O= + (8/35) (9? w= +0.041 & 107% cm?, 


where (r*), is calculated from the formula r=1.5A# 
X10-" cm. Thus the observed magnetic dipole and 
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electric quadrupole moments of Na* are found to sup- 
port the assignment [ (ds/2)"s1)2 ]s/2 for its ground state. 


1P. L. Sagalyn, Phys. Rev. 94, 885 (1954). 

2M. G. Mayer, Phys. Rev. 78, 16 (1950). 

3N. M. Gray and L, A. Wills, Phys. Rev. 38, 248 (1931). 

4E. U. Condon and G. H. Shortley, Theory of Alomic Spectra 
(Cambridge University Press, London, 1953), p. 213. 


K Mesons and a Charged Hyperon 
Produced by 3-Bev Protons 
in Emulsions* 


W. F. Fry anp M. S. Swami 
Department of Physics, University of Wisconsin, 
Madison, Wisconsin 
(Received August 4, 1954) 


GROUP of glass backed plates and pellicles were 

exposed inside the Cosmotron to 3-Bev protons. 
The proton flux was greatly reduced from the normal 
operating intensity, and the plates were exposed to 
about 5 pulses from the Cosmotron. The proton track 
density in the plates is about 5X 10° tracks/cm?. 

The emulsions were area scanned with an over-all 
magnification of about 100X, looking for slow heavy 
mesons, hyperons, and bound A’ particles. In this note 
we describe three events which are interpreted as two 
K mesons and a hyperon. These three events were 
found in 4.5 cc of emulsion. A detailed description of 
bound A° particles will be given elsewhere. 

The essential characteristics of the three events are 
given in Table I. 

A photograph of the production and decay of particle 
K, is shown in Fig. 1. The track of the K meson is 7000 
microns long and stops in the same plate, giving rise to 
a secondary track which is nearly in the plane of the 
emulsion and is 24 000 microns long in the same plate. 
The ionization along the secondary track was measured 
by blob counting and was compared with 3-Bev proton 
tracks at the same depth in the emulsion. The ionization 
of the secondary particle was found to be 1.08+0.06 
times that of the 3-Bev protons. The scattering param- 
eter, p38, of the secondary particle was found to be 
180+13 Mev/c by using cells of 200 microns. The 
kinetic energy of the secondary particle is 12149 Mev, 
109+8 Mev, or 180+13 Mev if we assume it to be a 
# meson, a # meson, or an electron respectively. The 
expected relative ionization,' compared with 3-Bev 
protons, is 1.1+0.02 for a » meson and 1.2+-0.02 for a 
m meson. The measured ionization and multiple scat- 
tering strongly indicate that the secondary particle is a 
m meson or an electron. If the secondary particle is 
assumed to be a r meson, the expected ionization differs 
from the measured value by about two standard devia- 
tions. The mass of the K, particle was found to be 
850+150m, by using the constant sagitta method.?# 
The event is consistent with the decay of a meson of 
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Taste I, Characteristics of heavy mesons. 


Iden- 
of decay tity 
particle of 


in sec- 
Mev/c ondary 


Range 
of pri- 
mary 
(mi- 
Event crons) 


K, 7000 850+150 


Ke 4400 9204200 > 200 
Y, 820 230041000 1783420 


Ionization 
ratio 
1/1 


Mass of 
primary 
(me) 


Range of 
secondary 
(microns) 


> 24.000 





1,084-0.06 180413 pore 


Mi He 
(black) 191+1 


mass about 900m, into a u meson and a single neutrino 
or into an electron and two neutrinos. 

The Ky particle entered the emulsion from the glass 
backing and stopped in the plate after 4.4 mm. The 


Fic, 1. The production and decay of a K meson by a 3-Bev proton 
is shown in the projection drawing. 
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decay track dips steeply in the emulsion, therefore no 
reliable measurements can be obtained. The ionization 
is about minimum. The measurement of the mass of 
particle K, by the constant sagitta method gives 920 
+200m,. 

A projection drawing of event VY, appears in Fig. 2. 
The increase in the amount of small angle scattering, 
the absence of gaps and 6 rays along track Y* near 
point A strongly implies that the particle stopped at 
point A (Fig. 2). The mass measurement along track 
Y*+, by the constant sagitta method, gives a value of 
2300+ 1000m,. The secondary particle p stopped in the 
adjacent emulsion, and the characteristics of the track 
indicate that it is a proton. The total range of the 
proton is 1783+30 microns, corresponding to an energy 





—_* 


on 
& 
A 


Fic, 2. A owe hyperon (¥*) is produced in the collision of 
a 3-Bev proton, The hyperon appears to have stopped at point A 
and decayed into a proton. 
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of 19.5+0.2 Mev.‘ There are no associated low-energy 
electron or recoil tracks at point A (Fig. 2). The absence 
of a recoil and low energy electron in conjunction with 
the mass measurements along the primary make it 
improbable that the proton was ejected by the nuclear 
capture of a negative x or K meson. In terms of known 
decay schemes, it seems reasonable to interpret the 
event as the decay, from rest, of a charged hyperon® 
(Y*) into a proton and a neutral 7 meson: 


V+— ptom+0. 


The Q value for this reaction is found to be 117+2 
Mev. From the measured Q value, the mass of the 
hyperon is found to be 2329+5m,. The Q value is in 
excellent agreement with two other similar events 
reported by the Genoa-Milan and the Padua groups.° 
In these two events, the proton energies were found to 
be 18.74+0.2 Mev and 18.5+0.3 Mev, respectively. 
The consistency in the ranges of the protons among the 
three events (the Genoa-Milan, the Padua event, and 
the above event) strongly indicate that these three 
hyperons decayed from rest and that only two particles 
were involved in the decay. 

The authors are greatly indebted to the Cosmotron 
group for their assistance in exposing the plates and 
particularly to Dr. R. K. Adair for his continued 
interest and cooperation. 

* Supported in part by the Graduate School from funds supplied 
by the Wisconsin Alumni Research Foundation. 

'E. Pickup and L. Voyvodic, Phys. Rev. 80, 89 (1950) and 
private communications (1954). 

2 Biswas, George, and Peters, Proc. Indian Acad. Sci. 38, 418 
(1953). 

§ Dilworth, Goldsack, and Hirschberg, Nuovo cimento II, 113 
(1953). 

‘The range-energy data of Wilkins were used. J. J. Wilkins, 
Atomic Energy Research Establishment Report AERE G/2 664 
(unpublished). 

5 We use the notation proposed at the Bagneres Congress 
[See Physics Today 6, No. 12, 24 (1553) ]. 

* Reported at the Padua Conference, 1954 and private com 
munication. 


Theory of Coulomb Excitation 


K. ALpER* AND A. WINTHER 
Institute for Theoretical Physics, University of Copenhagen, 
Copenhagen, Denmark 
(Received August 11, 1954) 


HE theory of Coulomb excitation has been con- 

sidered earlier by many authors. Especially 
helpful for the interpretation of the experiments is a 
semiclassical calculation by Ter-Martirosyan.'? In this 
theory the trajectory of the impinging particle is 
described by a classical hyperbolic orbit. 

We have obtained a somewhat more accurate de- 
scription of the process by approximating the Coulomb 
wave function, entering in the quantum-mechanical 
treatment, by means of the WBK method. The results 
of this calculation are very similar to the results of the 
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semiclassical theory. The cross sections for electric 
dipole and electric quadrupole excitation are: 
. wZ \e : 
o(E1)=————B(F1) gr (6), 
Oh2 


7 


(1) 


2n?m 20/2 
o(E2)=——— 
25Z2eh? 


B(E2)gno(&), (2) 


with the following new definition of the parameter: 


ZZ 1 1 
§=a;—a;= ac ~(-- -), 
h 


we DF 


(3) 


where Z,e and Ze are the charges of the impinging 
projectile and the nucleus, respectively. The initial and 
final relative velocities are denoted by v,; and vy, while 
m is the reduced mass. B(EA) is the reduced transition 
probability for electric 2-pole radiation in the notation 
of Bohr and Mottelson.’ The functions gg,(¢) are the 
same as those entering in the semiclassical expression.'? 
For small excitation energies AZ, the formulas (1), (2), 
and (3) reduce to the corresponding semiclassical 
formulas. We have then vy~2;~2, and 


ZZ. SE 
t= — 


-, (4) 

hv 2E 

The expression (1) for electric dipole excitation has 

been compared with the exact quantum mechanical 
formula‘ 

12824 Z°e* ay\? 

o(F1)= —-——- ——B(F1) ~) 

9 hy2 


au ai 


errai d 
| F (x0) | 3 


x aes 
(e?***— 1) (e?**/—1) dxy 


where 
X9= —4ajay/(ai—ay)?*, (5) 
and 


F (x9) = oF \(—iay, —tays, l, Xo) 


in terms of 2/,, the ordinary hypergeometric function. 
In the range a, 21 and OSay—a;=£<1, the WBK 
expression (1) agrees within 2 percent with the quantum 
mechanical calculation, which represents a considerable 
improvement over the semiclassical treatment. 

In the case of the quadrupole excitation, no exact 
quantum mechanical treatment has been given, but the 
adequacy of the WBK treatment for the £1 case, 
suggests that (2) should also represent a good approxi- 
mation when the effects resulting from penetration of 
the bombarding particle into the nucleus itself can be 
neglected. 

Indeed, it is found that (2) satisfactorily represents 
all the experimental yield curves available to us at the 
present time. 

Other kinds of electromagnetic excitations have also 
been considered and a detailed account of all the calcu- 
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lations will be published in the proceedings of the 
Danish Academy.** 

* Theoretical Study Group, European Council for Nuclear 
Research. On leave from Physikalisches Institut der Eidgenéds- 
sischen Technischen Hochschule, Ziirich, Switzerland. 

1K. A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 (1952). 

2K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 

* A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 

*R. Huby and H. C. Newns, Proc. Phys. Soc. (London) A64, 
619 (1951); C. T. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 

°K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab 
(to be published). 

* A review article on the theory of Coulomb excitation, con- 
taining also an analysis of experimental data, is being prepared in 
collaboration with A. Bohr, T. Huus, B. Mottelson, and C. 
Zupancic, 


Rf-Induced Transitions of Nuclear Spins at 
the Electronic Resonance Frequency* 


Jerome I, KAPLAN 
Department of Physics, University of California, 
Berkeley, California 
(Received August 12, 1954) 


REASONABLE explanation is offered to account 
for the observed increased transition rate of 
nuclear spins at the electronic spin resonance frequency, 
as reported in the preceding Letter by Honig. It is 
known from the work of Bloembergen' that an im- 
portant mechanism of nuclear spin-lattice relaxation in 
solids is through the coupling of the nuclear magnetic 
moments to the electron magnetic moments of para- 
magnetic impurities. The power spectrum associated 
with the relaxation of the electron moment determines 
the rate at which nuclear spins are flipped. If the elec- 
tron spin-lattice relaxation time is very long, even a 
weak rf field at the electron resonance frequency will 
have a major effect on the power spectrum. In this 
way nuclear flips are enhanced when the electron res- 
onance is observed.” 
The Hamiltonian for a single arsenic site, when the 
dipolar interactions are neglected, is 


K=al-S+Ho(¢g.unS:—gnu vl) 


+ He 'g.upS,— He 'gyunl,, (1) 


where the nuclear moment is considered to be positive. 
For the experimental magnetic field of 3000 oersteds 
the use of /, and S, as good quantum numbers gives the 
correct energy levels within 2 to 3 percent. The off- 
diagonal interaction term $aS*/~ can be made to induce 
nuclear transitions to first order in the sense of time- 
dependent perturbation theory, by considering the 
rf-induced transitions of S* as a source of power. This is 
similar to the argument made by Bloembergen, Purcell, 
and Pound? in which they use the time dependence of 
the magnetic dipolar interactions caused by the rota- 
tional and translational motion of the spins to obtain 
the power necessary for a nuclear spin relaxation. The 
correlation function for S*(/) is assumed, following 
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Bloembergen,’ to be proportional to 
| St |%e%ot exp(—t/T 4"), 

where 7,;°! is the electronic transition time given as? 
T= (Aug YT 2"!/h?)-, (2) 


and 7,°! is the half-maximum value of the electronic 
line shape function. 
Corresponding to this correlation function is the 
power spectrum, 
2T '/a 
| S+|2—______ , 
—144(Ty¢!)?(w—wo)? 
where wo is the electronic Larmor frequency. Substi- 
tuting into the standard formula for transition prob- 
ability,? we have for the nuclear transition time, 


2r\a |2 QT °!/e , 
) ae oe : io ue dad ew . (4) 
h? \2 | 1+4( Tr")? (wo’ — wo)? 


Note that the component of the power spectrum is 
taken at the nuclear Larmor frequency wo’. 

Next we will show how the same result can be ob- 
tained by second-order perturbation theory. Here we 
consider the transition between the initial spin state, 
ms=%4, m,;=}%, and the final state, ms=}, m;=}. If 
standard perturbation theory is used, the expansion 
coefficient for the final state satisfies the equation, 


ay = (th) YS Hyndn™ e'', 
n 


(3) 


(5) 
where 

) H= HigupSe'*'+4aStl-+ }aS-1*, 
anc 


a,') = (th) (nl HigaunSei) 


exp[i(wtwni™ +1/2T ¢')t)—1 
x iw wns + i/2T of") 
+(n|4aS+I~-+}aS-I* |i) 
expli(wnas® +i/2T y")t]—1 
x| i (cons +i /2T yi") i 


It is to be noted that we have represented the initial 
state by a decaying exponential.‘ The only intermediate 
state which gives a nonzero contribution is ms=—}3, 
m,= 4, and thus only the matrix element containing 
H, contributes to a,". Therefore we set w,;“ = —wo 
and wy,=wo—wy’. The transition probability is wanted 
at the electronic renance frequency, so setting w=w» 
the expansion coefficient then satisfies the equation 


diy = — (ih)? (2T 4") (f| }aSt+I~ | n)(n| Hig upS;| i) 


X Lexp(—t/27 1¢'+- iwol — iwo’t) — exp (iwol—iwo't) ]. (6) 


The first two terms can be made to conserve energy 
between the initial and final states by choosing the 
Fourier component of exp(—¢/27,4°') exp(iwof) at the 
frequency wo’. Formally carrying this out gives just the 
transition probability in Eq. (4). 
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By taking the local field at the electrons as due to the 
electronic dipoles on the other arsenics, a T;°'~4X10~* 
sec is found, yielding 7’,;*'~ 4X 10~ from Eq. (2) (if one 
takes H,=10~ oersted). The hyperfine splitting of 73 
oersteds gives a value of the hyperfine parameter a equal 
to }X10~* erg. Then, with an applied frequency of 
9X 10° cps and an rf field of 10~* oersted, the value for 
the rf-induced nuclear transition time becomes, from 
Eq. (4), 


Truc = ( (6X 10°) (2 10-**) (4 1078/3) |! = 6X 10 sec. 


This is to be compared to the nuclear spin relaxation 
time of 16 sec. 

I wish to acknowledge very helpful discussions with 
Mr. A. Kahn, Dr. R. D. Lawson, and Dr. A Honig. 

* Supported in part by the U. S. Office of Naval Research and 
the U. S. Signal Corp. 

1N. Bloembergen, Physica 15, 386 (1949). 

? Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

§L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 193. 

*V. Weisskopf and E. Wigner, Z. Physik 63, 54 (1930). 


Results of a Phase Shift Calculation of 
High-Energy Electron Scattering* 


D. G. RAVENHALL AND D. R. YENNIE 
Stanford University, Stanford, California 
(Received August 6, 1954) 


SING the phase shift analysis described previously, ! 

an attempt has been made to fit the experimental 
data of Hofstadter ef al.? on the elastic scattering of 
electrons on gold at energies of 84, 126, 154, and 183 
Mev. Only scattering from a static spherically sym- 
metric charge distribution is considered ; all other inter- 
actions are neglected. The one-parameter charge dis- 
tributions such as uniform, Gaussian, and exponential 
considered earlier’ are clearly ruled out by the experi- 
mental data because of both the shape of the individual 
cross sections and their energy dependence. The present 
results are for “smoothed uniform” distributions, char- 
acterized by a central region of almost constant density 
and a surface region in which the density drops to zero. 
Of the two parameters required to identify a distribu- 
tion of this type (a radius and a surface thickness), it 
turns out that the surface thickness is small enough 
compared with the electron’s de Broglie wavelength A 
that the detailed surface structure is unimportant ; this 
is not true at higher energies, of course. 

We define’ a radius ¢ by 


=f p(r)dr/p(0), 


0 


and a surface thickness s by 


v= -af (r—c)?(dp/dr)dr/p(0). 
0 
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Fic. 1. Cross sections at 84, 126, 154, and 183 Mev for the 
elastic scattering of electrons by gold, using the charge distribution 
(4) with the parameters K =2.20, ¢=6.63 (ro=1.20, s= 1.65). 
(Distances are in units of 10 cm.) Inset is the charge distribution 
(full line), together with that for Fig. 2 (dashed line) and Fig. 3 
(dotted line). The experimental values are of Hofstadter et al. 
(reference 2). 


30 150 


To relative order (s/c)‘, the root-mean-square radius is 
then given by 


3\) £14+(5/2)(s/c)*\! 
(y? \4 = ( ) z( ) 
5 1+ (3/4) (s/c)? 
= (3/5)*r9A x 10 13 cm. 


In the results presented here, we have used for the 
charge density the form 


p=pol 1+e%"" oy, 


For eX*>>1 the c of Eq. (4) is the same as that defined by 
Eq. (1). The surface thickness s is 2r/v3K (= 3.63/K), 
which is slightly smaller than the previously defined 
“smoothing distance”! (=4.40/K). To confirm theo- 
retical arguments that the cross section depends only 
on c and s, and is independent of the surface shape,’ 
calculations at 183 Mev have been carried out for 
several shapes having the same value of s and c as those 
of Fig. 1. The most extreme of these has a surface which 
varies linearly with r. For angles less than 105° the 
cross section for all of these shapes agreed to within 10 
percent; by a slight alteration of parameters to allow 
for the terms in (s/c)* this agreement could be improved 
still further. 

In Figs. 1-3 we compare the results of the phase shift 
calculations with the experimental data, which have 


(4) 
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been arbitrarily normalized for each energy to give the 
best agreement with the theory. Perhaps the best fit is 


a — —_ — 
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Fic. 2, Cross sections for the parameters K = 1.85, c=6.51 


(ro= 1.20, s= 1.96) 
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Fic. 3. Cross sections for the parameters K = 1.85, c=6,19 
(ro= 1.16, s= 1.96). 
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that of Fig. 1, where s=1.65X10-" cm, r=1.20 
(c=6.63X10~" cm).‘ The charge distributions of Figs. 
2 and 3, which are for slightly different values of s and 
ro, Show that the cross section depends rather sensitively 
on these parameters. 

The slight differences between the experiments and 
the results of Fig. 1, if significant, can be due to a 
number of different effects. Perhaps a more complicated 
charge distribution is required ; preliminary calculations 
indicate that a decrease in the central charge density 
alters the cross sections in such a way as to improve the 
fit with the 183-Mev data.® There may also be appreci- 
able contributions from the static quadrupole moment, 
nuclear excitations, and radiative corrections. L. I. 
Schiff and B. Downs* have considered the first of these, 
together with quadrupole excitations to low-lying levels, 
on the basis of a modified Born approximation.’ They 
find that in gold these effects add at most three percent 
to the elastic cross section. The other effects have not 
yet been estimated. 

For values of s and ro quoted above, the cross sections 
in Pb™ also agree very well with the data of Hofstadter 
el al? 

These calculations were made on the computer 
Univac at the University of California Radiation 
Laboratory at Livermore. We thank the authorities of 
this Laboratory, particularly Dr. S. Fernbach, for per- 
mission to use Univac, and Mr. H. Hanerfeld for in- 
struction and advice in coding. We wish to thank Pro- 
fessor R. Hofstadter, Dr. B. Hahn, and Dr. J. A. 
McIntyre for discussions about their work and ours, 
and Professor L. I. Schiff and Professor G. C. Wick 
for helpful conversations. We also thank Dr. G. E. 
Brown for communicating his results and those of Drs. 
S. Brenner and L. R. B. Elton prior to their publication. 


. ee pede in part by the Office of Scientific Research, Air 


Research and Development Command. 

'Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 

* Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
512 (1954). 

8 An elaboration of the following results will be presented later, 
together with some applications. 

‘ This is slightly larger than the tentative value of ro (ro=1.1 
+0.1) obtained in reference 2. 

' Dr. G. E. Brown informs us that he and Drs. S. Brenner and 
I,, R. B. Elton have come to a similar conclusion. 

*L. I. Schiff, Phys. Rev. (to be published) and private 
communications. 


Acquirement of Cosmic-Ray Energies by 
Electromagnetic Induction in Galaxies* 
W. F. G. SwANN 
Bartol Research Foundation of The Franklin Institute, 


Swarthmore, Pennsylvania 
(Received August 10, 1954) 


N 1933, the present writer applied to a special case! 
the principle of acceleration of charged particles to 
cosmic-ray energies through electromagnetic induction. 
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The present communication represents an extension 
and generalization to changing magnetic fields in 
galaxies. Attention is confined to problems of axial 
symmetry about the axis of z, i.e., to problems in which 
the electric and magnetic fields E and H show no vari- 
ation with the @ coordinate. 

If one applies Lagrange’s equations to the Lagrangian 
function, L, given in cylindrical coordinates by 


L=—me(1—P8/e—P/e— 2/c*) + eb Us /e, 


where the scalar potential ¢ is zero in our problem, and 
where Us is the vector potential and m the rest mass 
of the particle, it readily follows that: 


(1) If a charged particle starts to acquire kinetic energy 
at ‘=0, and if the magnetic field is zero at /=0, 
then the particle acquires energy continually. 

(2) If, at =0, the magnetic field is finite, a sufficient, 
but by no means necessary, condition for continual 
gain of energy is that |Z] >|H| for all positions 
and times. 


It can be readily shown that when the magnetic field 
and kinetic energy 7 are both zero at /=0, 


d 0 Ue d U e 0 l Fa a U °° 
—(T+mc?)*= e* -e(— -r— -i—). 
dt 0r dt? or Oz 


Further, it can readily be shown that the terms 
(—7dU¢/dr) and (—2dU;?/dz) are always positive, so 
that 

d dU,’ 

~(T+mce*)?> é 

dt 


Tene 
2 


and consequently, since 7 and U» are zero at 1=0, 
(7°+2mc?T)! > eV. 


Irom this result, and neglecting 2mc?T in comparison 
with 7?, for convenience but not of necessity, it appears 
that the kinetic energy 7 acquired by a proton which 
finds itself at the cylindrical radius r, where the average 
z component of magnetic field is 7, within that radius 
is such that 

T > 150rf7, electron volts. 


If r~25 000 light years, as for Andromeda, and H~7 
x 10~* gauss, 7~2.3 X 10" ev. 

It also appears that the particle, in its motion, spirals 
outwards, inwards or remains on a circle, according as 
A,>2H,, H,<2H., 4.=2H,, respectively, where /7, 
is the average z component within the radius r at which 
the z component of the magnetic field has the value H,. 
If in its journey through places where 1,#2H, the 
particle reaches a place where 1,=2H,, then it will 
asymptotically approach a circular orbit for that value 
of r. 

A strict application of the foregoing to a case where 
the growth of the magnetic field has occurred uniformly 
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throughout the life of the universe (~5X10° years) 
would encounter the difficulty that since the mean life 
of a cosmic ray as determined by nuclear collisions is 
of the order 10% years, the rays which started to acquire 
energy at ¢=0 would no longer be with us. The difficulty 
can be surmounted by assuming that the magnetic field 
has a period of less than 4X 108 years, or by considering 
the case of neutral particles which become ionized and 
start to acquire energy after the magnetic field has 
grown to a finite value. The latter problem requires 
more intricate mathematical considerations which will 
be dealt with in a later communication. 


* Assisted in part by the joint program of the U. S. Office of 
Naval Research and the U. S$. Atomic Energy Comnission. 

1W. F. G. Swann, Phys. Rev. 43, 217 (1933); J. Franklin Inst. 
215, 273 (1933). A simplified version of the original problem is 
given by the writer in the September, 1954 issue of the Journal of 
The Franklin Institute, and the full details associated with the 
present communication will be published in the November, 1954 
issue of that Journal. 


Gamma Radiation from the Reactions 
Na**+- p 


J. O. NEWTON 
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HERE are three reactions which produce gamma 

radiation when sodium is bombarded with 
protons ; these are Na™(p,p’y) Na™, Na™(p,ay) Ne™, and 
Na*™(p,y)Mg™. Sodium iodide scintillation detectors 
have been used to study the gamma rays from these 
processes at most of the resonances in the range of 
proton bombarding energy from 0.7-1.5 Mev. The 
targets were of sodium bromide. Both thin-target and 
thick-target excitation functions were measured. 

The energies of the gamma rays from the inelastic 
scattering process and from the (p,ay) reactions were 
found to be 444+5 kev and 1.629+-0.008 Mev, respec 
tively, in agreement with other work.'? 

The observed capture gamma rays can be related to 
transitions to the ground state of Mg”, to and from the 
well-known levels at 1.37 Mev and 4.12 Mev, and to 
and from the level recently reported by Hausman ef al.’ 
at 4.24 Mev (see Fig. 1). It seems likely that this level 
decays both to the ground state and to the 1.37-Mev 
level, since gamma rays of energy 4.24+-0.04 Mev and 
2.8+0.05 Mev, with relative intensities of about 1 and 
().2, respectively, always occurred together when this 
mode of decay was observed. 

In addition, a gamma ray of energy 3.86+0.04 Mev 
was definitely observed at one resonance and less defi- 
nitely at two others. It was found to be in coincidence 
with gamma rays of energy 1.37 Mev and 7.9 Mev. A 
possible interpretation is that it arises from a triple 
cascade transition through a level at 5.23+0.04 Mev. 
Such a level could be reached in the 8 decay of Na”™. 
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Fic. 1. Proposed energy level scheme for Mg*. Observed gamma 
rays are shown. Only a few of these occur with appreciable inten- 
sity at a given resonance. 


Cavanagh and Turner‘: have observed a gamma ray 
from this process having an energy of 3.9 Mev and an 
intensity of 1 in 2000 disintegrations. It has also been 
reported by Beghian, Bishop, and Halban,* who gives 
a value of 3.7+0.1 Mev for the energy. There is no 
evidence from any of the other reactions leading to 
Mg™ to suggest that there is a level at ~3.8 Mev, 
although such evidence would be expected if the level 
did in fact exist. The decay scheme of Na™ therefore 
gives some support for the assumption that there is a 
level in Mg* at 5.23 Mev. The proposed level scheme 
for this nucleus is shown in Fig. 1. 

At the 1,392-Mev resonance, gamma rays were ob- 
served which could be interpreted as arising from two 
parallel cascades, one through the 4.24-Mev level and 
the other through the 5.23-Mev level. Angular dis- 
tribution and correlation measurements were made, and 
it was deduced from these that the 4.24 and 5.23-Mev 
levels had spins 2 and 3, respectively. From the upper 
limit of 2X 10~® per disintegration set by Beghian et al. 
to the intensity of a ~4.14-Mev gamma ray in the beta 
decay of Na™, it follows that the beta transition to the 
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Taste I. Widths and partial widths in the reactions Na*+ p, 
Decays to the ground state are indicated by A, to the first excited 
state by B, etc. The relative intensities of the weaker modes of 
decay are indicated in brackets (strongest=1). T, T'.’, Tq’ and 
Ip» are the total level width and the partial widths for the 
capture, (p,ay), and (p,p’) processes, respectively, The errors in 
the absolute values of the widths are estimated at +25 percent. 


Bom 
bard- 
ing 
energy 
Mev 


0.742 


Mode of 

(kev) Te’ (ev) decay Tq’ (ev) 
--» D,B(0.26) ~O1r! 
0.869 13 A,BW.23) ~! <0,2 
0.985 4.6 C,B (0.15) <0.4 <1.5 
1.008 : 3 80 140 
1.017 18 D, B (0.3) <1 130 
1.080 <:! 1 <4 <16 
1.088 <0.8 30 60 
1.162 < 27 A,B(O8) 170 180 
1172 < 13. A,B (0.5), 

D (0.7) <2 9 
1,201 64 D,B (0.3) <6 <5 
1.210 ‘ <1 110 130 
1.253 of. <1 80 100 
1.281 E, B (0.26), 

D (0.75) 9 
1.319 B,A (0.2) <15 <90 
1.328 : 340 1700 
1.358 i <2 100 
1.392 E, B (0.35), <4 150 

B (0.07) 
eh af Be Cc 
1.455 E, D (1), 
B (0.1) 


T'pp’’ (ev) 


0.27 


1300 


<22 80 


® J. Seed, Phil. Mag. 44, 921 (1953). 


4.24-Mev state is second or higher forbidden, and 
therefore that if the spin of the 4.24-Mev state is 2 it 
must have even parity. 

The partial widths I’=(2/+1)I for the three 
processes have been estimated from the thick-target 
excitation curves on the assumption that the main con- 
tribution to each level width arises from the re-emission 
of the incident protons. Spins J are suggested for a 
number of the resonance levels. These results are shown 
in Table I. 

Other work on the Na*+) reactions has been re- 
ported by a number of authors.':7~!” A more compre- 
gensive description of these experiments and a discus- 
sion of the results will be published elsewhere. A brief 
description of some of this work was given at the 
Birmingham Nuclear Physics Conference, 1953. 

' Stelson, Preston, and Goodman, Phys. Rev. 86, 629 (1952). 

* Donahue, Jones, McEllistrom, and Richards, Phys. Rev. 89, 
824 (1953). 

3 Hausman, Allen, Arthur, Bender, and McDole, Phys. Rev. 
88, 1296 (1952). 

‘J. F. Turner and P. E. Cavanagh, Phil. Mag. 42, 636 (1951). 

5 Pp. E. Cavanagh and J. F. Turner (private communication). 

6 Beghian, Bishop, and Halban, Phys. Rev. 83, 186 (1951). 

7 Turner, Seagondollar, and Krone, Phys. Rev. 93, 1035 (1954). 

§Q. H. Turner, Australian J. Phys. 6, 380 (1953). 

9H. Casson, Phys. Rev. 89, 809 (1953). 

”R. L. Burling, Phys. Rev. 60, 340 (1941). 
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